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8 ����������� �! �"$#&%�')(
*,+.-0/�132 �34�5�����68709�: +.;�<3=?>@+ �8ACB?DFE?G�HJI!KJLM�M��N�O +.P?Q�R3S
T8+.U�V3W3X�/�YZ+.[ I\K]L3^0_M`.a�bdc�e�fM6 2 ^ + B,gih�j.k�lnmpo�q0`�r�s�t�u�v�w
x8y]z|{8}

(polynomial-time algorithm)
_F~3~�c������0�����M�����@��������9�� /��?���

� 5C`�����L?^�_ /�P�Q3R0���3+ g���A Y�+�[ IpKdL?^�_\6��0� /@� c����F�?  2�¡Z¢ �F£F¤
��������BZ¥i¦]D�_\§3¨ZA3©3H?Ed� 2�P�Q�R���� j�k�lnmio�q +Mª3« 6?¬?�®]¯°K8E�~8LM�
�J��±²¥³c�����´ +.µ3¶ 6�·@¸F¹�ºd¸�»�¼�½

(knapsack problem)
/ ����^�^ /�1?2.P?Q?R j

k�lnmpo�q + h�~�¾��ZACBC¿ÁÀ�~@I°K]L,Â\Ã + jMk�lnmpo�q +,Ä.Å�Æ o0q0`MÇ ¢°È?É�¢ ���
�C`�Ê�AMË?ÌÍe�c����

8.1 0-1 ÎÐÏ�ÑZÒÓÏ�Ô,Õ�Ö
×

8.1. Ø�Ù G1, G2, G3, G4

`MÇ ¢!È3É²¢ ��AMÚ@��E�ÛÍ��Ü0Ý�73A�Þ�ß�à�f3~3� Ø�Ù +�áâZ+.ã�ä 6�Ç ¢°È?Éå¢ � +�æ�â `�ç�H3EZe0cdg._ ��2�è�+ ØMÙ `MÇ ¢!È3É²¢ ��A.Ú8�MK�é]B~.ß ê
Ç ¢°È3É]¢ � +�æ�â `

b = 12 (`)
2dë Ã + ØMÙ ´�K�ì�K +.á�â ` a1 = 3, a2 = 6, a3 = 4,

a4 = 5 (`)
_�e�c�edí�g|��^ + ¾�� 2 Ø�Ù +�á?â01 ∑

4
j=1 aj = 18 (`)

_³hZD³E�Ç ¢\È�É]¢ ��A
î ¥Fc³��ï���e�ß,e 2 ^ + Û,� Å ¤�Ad_�D�E +.ð ØMÙ +.ñ�ò 6 c1 = 7, c2 = 9, c3 = 5, c4 = 5+ B,g!AM� ò 	d¯°K�E0~FK�é 2 ^ + �.� 1 �3ó����8�M�å_�eME�ô R 	��@L�^0_°6 /Í� cF���
Ø�Ù 6 G1, G2, . . . , Gn

+
n õ + ¾?� 2 ´�K0ì�KZAMö?� x1, x2, . . . , xn

`F÷3ôÍe 2

xj =











1, Ø.Ù Gj

`.Ç ¢!È3É�¢ ��AMÚ��8L�_ �
0, Ø.Ù Gj

`.Ç ¢!È3É�¢ ��AMÚ���h�~,_ �
_\ôZ�8c����Z^³K8ACBZ¥ 2 �M� 1�øZ+ BCgùAMô R 	 /Í� cF�

:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

���?	
c1x1 + c2x2 + · · · + cnxnú û
a1x1 + a2x2 + · · · + anxn ≤ b

xj ∈ {0, 1}, j = 1, 2, . . . , n

(8.17)
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f���e 2�� �
a1, . . . , an, b, c1, . . . , cn

1 ����E�� /�2

a1 + a2 + · · · + an > b (8.18)

/ ±8L3� + _�e�cF���Z^ + �.� + ��� +��	��1?2Mð ö3�
xj

6
0
cMf 1

1
_�~�g|�3� ò e�ß�


K�h�~ < A�±]¥�c����8^ +�8+ �.�C`
0-1 ������� ¼�½ (0-1 integer programming problem)_�B°b 2 ���ZA 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

