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4 ������������� ��!�"
#�$&%('*),+.-&/10
243�5 �6�7�8�9�:	;�.<>=@? 0
A8BDCFE <HG 51I�J�K&L7M�N4O �:	;�
P8Q ��R�S:T1U E6V4W8X:Y R
Z C\[ G>]�^`_ Jba7c(dfe9g,h U\i�j,k

(duality)
O�M ���*���

/ � E�V�W8X�lH0.X�h,m*cnCoL*XqpFM:r*s �
t 2 R�uwv8x9y�=zT�{8|�}�~ X ��� L6h _

4.1 �>�(�9�
N �@�*���

LP
R�y 3 |,��� [ G�]�^

:

�
4.1.

P��8�
15x1 + 20x2� �

(E1): 4x1 + 6x2 ≤ 240

(E2): 2x1 + x2 ≤ 90

x1, x2 ≥ 0.

J ���:	;� P6Q X(��W S.��� 0z� U.R O6M u,� Kz�;#7$&%('�),+�-
/10 Q 2*h.a4m��z3 T��
L6h,�9M�J�J&L*O�#�$&%('*),+.-&/4X4� ���
�*�n���7� O�  T�¡4R M�¢ �.� ��� �
£6¤�� �
=�¥ X � c7M�¢ �.¦4§ 0z¨�© G
|*ª [@h _
��W S:���
� 0

z
L�« G M

(E3): z = 15x1 + 20x2

I\¬ = [�h _ [.58M
(E1)
�&­�® 09¯±° G
| N �.²8³�´ 0 � [&h

:

(E1 × 4): 16x1 + 24x2 ≤ 960.

J �¶µby���´ L8· �
x1, x2

�:¸�� 06¢�a4¹,a�º�»4h U I@M*3 ¡ a u
(E1 × 4)

�,? � � = p
XH¼ | 3�[@h _ · � O½I u�R:¾6¿4R.À6Á�¥ a | 3�[@h � L*M:Â6Ã � r6Ä7Å,Æ <

x = (x1, x2)R.�HG
|
z = 15x1 + 20x2 ≤ 960 (4.1)

�&Ç C x�y J4I±� T cnC\[�h _ J\a7LÈ�wW S
���
z
�
¦�É;�nÊ`y

960
�6Ë4g G [ G 5 _
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L�O8M u ¼�I8�@3 ¦6É O�� { d a�X*3
L GH]8^ c _:S.¸8´
(4.1)
0 �;U 5 {6R�À�Á8�6�

(E1)I · ����¾�¿8��� 0z 939[ G 5
�*M�[�� À6Á��6�
(E2)
0���2 G
| 3�[��6� _ ¢�JzL�M

(E1)
I

(E2)
R��;��¸6�

3
I

2
0&c ��| M�J ��µfy 0�	 G�
*T � |*ª [ G(]6^

:

(E1 × 3+ E2 × 2): 16x1 + 20x2 ≤ 900.

S.¸6´
(4.1)

0 � 5 � I�� p�
��zE��@L*M�� G 3�MH��C@�
3 ¦*É � � d±a½[@h
:

z ≤ 900.

� ¦9��� V;0 ¥ d R���{,|6ª [ GH]8^`_ ¢ � 5 {�R M À�Á��8�
(E1)
I

(E2)
R�������¸,� 0

c �,| 	 G�
*T � U.� L*O�XqpFM:Â�Ã �

y1 ≥ 0, y2 ≥ 0 (4.2)

0�c � M
(E1)
I

(E2)
��¾�¿ Ê N�� 


:

(E1 × y1+ E2 × y2): (4y1 + 2y2)x1 + (6y1 + y2)x2 ≤ 240y1 + 90y2 (4.3)

0��¶¼ |*ª [�h _ J ��´;����®��
� �
LP
�
¦�É�R X U�R O�M�J a�[@L ��� V*c�d

4y1 + 2y2 ≥ 15

6y1 + y2 ≥ 20











(4.4)

