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7 	�
����
�����

G = (V,E) ����� (i, j) ∈ E ����� uij � ��!#"%$'&�(*),+.-0/,1325476�8 �:9<;=5>�?A@
s BDC @ t ��E�� �5FHG B.� 4JI�KML � � v N � ��O�F K � $ x∗ = (x∗

ij) ��P5Q�R
(maximum flow) 4 > G $ N0S T K � �������5U7V �HWYXZ� 8�[ O*\ $:] F :

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

��^�O
v

_ ` ∑

{j|(i,j)∈E}

xij −
∑

{j|(j,i)∈E}

xji =



























v, i = s

0, ∀i ∈ V \ {s, t}

−v, i = t

0 ≤ xij ≤ uij , ∀(i, j) ∈ E.

(7.10)

��a�b��0�
(6.4) � (J) +c-D/51 � �c�d�De�f5�7g�N.h�idj &�k0l�m O 4�n�K ����oHj > �p������

(7.10)
U �,��e�f,Ncqpr'jDs��7�Ytpu5N.h�iJj0s�vxw >�ypz U�{,| NM}5~ F K���� �

n w ] F7� ]�& > ���x�%� �H� X 4�n�K WdXZ� (7.10) Nc����� m5����� � U���^ e�f �,�D�
(1.2) ��� m����<� � � 6�� O 4 > G $ NM�,����� O F $5� (1.2) ����� � ��� B���w ] F�����

(7.10) ��� m������ � U7� I �79�������� F K G B � 4HI�K :

 �¡5¢�£�¤p¥
(augmenting-path algorithm).

?#@
s B�C @ t ¦�§d����; = ��v�u K � � ¨© _p` N0ª5��¨'« > s ¬ " t ��D®�� ��� ��¯d° b ��±A²Ms � �'Nc³µ´M�D®p¶ \Z· K �

¸�¹ R�º#»�¼�» ¥ (preflow-push algorithm). ('),+.-�/51 ���½����,���7�H� L�¾ N � j¿ g > ��; = � � ��¨ © _p` NcÀ�ÁJj & � $ U C @ t ¬ > n5K |7U ?J@ s 7ÂJj�C F��
G�G 4 U >�Ã�Ä ��ÅpÆJj & ��apbY��� ��� m ����� � N0ÇpÈ mH/�É'Ê BDjDs7Ë5f 4'I�K ®��
��� b�Ì ��� | s�ÍYÎ F K G BM��j ] F7� � � Ã � > G $Ï" 9Ð����� m5�Ñ��� ����Ò wÔÓÏBF K (7.10) �DÕ�Öp×�ØJNMÙ5Ú�spv I�] jAÛpX �

7.1 ÜdÝßÞ à:áAâ
]Mã > ®�� ��� b�Ì 4,ä0å�æ ��ç�è'NMéJê K 9��5�0ë�ìJN 8pí j ] jAÛpX :
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i j
xij uij( , )

(3, 4)

(2, 2)

(2, 3)

(5, 5)

(0, 1)

s t

i j

5

1

t

r ij

s

1
3

2

2 1

�
7.5:

� $ x � n�K�(J)Y+0-D/�1 B���� (*)�+0-0/,1 N(x).

���	��
�������
.
�D�

(7.10) � � $ x = (xij) ��odj > V �����5��j &.� ²Zs������ E(x)

B � �0��� r = (rij | (i, j) ∈ E(x)) N 8pí j ] F :

(a) uij − xij > 0 � " � (i, j) ∈ E(x) B0j > � �����'N rij = uij − xij B F K �
(b) xij > 0 � " � (j, i) ∈ E(x) B�j > � �����HN rji = xij B F K �
G ����� !#" !HK ¯'° �5��� G(x) = (V,E(x)) BZ��� r = (rij) N n�� · s ���	��
�����
�

(residual network) B�W�� > G $ N N(x) 4! j ] F��
�

7.5 ��"Y� (d)5+.-c/�1 � � $ x ���p!J"%$�$�� > � ����� (')�+c-D/ 1 N(x)
U$# � �

�YWHX ���Ïw ] F�� ��� (*)�+0-0/,1 U > � ] w&%�'H� � $ x ¬ " ®�( � �7� ��)Y°HB��'N
* j ] F��

s-t + 
�� . ; = ��� W ⊂ V ( & tpj > W 6= ∅, W 6= V ) �coYj > W B � � }!��� W = V \W