�0��	
c1x1 + c2x2 + · · · + cnxnú û

ai1x1 + ai2x2 + · · · + ainxn ≤ b, i = 1, 2, . . . , m

xj ∈ {0, 1}, j = 1, 2, . . . , n

(8.19)

+ B,g!AMô R 	d¯°K 2�� ��6�� / ±8L3^0_ 1�� ¦@e����3ô]¯!K]c���ï0�
���

(8.17)
+ �Cg\�0Ã +����Z1�2 ��� +

0-1
���@���

(8.25)
_�������K8é���ßdL�B,g�A 2

0-1
ú�û

xj ∈ {0, 1}, j = 1, 2, . . . , n  �! +"�#3ú3û 6%$ V e�ß ª�« eMh�~Z^�_ / ���0´ +f�� 2
0-1
ú?û `

0 ≤ xj ≤ 1, j = 1, 2, . . . , n

A&�'�(�)
(continuous relaxation)

�.K�é 2
(8.17)

ß]I 1�P3Q3R8����/�*Z+.[ I\K]L�+�,��
�����

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

���?	
c1x1 + c2x2 + · · · + cnxnú û
a1x1 + a2x2 + · · · + anxn ≤ b

0 ≤ xj ≤ 1, j = 1, 2, . . . , n

(8.20)

6�-�ß�K]cF����~�c 2
cj/aj

6

c1/a1 ≥ c2/a2 ≥ · · · ≥ cn/an (8.21)

+/. A?hÍD�E�~ZL�� + _.e�c�e]í�g
(
��0 h�I�é 221 ¤]��e.E�3�4Í`/58à�6�H,cF�

)
� ØMÙ `

G1

ß�I
G2, G3, . . .

+�. A�Ç ¢°È3É]¢ �.A.ÚZ��E0~ ��2 ��78¤?��68±8D�E�8:9C_ î K�é 2 ´
KC`;$ õ ~�K]c����0�.e0�!��<�A î K]BZg�_��8L Ø.Ù Gp

68��7�¤���=�> / 8?9@_ î I�h3à.K
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é 2 ´ + ���
(
��7�¤?���

)
�3à0` î K�cF���,^Íg�e.E [ I!KJL Y

xj =



































1, j = 1, . . . , p − 1


b −
p−1
∑

i=1

ai



 /ap, j = p

0, j = p + 1, . . . , n6 2���1
(8.17)

+����
	?ä �.�
(8.29)

+ �3� Y�/ ���
����	�ä ��� + ��� Y

x = (x1, . . . , xn)
_�� +

0-1
���?�����F� + ��� Y

x∗ = (x∗

1, . . . , x∗

n)_ +?� A 132 Ø.Ù + ÚZ�� ?ß]I�����ßCL�B@g\A
n

∑

j=1

cjxj ≥
n

∑

j=1

cjx
∗

j (8.22)

+��� 68±�¥³cF����eFßZe 2 ��< + ØMÙ Gp

6,�Cí?g è $ õ î L�_ 1�� I³h�~ +�/�2 x
1� ¦

e0�
(8.17)

+ �?� Y _ 1 h ¥³c���ï��

8.2 ���������

0-1
Ç ¢ùÈ�Éd¢ �����

(8.17)
+�� �

a1, · · ·, an, b
1 �3� / ±�L3� + _ ��ô@e�c�eCí�g �F� X

���0/�1?2 ����E + �36��3ó?�å_.e�E�����KJL +M/02 ^ + ��ô8A,B�D�E�=��3� 1��! c��3ï��
^3^ /�1�ø@+ B,gph  �Í`#"0H@c��%$

Vk(y) :
æ�â

y
+
& AMÚ��@L Ø�Ù +�'�( ` G1, . . . , Gk

A � ô,e�f,_ � A
[ I!KJL��0� +.ñ3ò �

e�f.6dD�E 2
(8.17)

+ ��� Y�1*),+� � ò 6
Vn(b)