� Ç C x�| m(�z39J9I±� T cnC\[�h _�G 5
�½¼ | M
(4.2)

I
(4.4)

0� �	�h U
y = (y1, y2)

L
²,³6´

(4.3)
���6®4��� 0 P"! R h U*u
� 0�� { a*m7M��wW S
���

z
� P u�# 3 ¦�É ��$¶d�a

U J9I R XqC&[�h _6y [½CoM&%
4.1
���7�4�,�;��	;�.¦�§ 0&� {�U.�:	 O�M&�('4M ���4�,�

�
	
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P)!6�
240y1 + 90y2� �

4y1 + 2y2 ≥ 15

6y1 + y2 ≥ 20

y1, y2 ≥ 0

(4.5)

R&*�+HG [@h _
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P6Q � W S
�8����¦�§ 0�� {�U��.	
(4.5)
0&A�� � G 5 u@� � 
��7�.	 L8h _&���������8�

�����
	
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P��8�
c1x1 + c2x2 + · · ·+ cnxn� �

a11x1 + a12x2 + · · ·+ a1nxn ≤ b1

...
...

...

am1x1 + am2x2 + · · ·+ amnxn ≤ bm

x1, x2, . . . , xn ≥ 0

(4.6)

R.�HG M�N R���� h U
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P�!��
b1y1 + b2y2 + · · ·+ bmym� �

a11y1 + a21y2 + · · ·+ am1ym ≥ c1

...
...

...

a1ny1 + a2ny2 + · · ·+ amnym ≥ cn

y1, y2, . . . , ym ≥ 0

(4.7)

0
(4.6)

�
i�j��	�
(dual problem)

I���
�[�h _ [:5 
6����	
(4.7)
R��1G:| M u I �,�,	

(4.6)
0
� ���

(primal problem)
I���
([&h _

�7�
	 � ���6� L��9¼ |1u M*¢ �.
��4�
	 O ���6� I�O8X C\[��6� _�G c G M
2.1 � L�e4gG 5
·��10�243@a4m���� R.���������
	

:
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P*�6�
− b1y1 − b2y2 − · · · − bmym� �
− a11y1 − a21y2 − · · · − am1ym ≤ c1

...
...

...

− a1ny1 − a2ny2 − · · · − amnym ≤ cn

y1, y2, . . . , ym ≥ 0

(4.8)

R
��= � � dfa½[&h _H¥ d R M�J �

����:	 0�� U I
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P�!��
− c1x1 − c2x2 − · · · − cnxn� �
− a11x1 − a12x2 − · · · − a1nxn ≥ b1

...
...

...

− am1x1 − am2x2 − · · · − amnxn ≥ bm

x1, x2, . . . , xn ≥ 0

(4.9)
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I\X1¼ | g1d c R
(4.6)

I�
 � X �:	 I\X Cz[&h _ J aÈ�9CoM
•

����:	��.
��9�
	 O �7�.	 L � U

J�Ib� � c { d a�[@h _

4.2 �>�����

����:	

(4.7)
� �DC ? c¶d�� �:R N �
�7� �	��c8a½[@h

:


��
4.1. [ 
 i7j 
	� ]

���6	
(4.6)

I 
9���8	
(4.7)

¢.a�¹�a � Â9Ã � r4Ä;Å�Æ <
x = (x1, . . . , xn), y =

(y1, . . . , ym)
R:��G.|

n
∑

j=1

cjxj ≤

m
∑

i=1

biyi

� Ç C x�y8_
¥ d R M;J ��� E7c�dbN ��µfy*����	 � ��� R �*c,a([@h

:

�
4.2.

�
(

��

)
�
	 � ¾	��É L���a*m�M 
��

(
�

)
�.	 O:r6Ä ² Å,Æ7L � U&_

�
4.3.