N-,�. F K �����*N�+ 
/� (cut) BpW0� > [W,W ] 4� j ] F�� 6 � s ∈ W , t ∈ W �HB I >
[W,W ] N s-t + 
/� (s-t cut) B�W1� ] F � > G $ U!2�3�4 (forward arc) �-���

(W,W ) = {(i, j) ∈ E | i ∈ W, j ∈ W}

B�5�6 4 (backward arc) �$���
(W,W ) = {(i, j) ∈ E | i ∈ W, j ∈ W}



���������
65

� ¾ ���ÏBDjDs  \ $ ] F :

[W,W ] = (W,W ) ∪ (W,W ).

Ã�� �,���7�H� Lp¾
u[W,W ] =

∑

(i,j)∈(W,W )

uij

N s-t � )�+ [W,W ] ��� ¡ (capacity) B |�| ] F�� ]0& > ��� (H)�+c-c/Y1 ��v�u K s-t � )
+ [W,W ] ���7�

r[W,W ] =
∑

(i,j)∈(W,W )

rij

N � � � � � ¡ (residual capacity) B |p| ] F��
\ s > x = (xij) N ��� (7.10) �����,���	� ��� � B�j > G �'B I � ?*@ s ¬ " C @ t ��

L � �'N v BDj ] j#Û�X �YG � L � � v N � $ x ��
 (value) B�W�� ] F�� ���d� s-t � )5+
[W,W ] N��� K � $ x

U����

x[W,W ] =
∑

(i,j)∈(W,W )

xij −
∑

(i,j)∈(W,W )

xij

4 F�� ��) > ; = i ∈ W � � F K � ��¨ © _p` N F Úps��'j n$� · K B
v =

∑

i∈W





∑

{j|(i,j)∈E}

xij −
∑

{j|(j,i)∈E}

xji





=
∑

i∈W







∑

{j∈W |(i,j)∈E}

xij +
∑

{j∈W |(i,j)∈E}

xij −
∑

{j∈W |(j,i)∈E}

xji −
∑

{j∈W |(j,i)∈E}

xji







=
∑

i∈W

∑

{j∈W |(i,j)∈E}

xij −
∑

i∈W

∑

{j∈W |(i,j)∈E}

xji

B3�J²Ms >
v = x[W,W ] =

∑

(i,j)∈(W,W )

xij −
∑

(i,j)∈(W,W )

xij (7.11)

��� w��,� G B ��� ¬Ñw ] F��dGpG 4 > ��� _p` 0 ≤ xij ≤ uij , (i, j) ∈ [W,W ] N�� !�� >

v = x[W,W ] ≤
∑

(i,j)∈(W,W )

uij = u[W,W ] (7.12)

B3��w ] F7�
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���
7.7. � �,� ��� ��� � x ��� v B ���Y� s-t � )5+ [W,W ] �D�7� BM��E�� U�V � �D�

��� w��,� :

v ≤ u[W,W ].

G ������¬ "	� «�� ��
 �d���7� _p` ��µ"%$A] F��
���

7.8. ��� ��� � x ��� v ��oHjDs
v = u[W,W ] (7.13)

N�� & F s-t � )Y+ [W,W ] � © ' F $ � > x
U�� �7� 4�n�K �

G �#9�������� 7.7, 7.8 N > � � (d)�+c-M/51 N �H²Zs�� |�� ! spg ] jHÛ�X � n K ∆v ≥ 0

��o'j > � v + ∆v ����� �7� � x′ � © ' F K�� �dB�j ] F7� 2 �����,��vpu K ��� �7� �
x �������5�'W,w > (7.12) ¬ "

v + ∆v = x′[W,W ] ≤
∑

(i,j)∈(W,W )

uij .