+-��.����3Y _�~]gF^�_�A�h ¥�c�����^ +
ò `.���@LMf?� 2

Vk(y)
6�/@f�� øZ+��� A�0 ) e�c�e�í3g1$
Vk(y) = max{Vk−1(y), Vk−1(y − ak) + ck} (8.23)

^3^ /�1
k = 1, 2, . . . , n; y = 0, 1, . . . , b

/ ��6 2
V0(y) = 0, y ≥ 0

+ ¾3�
Vk(y) = −∞, y < 0

+ ¾3�










(8.24)

_Fe�c���� R
(8.23)

`3254 ���76 (dynamic programming: DP)
+98�: t

(recursion fomula)_�B°bJc���6 2<; æ�â
y
+=& A�Ú��@L '
( `

G1, . . . , Gk

_��,L�_ ��+ ��� ñ?ò
Vk(y)

132
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• y
+=& A�Ú��@L '
( `

G1, . . . , Gk−1

_³�@L�_ �M+ ��� ñ�ò
Vk−1(y)

2
• y

+=& A 2 c�¦
Gk

`�Ú�� 2�� D�f æ�â
y − ak

A.Ú��ZL '�( `
G1, . . . , Gk−1

_��ZL�_
��+ �0� ñ3ò

Vk−1(y − ak) + ck

+?è ��I�ß3� � ~��åg\A��Íe�~��0^0_.`	��
0e�c����
×

8.2.
ø8+ Ê��Í`� + �����d`��D�E ��� A Y ~�E��@c�e�í�g1$

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

���3	
7x1 + 9x2 + 5x3 + 5x4ú û
3x1 + 6x2 + 4x3 + 5xn ≤ 12

xj ∈ {0, 1}, j = 1, 2, 3, 4.

c�¦ 2
V1(1) = 0, V1(2) = 0, V1(3) = · · · = V1(12) = 7

1 �ÍI°ß / edí3g �3´�K0ì�K8A������
L

x1

+�ò `/58à�E�� + B8g!h ¶ `	�n¥�c�� $
k / y 1 2 3 4 5 6 7 8 9 10 11 12

V1(y) 0 0 7 7 7 7 7 7 7 7 7 7

x1 0 0 1 1 1 1 1 1 1 1 1 1

ø A
a2 = 6

/ ��ß]I 2
V2(y) = V1(y), y ≤ 5

+ _ �
V2(6) = max{V1(6), V1(6 − 6) + c2} = max{7, 9} = 9

V2(7) = max{7, 9} = 9, V2(8) = max{7, 9} = 9

V2(9) = max{V1(9), V1(9 − 6) + c2} = max{7, 7 + 9} = 16.

 ���	�ZA0e.E V4(12)
c / � X e 2 ´�Kå_�� � A

max
`MG3HCL

xj

+.ò �����@cF�%$
k / y 1 2 3 4 5 6 7 8 9 10 11 12

V2(y) 0 0 7 7 7 9 9 9 16 16 16 16

x2 0 0 0 0 0 1 1 1 1 1 1 1

V3(y) 0 0 7 7 7 9 12 12 16 16 16 16

x2 0 0 0 0 0 0 1 1 0 0 0 0

V2(y) 0 0 7 7 7 9 9 9 16 16 16 17

x2 0 0 0 0 0 0 0 0 0 0 0 1
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¯�E 2 �?� Y
x∗ = (x∗

1, x∗

2, x∗

3, x∗

4)
/ ��6 2�øZ+���.�/ ���@cF� $Cc�¦ 2

V4(12) = 17, x∗

4 = 1.

^3^�ß]I���� � A?� X e.E0~ �.2

V3(12 − a4) = V3(7) = 12, x∗

3 = 1

V2(7 − a3) = V2(3) = 7, x∗

2 = 0

V1(3) = 7, x∗

1 = 1

_³h ¥³c����
^?^ / 
Ó¥\±���f

0-1
Ç ¢\È?É]¢ ����� /�1 Ø.Ù Gj

6Z´³K8ìMK $ õ e�ß3À��J¯!K�E�~Mh�~_.e�c�e�fM6 2 ~ ¿iÃC��À ��¯°K8E0~8L�¾��]� ���ZA�"0H,L�^�_°6 /Í� cF���,^�Kd`Fô R 	
�MK0é 2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