���6	
(4.6)

I 
4�H��	
(4.7)

¢:a�¹�a9r4Ä;Å*Æ <
x = (x1, . . . , xn), y =

(y1, . . . , ym)
L7M

n
∑

j=1

cjxj =
m
∑

i=1

biyi

0� �5:h u
� ���	�7h:a7m�M7¢ �
x, y
O7¢&a�¹�a ���
	;� P�Q < L�� U&_

� � %¶I G�| M�%
4.1
�

LP
I@¢ �.
6���.	

(4.5)
0�� C ¦���|�ª [ G>]�^`_ [ ¡ M �7�.	

� r*Ä*Å8Æ < 0@N � � ^fR � C@[@h
:

x1 = 75 / 2, x2 = 15.

J � r�Ä�Å�Æ < L � ��W S:��� O
z = 15× (75 / 2) + 20× 15 = 1725 / 2
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L6h _ A ? M
y1 = 25 / 8, y2 = 5 / 4

O 
����:	�� r�Ä�Å�Æ < L*M½��W S:��� O

w = 240× (25 / 8) + 90× (5 / 4) = 1725 / 2

I�X1¼ | 3;[@h _ �\W S.��� �*A�� G [ G 5 � L*M �
4.2
c¶d±r�Ä7Å8Æ <

x = (75 / 2, 15),

y = (25 / 8, 5 / 4)
O*¢&a4¹:a ���.	;� P6Q < L � U J4I±� � c { d a�[@h _

�
4.2
O

LP
� r�Ä*Å�Æ < � P8Q < L�� U 5 {������6��� 0�� ��| 34[zh _ N ��� E7O6M6¢

�	�Èu��>G 3�J�I
0 ��
�G [@h
:


��
4.4. [

i7j 
��
]

�
(

6�

)
��	9R P�Q < �����7h
a*m7M 
8�

(
�

)
��	9R;u P8Q < ����� G M ­
��� P�Q � W S

��� O,A��*h U
_
J ��� E ��� g�O���� G�R4G
| M�J�J&L*O 
6�"� E7c¶d �7c�a U N �
}�~ X����10	��� G [
G½]�^

:


��
4.5. [ ��� k 
	� ]

�*�:	 I 
��4�.	 ¢za�¹.a � r6Ä*Å8Æ <
x = (x1, . . . , xn), y = (y1, . . . , ym)

� P6Q < L
� U 5 {�����~�������� O6M�N � �������! �" k�#�$ (complimentary slackness)

� Ç C x4y
J�IwL�� U

:

• % j = 1, . . . , n
R6y 3 |

xj = 0
[.58O

a1jy1 + · · ·+ amjym = cj ,

• % i = 1, . . . , m
R8y 3 |

ai1x1 + · · ·+ ainxn = bi

[.58O
yi = 0.
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���
:
���.	 I 
��9�.	;� r�Ä�Å,Æ < 08¢&a9¹�a

x, y
I G � ^o_:
���� E7c�d�M

x, y
� P

Q < L�� U 5 {�����~!������� O ­���� �wW S.�6� �*A
�7h U J4I
:

n
∑

j=1

cjxj =
m
∑

i=1

biyi (4.10)

L�� U�_ A ? M
xn+i = bi −

∑n
j=1 aijxj , i = 1, . . . , m

ym+j = −cj +
∑m

i=1 aijyi, j = 1, . . . , nI\¬ � m�M
n
∑

j=1

cjxj −

m
∑

i=1

biyi

=
n
∑

j=1

(

m
∑

i=1

aijyi − ym+j

)

xj −

m
∑

i=1





n
∑

j=1

aijxj + xn+i



 yi

= −

n
∑

j=1

ym+jxj −

n
∑

i=1

xn+iyi (4.11)

IwX U@_
(4.10)

� Ç C x�y 5 {�����~����6�8� O8M
(4.11)