G $ WYw (7.11) N��µ´�� | s
∆v ≤

∑

(i,j)∈(W,W )

(uij − xij) +
∑

(i,j)∈(W,W )

xij

��Ï"%$:] F�� j &�� ²Ms > � $ x ��o F K ��� (J)Y+0-D/�1 N(x) � 8�í (a), (b) ¬ " >
∆v ≤

∑

(i,j)∈(W,W )

rij = r[W,W ]

��� ¬ $:] F��
���

7.9. ���Y��� � ��� � x ��o F K ���Y� s-t � )�+ �����p�7� B ?'@ s ¬ " C @ t Y°
¬*²Ms�®p� ��� ��� ∆v B.��Ep� U7V � ���p��� w ��� :

∆v ≤ r[W,W ].

���
7.10. �	� �7� � x ��o'j >

r[W,W ] = 0 (7.14)

N�� & F s-t � )Y+ [W,W ] � © ' F $ � > x
U�� �7� 4�n�K �



���������
67

7.2 ���������	� Þ�
��YÜ	
��àAá:â����
�5!#"Ð$'& �	� �7� � x ��o F K ��� (J),+0-D/d1 N(x) � ?#@ s ¬ " C @ t Y�D¯'° b

P ⊂ E(x) � © ' F $5� > �M$ �D± ²3s L � �HNM®p¶ \�· K G B ��4JI7] F�� ��� >

δ = min{rij | (i, j) ∈ P} > 0 (7.15)

N0f | > � B0� (#)�+0-./,1 �D��� (i, j) ∈ E ��oHj0s

x′
ij =



























xij + δ, (i, j) ∈ P [ 8�í (a) �HW K � (i, j) ∈ E(x)] �����
xij − δ, (j, i) ∈ P [ 8�í (b) �HW K � (j, i) ∈ E(x)] �����
xij , �.$ ¦p§,����� ,

(7.16)

��� � N ¶ !D$p� > x′
U�� � (7.10) ����� ��� � BZ�µw > (�)�+.-./ 1 � L � � � δ t�u0®�¶

j ] F�� ��� (H)�+c-0/51 N(x) 2 � > G �YWYX%�D¯d° b P N  �¡ ¢�£�¤ (augmenting paht)

B�W1� ] F�� ®�� �7� b�ÌYU > ��� ('),+D-0/,1 �D®p� �7� b � © 'Jj��Ñ��� K�].4 ��� �
� � B���� (#)�+0-./,1 �����JN�� w �*j > � v N � � � � �Y� ]c4 ®p¶ \�· K ) Ì 4 F��

algorithm AUGMENTING PATH

x := O;

while N(x) �D®�� �7� b P � © ' do begin

δ := min{rij | (i, j) ∈ P};

P ��±:²Ms � $ N δ ®�¶ \Z· > x B N(x) N��!� F K
end

end;

?#@
s ¬ " �.¯'° b � N(x) 2 � © ' F K ; = �����'N W 4  · � > C @ t �

t ∈ W = V \ W

B3�J² &#" = 4 � m5������� U%$�& j ] F��HG �'B I > [W,W ]
U � BM� � �p� G � s-t � )

+ NM× � j ] F � > � �������7� r[W,W ]
U�'�( 4 > ��� 7.10 ¬ " x � � 
 � � ¨#) \ $*]
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F�� B G�� � > ��� 7.8 � vHW�� 7.10 � UD��
 �Y�������HN �p! s | K � F�� ã >�� ����� x �
n5K ��� U	� ã (7.13) � vJW0� (7.14) ��N�� & F s-t � )5+ [W,W ] � © ' F K�
 G BDNc¨�)
j���u $5� > � m �Ñ���p� AUGMENTING PATH � �� � ��� T "Ð$A] ·�� �
���

7.11 [ P5Q�R P�� + 
�� ��� ].
?*@ ; = s ¬ " C @ ; = t  � � $ � ��� � U > F Ú�s

� s-t � )Y+ �����,� �p^ �Y�	�'j |7�
���

:
� ��� N x∗ = (x∗

ij)
> � ���'N v∗ B0j5W,X�� ��� 7.7 W,w > ��� � ¯��p��� ) +Ô� ©

' F $�� > ������U ¨#) \ $#K � � G �HB I �-��� (H)�+.-D/ 1 N(x∗) � U ; = s ¬ " t 5�
¯d° b�U © ''j�� |�� ��� � " > � �dW,X���¯H° b P ⊂ E(x∗) � © 'Jj & B F $�� > (7.15),

