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5 ����������� �"!�#%$'&
(*)�+-,�.0/�13254*6�7*8:9<;0=�>�?A@-B�C�DE7F8-GE1*.0/�7IHKJ�L*M�=3NPOIG0QSRT@�U*V
�KWIXIY�Z\[�	E��]�^ =I_*73`�aIb0c�d'egf�h�;3aIi�U�jlk:H�m�n�G-o�pPq�>�?
r0H�73B*s
=utTvwk:?:x�y�z�{I|�}�~-�F�3�I�E�

(network flow problem)
1�D573�*��� W vwk�C
V�7�V

� 1-�5�5��7��5�5�*�5B�H�J�L*M�=�����GI���l>�?:@-zFV�7����\������G������Kq �<	�����
�K� .3/�;-C�DP7�L*M�N*O�;:���<>3qE�� wjlt¡o*¢�@lUEb�c�d£egf�hFG5J�iEq*o*¤�>�?�@Ez
?�¥5C �\	��30�<��� .-/�;�L�¦�§Ip<U:¨�©�ª

(graph)
73«�a5¬�;��®�>5�F7�¯-C5°5±I=

�
	���3����� .-/
;�²*³�>�?P>�jlr¡z

5.1 ´Sµl¶
¨�©�ªF· ¸<¹Pº�7-»�¼

(vertex, node)
7�½�¾

V = {1, 2, . . . ,m}
� C-¿�À�Ál7E½�¾

E ⊆

V × V ≡ {(i, j) | i ∈ V, j ∈ V }
7-Â
; �I�F�l� i�i�C

G = (V,E)
W ��>I?�@EzE½�¾

E
G

Ã @lU�¿�ÀFÁ
e = (i, j)

; �����
G
70Ä

(arc, edge)
CE¿�À

i
�

j
;�Å

e
70Æ�¼

(end node)
�

jTÇ�CEÅ
e
1�¿�À

i, j
G�ÈFÉ�ÊlË � i�i�?�@5z�_573Å�7�Ì�Í�HÏÎIÐ�=�i � Í01

G
;�Ñ�ÒE¨I©

ª
(undirected graph)

C-Å�7�Ì�ÍP;�Î�ÐFq
(i, j)
�

(j, i)
;5Ó3Ô�@lU � Í�G�1EÕ<Ò-¨�©*ª � j

Ç�?0@Ez
¸
Ì ���*�-W 1�Å

e = (i, j)
;:¸
Ì�Å

(directed arc)
� H0i�i*C�¿�À

i, j
;5D�ÖI×-Ö

e
7�Ø

¼
(tail)
C0Ù�¼

(head)
� iPi�?�@Pz:¸lÌ�C�Ú�Ì�;-.3�F¥*C�¿FÀ

i
G0ÛFÜ�@�U�Å�7�ÝF�<;

i
7�Þ

ß
(degree)

� i5i*CPLIG-¸lÌ �I�F��W 1
i
;:à�À � @<UAÅ<73��;

i
7*á-Þ ß

(out-degree)
C

i;:â�À � @<UAÅ�73�
;
i
73ãFÞ ß

(in-degree)
� i*i<?�@Ez

ÚlÌ ���P�
G
W @PäFq�70¿FÀ�å5G0ÅFB*æ5ç�@�U � Í�C

G
;�èPéF¨I©5ª

(complete graph)
�

jTÇ\?�@Ez ���*�
G = (V,E)

G-Ál>0q
V , E
7�êFë*½F¾l;5D:ÖI×-Ö

V ′, E′
� @<U � Í�C0ìFí

7
e′ ∈ E′

73îFï�À*B
V ′
G Ã @F=\�Ïð�C

G′ = (V ′, E′)
1-ñFÇ ���5�<� =òk:?:@Ez�DF7�j�ró=

G′
;

G
73ô*õ�¨I©*ª

(subgraph)
� i5i�?�@Ez3L�G

G = (V,E)
W

V ′ ⊆ V
G�î*ï�À<;�H�J3Å

7:½�¾<;
E′
� @�U � Í�C

G′ = (V ′, E′)
1

V ′
Glj�U

G
7-ö-÷�ôPõ�¨�©*ª

(induced subgraph)W v�U � i5i<?�@Ez
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� · ¸�Ì �*���
G = (V,E)

7:¿5À�7A�
P = (i0, i1, . . . , ip)