���?	
c1x1 + c2x2 + · · · + cnxnú û
a1x1 + a2x2 + · · · + anxn ≤ b

xj ∈ Z+, j = 1, 2, . . . , n

(8.25)

_�hå¥³cF��6 2 ^�^ /
Z+

1	��
0+ �?�� á8+�� �@` ¶ e 2 c.f � � 1 ����E�� /�ú�û
(8.18)`9/Zf��C� + _ ��ôCe�c��������

(8.25)
1 ;

0-1
�3`/5�àM¦�AM§8A�·@¸�¹�ºÍ¸.»�¼M½²_�B°é�K

cF��6 2 ^�K²����	 R

Vk(y) = max{Vk−1(y), Vk(y − ak) + ck} (8.26)

`�À�~�E � + ���3� /�Y ¿�^0_°6 /Í� c��
(
h���ß ê W�� �.�

8.2)
�

Ç ¢!È�É�¢ ����� ��à / h ¿ 2 � + ����� 1MP ¿ +��������: ¼�½
(combinatorial opti-

mization problem)
A.��À /@� c���6 2 ���?N�O�63� � ~M¾��8A 1�ø A.Ë�Ì��@L � >!� ô�� +

 �6��� +�/ e,í�g|�3c.f 2 BZ¥ ��� + h
0-1
�3�����0�.�

(8.19)
`�� 0A Y ¿ ¾��8AZ� 2"!

«Z+ _�^#3� >�� ô?�d`.À�~ZL�BZ¥ � 60h�~CB,g / ���0´FK /�132 � >�� ô3� +�$ ¤?�d_³h
L�§�¨�%�&��0ß]I�'���e�c�e�í�g|�
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=0x
1=1x

1

x
2=0

x
2=1

x
3=0x

3=1

=0x
4

16 17 12 7 14 9 10 5 0

x
2=0

x
2=1

x
3=0x

3=1 x
3=0 x

3=1

=0x
4

x
4=1

=0x
4

x
4=1

=0x
4 =0x

4

x
4=1 x

4=1 x
4=1

12 14 5

x
3=0

=0x
4 =0x

4

depth 0

depth 1

depth 2

depth 3

depth 4

�
8.6:

§�¨�%�&8ACB�L3� >��

8.3 �����	���

0-1
Ç ¢iÈ�Éd¢ �����

(8.17)
` Y ¿ �Í��
�0h� M� 1���.�����Y `���H � �,L�^�_ / e,í�g|�

^�Kd`  � +	��.0/�á�� + A . ~ 2 Ê 8.1
+ �M�8AM��ÀZe�E��8c�e�í�g

:

(a) Ø�Ù ` G1

ß]I 3�4 +�� ¯�~ . A�Ç ¢!È3É�¢ ��AMÚ��@L��

(b)
Ç ¢!È�É�¢ ��A ØMÙ 6 î I�h�à�K�é 2 3�4 + ����� � ~ Ø�Ù Gk

`MÇ ¢!È�É�¢ ��ß�I�Þ
e 2

Gk+1

ß�I���b�3�4 +�� ¯�~ . A.Ú8�ZL��
^ +���. A��]D�E �
.0����Y `�%�&ÍeME0~ ¿M_ 2 �

8.6
A��8� � 6�� ���C+.;�< `�� < _�e

E 2���� ß]I����0A��MßdD�E��! #"%$�&
(preorder)

A �(' ¯�KJc����
�(' ¯°KCf � `*)(+-,

(branching tree)
_?B�b 2 ��� � A�.�ï / ~ZL0/ 1 ´FKZì�K �
.��

�?Y A����@e 2 ´ + ��A5�à,IùKZf���4�6 ) +� � ò ` ¶ e�c����3e�f�6CD�E�Ê
8.1
+ ���8A

132
12
+���.�����Y 6 ª?« e 2�� ß]I0Â21 )�+ /�A �����,L

x = (1, 0, 1, 1)
6��3� ò

17
`

G3H@L?^0_!6��3ß ¥³c�����eFß@e 2 ^ +  �� /�1?2 ����E +.Y8+ ����� / ±�L
2n õ � + /36

�' ¯!K�L ����3 6Z±²¥ 2 � ��6�B�~,_ 1 ~�HCc���ï����3� Y `�G�H,L.©�4 � + h�~5/ +��
' `7698?�@L�^0_ 1�/Í� h0~ / eJí�gÁß ê



����������	�
�����������
76

8.4 ���������
� > � ` �' �ZL�� S�/�2 �
	0A�h8DFf�Ç ¢ùÈ?É�¢ ��ß�I 3	4 +�� ��� � ~

Gk

` 
n¥\Þ��
_�^�# 2 Ã,cJ¥ �	.