(7.16) �Yj &�� ²Ms v∗ N v∗ + δ �� �! 4*I > x∗ � �5��� 4Yn,K G B.��"$# F K � � G 4 >
N(x∗) ��v | s�; = s ¬ " �0¯H° b � © ' F K ; = �����HN W ∗ 4! FdG Bc� F $5� >

s ∈ W ∗, t ∈ W
∗

= V \ W ∗

45n w > [W ∗,W
∗
]
U

s-t � )Y+ B�� K �'\ " � > ��� (*)�+0-./,1 � 8�í (a), (b) W,w

x∗
ij =











uij , (i, j) ∈ (W ∗,W
∗
) �����

0, (i, j) ∈ (W
∗
,W ∗) ����� ,

45nYK G B � � ¬ K �dG $ WYw >

v∗ = x[W ∗,W
∗
] =

∑

(i,j)∈(W ∗,W
∗

)

x∗
ij −

∑

(i,j)∈(W
∗

,W ∗)

x∗
ij

=
∑

(i,j)∈(W ∗,W
∗

)

uij

= u[W ∗,W
∗
]

��� w��A« > ��� 7.7 B�B � � 8�% U * \ $J& �
\ " � > � m��Ñ�Ô��� AUGMENTING PATH N� !�� > V � ��� � * FYG B ��4dI�] F :

���
7.12. � (i, j) ∈ E ����� uij � F Ú�s�&�'�� "Z� > &�'d� �5��� � © ' F K �
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���
: ]3ã > AUGMENTING PATH � ���,�������7v�u K �	� ��� � x � &�'�� 1d+ mp4

n K G B0N���� æ � * � X � � $ x � &�'	� 1Y+ mp4 n K G B.N�
 8 F $�� > ��� (,)p+.-c/
1 � 8pí (a), (b) WYw > N(x) �D��� (i, j) ∈ E(x) ����� rij �

F Ú s�&�'ÏB3� K � j &�� ²
s > (7.15) ¬ "�8#]�K δ � &�'

>
(7.16) �'W�²Ms 8*]�K V ����,����� ��� � x′ � &$'�� 1

+ m B3� K �\ s > δ
U &�'��5� 4 > � $ ��� v

U���� ���� 4�� �Ñ�0B � ���	� ®�¶ F K � B G�� � >
� � s-t � )5+ [W,W ] ����� u[W,W ] � & ' 4 ¯ �����ANdB K G B ¬ " > � � 7.7 �*WHw
AUGMENTING PATH

U ¯ � � �����5����«.� $ &�F K G B ��� ¬ K ��G �dB I � � $ > �
] w � ��� � &�'�� 1H+ m 45nYK �

8$% 7.11 vJW � 7.12 ��)HÎ�¬ " > �5��� � © ' F $�� AUGMENTING PATH �JW�²cs
¯�� " E � X «�� ���7� x∗ BZ�7� ��^ � s-t � )�+ [W ∗,W

∗
] �  "�$#K G B ��� ¬Ñw ] F��

]�& > F Ú s5���d����� uij � &�'H����� > � �D¯ � " E������ � V �'WdX �YjDs * \ $µ]F
: ��� uij � 2 �5N U B F $ � > � )5+ [{s}, V \ {s}] ���7� U�� ´ nU 4 F ; � m��Ñ�����
�.����� 4 U > ®�� �7� b �� ��¬ $�� > � $ ��±#² s � ���0B � �!���5U � � ®�¶ F ] F :

j &�� ² s > � m��Ñ����� ����� � ' U���� 4 � nU
� � F�� ] ·���� ®p� �7� b ��"�#Y� >

$ !���%'&�1)( + � Ì N0f | $�� > �* � ��� 4 � n3U ��+ $ F K ÕpÖ�é�, 4 $ & j ] F��

-/.1032

7.1
V � � ��� 4��p!#"%$:KD(#)5+D-./,1c4 >�?*@ 1 ¬ " C @ 7 5� ����� N0S T�� \c|��
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