����® ������I X U J7I L � U@_ I
J8Kz�4M

x, y
� r6Ä7Å,Æ � c�d

xj, yi, xn+i, ym+j

O8h�� |4��¾6¿ X � L�M�J �
�6� O�M
• % j

R�y 3 |
xj = 0

[.5�O
ym+j = 0,

• % i
R8y 3 |

xn+i = 0
[.58O

yi = 0

I ³
	 L ��C`M�J a�O���
�-��9)8+ ������R�� X>d�X*3 _

� ¦;� ���107[�I {;U IbN � « � � ^fR X C�[�h _ J6J&L*M���O��(J1C ^@U M��&O��(J1C
� X734J4I
0�� G [@h _


6�4�.	
P�Q < � ��� r6Ä ² Å,Æ ¾	��É

P�Q < �	��� � � �

���
	 r�Ä ² Å�Æ � � �

¾���É � � �
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� �
4.1

� E
4.1
M �

4.2
M*¬�� 


4.2
0 � g&��� _

4.2
N � % �:	��.
��9�
	 0 �(= M�� � d � 5 <9� P6Q � 0��
�(� :

(a)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P��8�
− x1 − x2 − x3 − x4� �

3x1 + 5x2 + 2x3 − x4 ≤ 4

− x1 + 4x2 + 3x3 − 2x4 ≤ −2

− 2x1 + 5x2 + 4x3 ≤ −3

2x1 + 3x2 − 3x4 ≤ 2

x1, x2, x3, x4 ≥ 0

x = (3 / 2, 0, 0, 1 / 2), y = (1, 0, 2, 0).

(b)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P��8�
x1 + x2 + x3 + x4 + x5� �

13x1 + 16x2 + 17x3 + 15x4 + 2x5 ≤ 8

13x1 + 10x2 + 9x3 + 17x4 + 5x5 ≤ 7

14x1 + 2x2 + 5x + 3 + 8x4 + 4x5 ≤ 1

x1, x2, x3, x4, x5 ≥ 0

x = (0, 1 / 2, 0, 0, 0), y = (0, 1 / 30, 4 / 15).

4.3 LP
I�¢ � P�Q < � ��� � � ^ R � � d±a | 3 U�_ ��
 ��� E10& �¼ |8
6�4�:	;� P�Q

< 0�� { �
:
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P��8�
x1 + x2� �

2x1 + 4x2 ≤ 1

− 5x1 + 2x2 ≤ 0

− 3x1 − 3x2 ≤ 0

5x1 − 5x2 ≤ 0

− 5x1 − 3x2 ≤ 0

2x1 − 8x2 ≤ 0

x1, x2 ≥ 0,

x = (1 / 6, 1 / 6).
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4.3 �������>���
N R��7�
	 I 
6���
	 ¢za4¹�a �������
	6R � � � ^ X S�� � � U.� c �
� |*ª [ G½]�^`_

� g40 ��� G�R�G 5
LP
�

6��� E4O6M;J �8S�� c�d � p\J7I ��L = [&h _

�
4.2.

�*�:	
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P7���
15x1 + 20x2� �
4x1 + 6x2 ≤ 240

2x1 + x2 ≤ 90

x1 + 2x2 ≤ 100

x1, x2 ≥ 0,

(4.12)


��9�
	
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P"!*�
240y1 + 90y2 + 100y3

4y1 + 2y2 + y3 ≥ 15

6y1 + y2 + 2y3 ≥ 20

y1, y2, y3 ≥ 0.

(4.13)

h�L R�
 �95�� ^fR M 
����:	
(4.13)

O����4X:·��7L �6�6�����.	
:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P7�8�
− 240y1 − 90y2 − 100y3

− 4y1 − 2y2 − y3 ≤ −15

− 6y1 − y2 − 2y3 ≤ −20

y1, y2, y3 ≥ 0.

(4.14)

R �(= � � d±a([&h _����
	 M 
6�4�:	 ¢&a�¹�a R -���)8+ · �
(x3, x4, x5), (y4, y5)

0
��� G
| N � � ^ X � � 0 ���1G [&h

:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x3 = 240 − 4x1 − 6x2

x4 = 90 − 2x1 − x2

x5 = 100 − x1 − 2x2

z = 0 + 15x1 + 20x2,

(4.15)
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

y4 = −15 + 4y1 + 2y2 + y3

y5 = −20 + 6y1 + y2 + 2y3

w = 0 − 240y1 − 90y2 − 100y3.