B
(ik, ik+1) ∈ E (k = 0, 1, . . . , p−

1)
;����E@ � Í0C

P
;:¿�À

i0
� �

ip � 73Õ�Ò � (directed path)
� jTÇ ?:@EzEÑ�Ò �

(undi-

rected path)
H����<GEF®	�TÖS?0@5B�C-Ú
Ì�


P = (i0, i1, . . . , ip)
W 1�-Û�@lU��ÏJ�7E¿�À

ik, ik+1

G�Á
>3q
(ik, ik+1) ∈ E

�
(ik+1, ik) ∈ E

7Fi3¥*Ö��
(k = 0, 1, . . . , p − 1)

B������óÖ
?:@Ez:¸lÌ�
 � Ú�Ì�
l;Pv0�*xFqEnIG �

(path)
� jóÇ\?:@-B�C�


P
;:¿FÀIv�U0iE1EÅI70½5¾

��� =�>3q
i ∈ P � (i, j) ∈ P

=�_573����;0a�iI?�@Ez
à�À

i0
� â�À

ip
B����¿�À W v�U�
�;�� �

(circuit)
C�� ?KÖwU�¿�À

i0, i1, . . . , ip
BI@5ä

q���=lU�
�;� "! �
(simple path)

C�D�73î$#I7����l;IH0J%
\;� �!$� �
(simple circuit)

�
jTÇ ?�@Ez �I�5�

G
7E@5ä�qI70¿�À�;�&�UAn�')(�
�;�*�+-,ò}�./� �

(Hamiltonian circuit)� jÏÇ\?�@Pz�V�ÖS��7�(/
�CEn�'"
IGEÁ<>�q�HK¸<ÌPC�Ú<Ì3B5�®0�ÏÖ ?�@Ez
1�2 · �*�E�

G
7�ì5íI7�� J�7�¿FÀ�åPG�Ú�Ì�
PBPæEç�@IU � ÍAC

G
1 1�2 ¨�©Pª

(connected

graph)
W v�U � iPi�?�@-z ���P�

G
B�3�4 W = t � H:C3D57�3�4�=�5�6Pê5ë ���5�

G′
W C

G′

;-7�G��98�3%4�5%6EêEë ����� BEæEç�>�=5i � ÍAC
G′
;

G
7 1�2 ÷-õ

(connected component)� i5i�?:@Ez:3�4 W =*i ���5� 1�;�i5G�¿*ÀI;�<E¸�>�=�iEi t J3��7�3�4�6Eë�G0ë5o��gÖ\?A@-z
= · ���*�

G
B9(�

;���?�=�i � Í�C

G
;�>�?9@�A

(acyclic)
W v�U � i*i�?0@Ez�?3�PC�B

C9D�E =/3�4 ���*�
T
;�=

(tree)
� jTÇ\?:@Pz�¿�ÀP�

n
7�3�4 ���*�

T
B�F W v�U���G�7�H

±$IEëJ"KI1�C
T
B

n − 1
Ý
73Å�;IH�J<V ��W @-z�LF��BNM W v�U-F
73¿�Àl;�O

(leaf)
� j

Ç
?�@EB�C�FIG51�s�=ut � HP�RQ�7�S�B5æ5ç
>�?:@Ez ���F�
G = (V,E)

G3Ál>�q
G
� �"��¿

ÀP½�¾�;�H�JEêFë ���F�
G′ = (V,E′)

B�F W v�U � Í0C
G′
;

G
7�é�T=

(spanning tree)
�

i5i<?�@Ez

5.2 U	VXW$Y9Z�[\^]9_�`
¿�À*�

|V | = n
C�ÅF�

|E| = m
73¸
Ì �I�F�

G = (V,E)
G�a�iEq�CF@5ä�qI7�Å

(i, j) ∈ EG�Á
>3q�b�a
cij

�dc�e
uij

B"f�Ð�� ÖIq�i�U�H�7 � >�?P>�j�r z�D�Ö�×EÖ<70¿�À
i ∈ V

GF1
g�h e v�U3i51�iF± e ;���@�j

bi

BFÁ�k
>�q�C
bi > 0

=���ð*¿�À
i
;�l�m�¼

(supply node)
C
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b i( ) (b j)

i j
cij uij( , )

1

2 4

3 5

69

0 0

-9

00

(3, 8)

(2, 3)

(2, 3)

(5, 7)

(2, 2)

(4, 3)

(5, 4)

(3, 5)

(4, 6)

�
5.1:
2���b�a � .�/

.