(b)
+���@+��� `���ôÍe�c�e]í�g � � >��@+�,+� ¯�`���_�eME � ¯

k − 1
+M;�<

(
^³Kd`

i
_.e0c��

)
ß�I > ��ß�Kde 2�� ¯

n
+ /�c /�> `���é��������
�����

�� "! ØMÙ Gk

��#%$ Ú��? 
(x′

1, . . . , x′

k) (x′

k = 0) & ´ $'�(��#�) Ç ¢°È?É²¢"* $ �,+ $.-
70/ -21

Gk+1

ß43 Ø�Ù ��Ú%5"687 ¿ ��à #. ß93 )�:$<;"= ��'4>@?9A �(B � $ / & (8.17)

; �  , $
CED
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

��F(G n
∑

j=k+1

cjxj +
k

∑

j=1

cjx
′

j

H I n
∑

j=k+1

ajxj ≤ b −
k

∑

j=1

ajx
′

j

xj ∈ {0, 1}, j = k + 1, . . . , n,

(8.27)

$ ��J8KMLN+�O�F =�PMQ�R8ST K �U�V A :%; &�W + ��X8Y�!N:�$ (8.27)
�Z $(CED

(8.17)

$�[8\0]"^
(subproblem)

;`_�a%)�b.$dc J8e �
(x′

k+1
, . . . x′

n)
#"f% <:0;�1 � �� "!

> 6 )N:$(g
h���#01�i 3 ?�jk.l0m
n�e $�oE#
x∗ = (x∗

1, . . . , x∗

n) p c OqF =�P9QqR.S
T K

V =
n

∑

j=1

cjx
∗

j

�dU�V.6�7 A8O $<; � � ��r.s !':�$
x∗
� CED

(8.17)
$�t.u(v

(incumbent)
; L aw�� p )

O � O
(8.27)

$�c J.e
(x′

k+1
, . . . , x′

n) p
n

∑

j=k+1

cjx
′

j +
k

∑

j=1

cjx
′

j ≤ v (8.28)

�`x j X.y0)
Gk

��#%$z 5({��
(x′

1, . . . , x′

k)
10|�}0 A�~���+ )

x∗
L'+�O�� 7 k8l�m2n.e

& i 3 ? P 7 :%; p8� ~,+ �� "! � j p9� 6 (8.28) p8� +�� 6 y0)���h i
~ 3�B�� ~
? ��6

�8B8� $� �� �  A`�8� &E��� #8 E!w;
:(� p )�� � CED (8.27) ����p 0-1 �����.�M� *
CdD�# W + )`�.h i

~ 3 $ B2� ~E? p2�2� ~%� s ~ $��2}%12) 70�7%� : ?��`e � $ & g2¡.R
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1�
���#8 "!�b%:`#�)
(8.27)

$�������%CED ��� V����
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

c F.G n
∑

j=k+1

cjxj +
k

∑

j=1

cjx
′

j

H I n
∑

j=k+1

ajxj ≤ b −
k

∑

j=1

ajx
′

j

0 ≤ xj ≤ 1, j = k + 1, . . . , n.