bi < 0
=\��ð

i
;����*¼

(demand node)
C<?��

bi = 0
=���ð5¿�À

i
;��
	�¼

(transshipment

node)
� jTÇ�?�@Ez�V37�j<rgG ���F�

G
7:¿�À � Å�G
�S�T�I7��� � V*V W 1 cij, uij , bi � B

��� �óÖ���H�7�;5{I|�}�~-�F�
(network)

� i5i<?�@EzlV�Ö����FC
bi ∈ Z, ∀i ∈ V ; cij , uij ∈ Z, ∀(i, j) ∈ E (5.1)

W v�UFV � ;��5�>�?�@ � ���I>-C
Z
1���������73½*¾
;��
>�?�@ � z�l	����������W 70254�6�.3/�7�� � yI_-1� �!�"�#-�����

(minimum cost flow problem)� j�ð5ÖwU L<7�(�)�+5,I.-/ � >3qP*��6X�TÖw?�@
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2���6 ∑

(i,j)∈E

cijxij

J K ∑

{j|(i,j)∈E}

xij −
∑

{j|(j,i)∈E}

xji = bi, ∀i ∈ V

0 ≤ xij ≤ uij , ∀(i, j) ∈ E.

(5.2a)

(5.2b)

(5.2c)

�
(5.2a)

;%$dA�& ß
(objective function)

Cg�
(5.2b), (5.2c)

;�')(�*)+
(constraints)

� j-,-À
1�&/.I7�(*)�+E,�.0/ � ��� W @-B�C10F��j�2 �<� c

x = (xij)
1 �
	������� 7:��3

(flow)
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� jÏðPÖ\U*V � H0v kA?�@Ez:�*�*�
(5.2b)

1*CA¿�À
i
� ����U � Ö<7�� eS�

i
G���U � Ö�7��

e 7��*B�i h e
bi

G��l> t =Fp3ÖFð�=���=�i�V � ;:í
	�>�C��������*�+
(flow conservation

constraint)
� jÏð5Ö ?�@�zl?��

(5.2c)
1�C3Å

(i, j)
7 � Ö

xij

B"f�Ð\� Öl� c�e
uij

;���ÐFq
1*=\�A=�i�V � ;�í�	I>�C�����*�+

(capacity constraint)
� jKðPÖw?�@EzlV-70�����<73�F�

J�K
;�����@�U � Ö
x
;������� 5�

(feasible flow)
C5D57F8 W R E�! ��7�j
;A2���GP@�U � Ö

x
∗
;1 �"5�

(optimal flow)
� iFiI?�@Ez

�
(5.2b)

7�#�$<7��*�F���
;
A
W �
>-C�2 �l� c

c = (cij)
C

u = (uij)
;0aIi0Ö�ðIC�.3/

(5.2)
;

2/�F6
{cx | Ax = b, O ≤ x ≤ u} (5.3)

7Ij<róG�m�%�G�& t�V � B W Í*?:@Ez0�*�
A
1 ���5�

G
7�ÈFÉ���'

(incidence matrix)
� j

ðEÖ�C�D57�(5��1
G
7)(5¿�À�GFC�?���(*�I1�(*ÅIG�Á"kl>�C

G
7�Å � ¿�ÀI73Û*Ü ! �l;��
>

?�@EzP��ÐEð�C
Aij

;:Å
(i, j)
G�Á�k�@<U

A
70� � @�Ö�ð

AT
ij = [0 · · · 0 +1 0 · · · 0 −0 0 · · · 0]

( * i
�

) ( * j
�

)

W vSk�C * i, j + Ý/2 �l� c e
i, e

j
;�,w�:q

Aij = e
i − e

j

� �I@lV � B W ÍF?�@Pz�>E��Bw�:q
A
1FC

mn
º�7%6Fë<7�8 W

2m
º ��p-B"B�-/. W C�B0-

.�6�ë�1*@*ä�q
+1
�

−1
Cl?-�)(��IGF1

+1
�

−1
B�¯21�rK_ M JF§�J/� ?KÖ ?�@-zlVE7��

�*���
A
73L*M��F� ������¯�G/L�70�óJEB03��PÖ ?�@

:

(a)
�"e�4 æ�J"K

(5.2b)
;�@5ä�q5��>Ev-�*x�U �

0 =
∑

i∈V

bi,
>P��B\�:q ∑

{i∈V |bi>0}

bi = −
∑

{i∈V |bi<0}

bi.