(8.29)

�
8.1 ��� O�� �Ej ;"! +$# (8.29) % (8.27)

L�+ % A�~ 1�&�'01 e � :�; p(� = ���*) b,+dc
J.e��

(xk+1, . . . , xn) � f � ;"= #
n

∑

j=k+1

cjxj ≥
n

∑

j=k+1

cjx
′

j

p(� + � �(��� ~ 3 #�O-�'O

L ≡
n

∑

j=k+1

cjxj +
k

∑

j=1

cjx
′

j ≤ V (8.30)

p2� + � 6 y #2j ; V (8.27)
��e 7E6 O

x∗
L�+qO�� 7 e p i 3 ?4A :�; % P �.#(�Ej pw� 6

�0/
i
~ 3 + B�� ~2?w��132 � = ���*) :*+ (8.30)

��4 �65 �.B8� + B0� � ��1 �878���:9
;,<

(lower bound) L = L"A�> u(?(@ (bounding operation) A6B(B ���*)
\0C > u�D

(branch-and-bound method) % #(E } 7�� AGF0H +"c O`FJI P0K*L � �9���
���,M ~ON�PRQ�S �3T AU=�VXW �3Y \(C�?(@ (branching operation) AU= L �Z5-[8�O\^] ���
p # T ] ��_ 8.1

+"C"D = J0`��"j�a(b pdc 8.7
+ �.B.� � �*)

algorithm BRANCH&BOUND

e T3+ F(H � (8.21)
+�f =Xg�hJi ��Y ; V := 0; b′ := b; k := 1;

(a) : while k ≤ n do begin

if aj ≤ b′ then begin x′

j := 1; b′ := b′ − aj end

else x′

j := 0;

k := k + 1

end;

if
∑n

j=1 cjx
′

j > V then begin V :=
∑n

j=1 cjx
′

j; x∗ := (x′

1, . . . , x′

n) end;
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(b) : repeat k := k − 1 until k < 1 or x′

k = 1;

if k ≥ 1 then begin

x′

k := 0; b′ := b′ + a′k;����CD
(8.29)

+c J�e
(xk+1, . . . , xn)

����� Y
; L :=

∑n
j=k+1 cjxj +

∑k
j=1 cjx

′

j ;

if L ≤ V then goto (b)

else begin k := k + 1; goto (a) end

end

end;

depth 0

depth 1

depth 2

depth 3

depth 4

=0x
1=1x

1

16 17

x
2=0

x
2=1

x
3=1 x

3=0

x
4=1

=0x
4

x
3=0

=0x
4

c 8.7:
�(B E }�� = L Yq�.B.�
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�������

8.1 0-1 ��� �2�9��M CdD (8.17)
+�c J.e

x∗ A # b*+���(���0C�D +�c J.e x
+"¡ = (8.22)

+.S�� p8� Q �
	 T A �,#��	 +�CED + k�l0m(n���� +����<S�� =�� Q � 5��
� � P
\�B )

8.2 ��� y
+ �w�@�(����M�= K�L G1, . . . , Gk

� z � Y���� +�� K + ���3+�c FEK��
f(k, y)

� f �2j A I�#

f(k, y) = max{f(k − 1, y), f(k − 1, y − ak) + ck} (8.31)

+(S�� p(� Q �!	 ) 0-1 ��� �2���*M C�D�+dc J8K % #










f(k, y) = −∞, y < 0
+ A I

f(0, y) = 0, y ≥ 0
+ A I�#

A } � 5�" R*��	 � �64 V y # f(n, b) = L ��5 U8V N ] Y�)

(a)
S���#

(8.31)
�%$ � � P \�B )

(b) " R*��	 � �64 �U5 _ 8.1
+(C�D ��e I P \�B )

8.3 0-1 �w�@�(���*M CD ��%�& K�L Gj %(' 	��~�)�*X� P ~ � j p #%+ T )�* � Y CD �' =�,.-%/�0�-21 ]"^ A L a #�354 + L s = }6# G \G] Y :

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

c F.G
c1x1 + c2x2 + · · · + cnxnH I
a1x1 + a2x2 + · · · + anxn ≤ b

0 ≤ xj ≤ uj, xj ∈ Z, j = 1, 2, . . . , n.

j�7d�-#
Z % � T98 � + : � � f �-# uj % K�L Gj

+<;.T �6� ��= + � T �0W Y�)3T +
CED �:# " R*��	 � # W Y B,% �.B E } � = L ��5 e � { � �<>5?3� P \�B )

8.4 @�A ~JNB9C � � c O�D 
 = l � { � �%E6F � P \�B )