6 i�7�Ð�ÖFð�C8� g�h e � ��i5± e B�95:l>0=Fp0Ö�ð�C ��e�4 æ�J�K
(5.2b)

1%���$�ÏÖ
=�iEz
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(b) � G�C�� g/h e � ��iP± e B�9):F@�Ö�ð*C ��e�4 æ%J�K (5.2b)
7��F�������-=��E�

Ox =

0
B�� �óÖ U3zFJ�?\k¡C

(5.2b)
73ìFí<7����I1FC�D�Ö��	�<7�����7
��G

−1
;���pF�<H

7��
> t�C���
(redundant)

=-���*� W v�U�z
 �� � �-�

(shortest path problem)
· f�Ð � Ö<�0¿�À

1
� ���<7E@Pä�q�73¿�À � 7�2����� 73¸<Ì�

;�¢*I@�U�.�/ W @Ez�.3/

(1.2)
G�a�iPq

uij = n, ∀(i, j) ∈ E; bi =











n − 1, i = 1

−1, ∀i ∈ V \ {1}

� >PC
cij

;0Å
(i, j)
7��0����@-Ö�ðIC�D*732�4�o�1E¿�À

1
�S���<7)(�¿�À � 732��"
�G�� �q

1
n����! �"$#&%('�)�*,+

-�.,/�021
(maximum flow problem) 3 4�5 �,687 (source) 9�: s ;=<&> 7 (sink) 9�: t

?�@BAC�D	E�FHG �& �"B#�% C
I�J�@ *,+ I
J
(1.2)

��K$L�M!N
OQP
R

cts = −1; uts = +∞

S * CUT
(t, s)

#&V�W�X�R2Y�ZB[�\

bi = 0, ∀i ∈ V ; cij = 0, ∀(i, j) ∈ E

S *2"^]^\�_��`�a	b^c T
(t, s) d �! �"$#e`�f�g8[�)�*,+�h2�& �"Qc 9	: s ;i<�9	: t

? �
j^k	l

G d �
`�f�m� 	nQR2o$[ Gqp 'U)&*,+

r$s 0,1
(assignment problem) 3 j�k�l

G
� 9^:�t�u cwvyx^�2z�{ t�u V1, V2

R�o�{�|
} "Q~ T t�u c E ⊆ V1 × V2

#�����[�)e*+�h
� S A \!|��!�	�
cij

��m�����`�� S p8C	���
R

V1

�!� 9	: # V2

����x	� 9	: R�|('y�2~ C
I�J^@ *2+�h�"�c I
J (1.2)
@

bi = 1, ∀i ∈ V1; bi = −1, ∀i ∈ V2; uij = 1, ∀(i, j) ∈ E

S [��&� u R�� p 'U)e���^+
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h2�
�QR��������	�
��� 0,1
(Hitchcock transportation problem) ���� 021 (transship-

ment problem)
p�� �QK$L^M�N!OQP� I
J S [
~���� @ *2��\�h�" < ��)!� (1.2)

� 4���� O
� S [
~�� � h S � @BA )
*,+�h � [���K L�M!N
O�PU I�J �����^c2W��8#2c ��!#"%$'&("
)�* ��+%, ) @�-�. R�/ S )�� p�G \�[�&�10U~ I!J

(1.2)
�32�4�X p b�5���6�7�8�R�9%: C

;�< c�=>!~�f A / S /�:$)�*,+

?A@1B C

5.1
j^k�l

G = (V, E)
��D @�E�C ��!^�GF%H�I{�J%K	�

|E| = n − 1
@
E�C h S #�LB[ p

} /,+

5.2
`�M%N I2J �
`�a�b @ c2�

xij

��O^�
0 ; 1

S p�CQPSR #GT
: p } /�+

5.3
E�CVU W #3X�Y^* CVZ%[ ��\G\�] E�C W�� ; <_^�` ?�U W #ba�%^* C S A \!m�a�%��	�
#�`��QR* C R�c � �&W	� ; < � � ^�` ?�c�d ��� U�W #�a�%�*
"^] � / ;fe � D [�\
��W����#X#Y�nQ\ ^�` �Gg�H�nQ\�h �_i a�%	�	��c�j���k�� �8� R#9%: < "�~%/ C �&�
S * C +�h
� I
J c�\�l^L_m nQL2Ppo�a�% I!J S � ]�" C `	���	� I
J � 4�� � O �
@�E�C +

W��
\ ^�` 1 2 3

X�Y�n
1 3 q>r /

d �
1 4 250

d �
2 2 6 7 300

3 8 4 3 220

4 5 2 4 350

g�H	n
400 300 200 900\1120