(4.16)


8�4�
	9� · �
y1, y2, y3

O ���.	���������À8Á�´9R
��t�G&| 39[zh � L6M ���
	�� -��4):+
· �

x3, x4, x5
I\O Ê � Ê`R.��t�G
| 3 U J7I±� T cqC�[@h _ [.5)
�� R M ���
	�� · �

x1,

x2
O 
��9�
	;� - �4)8+ · �

y4, y5

R Ê � ÊFR��6tHG�| 34[&h _6y [1C`M
xj ←→ ym+j, j = 1, . . . , n

xn+i ←→ yi, i = 1, . . . , m











(4.17)

�&�*t � � UzT4� L6h _H¥ d R M
xj

�
(k � � � )

��� · �
−→

��t h U
yi

O
(k � � � )

¾��	� · �
xj

�
(k � � � )

¾6�
� · �
−→

��t h U
yi

O
(k � � � )

�	� · �










(4.18)

I\X1¼ | 3 U J�I R;u�� Ã G
| p � ¥ 3 _
� �

(4.15)
I

(4.16)
�.¸�� 0&º�� |*ª [ G(]6^F_:¸6� � � 0@ (¼ | Ä	
�«
�7h U IzM µfy

� � � O�¢�a�¹.a
x1 x2

x3 240 −4 −6

x4 90 −2 −1

x5 100 −1 −2

z 0 15 20

(4.19)

y1 y2 y3

y4 −15 4 2 1

y5 −20 6 1 2

w 0 −240 −90 −100

(4.20)
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If«(�H[&h _ J\a*c¶d�g>dbc7X1� ^ R�¸8�;�
��t O�M
�*�:	

:

b A

c0 c


��9�
	
:

−cT −AT

−cT
0 −bT

(4.21)

I\X1¼ | 3�[@h _ 5�� G M�J6J@L
A, b, c, c0

O7¢&a4¹�a
m× n, m× 1, 1× n, 1× 1

� Ä


0z« G [&h _
� ¦;�

(4.17), (4.18), (4.21)
c¶d �4�:	 I 
��9�:	������ �����:�6t�S�¸ � � c { d±a¶[

G 5 _ J ��S,¸ 0@  � m7M �7�:	������ � � c�d 
��4�:	;������� � 0�� Ç h U J�I u ���
R L =,U½^�� M7¢ ���¶u Å�Æ7L�h _
�*¤ O�M
	��È)�
���� I ��� 
�� �����.��t 0 �
� |*ª [ G½]�^`_ % � m7M � �

(4.19)
L�M

(1, 2)
0����¶I G
| 	�� )�
����>0zÄ � m6N � ��� � � d a([&h

:

x1 x3

x2 40 −2 / 3 −1 / 6

x4 50 −4 / 3 1 / 6

x5 20 1 / 3 1 / 3

z 800 5 / 3 −10 / 3

(4.22)

A ? M 
��
� �
(4.20)

L*M;J a R:�6t h U����
(2, 1)

0���� R 	�� )�
����9h U I
y5 y2 y3

y4 −5 / 3 2 / 3 4 / 3 −1 / 3

y1 10 / 3 1 / 6 −1 / 6 −1 / 3

w −800 −40 −50 −20

(4.23)

� � d±a([�h _ J ��µ±y7��� � 0 �,º
� |7ª8| p � ¥ 3 _���� ��� L Ç C x ¼ | 365 ��t9S
¸

(4.17), (4.18), (4.21)
�4M!	�� )�
���� ���4�:� ���;��"

(4.22), (4.23)
L u  �5 ¥ a | 3

[@h _ J � J7Iwc(dzM,A�� R N � J7I.0z¨�#*L = [@h
:
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� � 4.6. [ ����� i7j,k ]

�*�:	�� ����R.��G M �6�
(4.17), (4.18), (4.21)

R ��¼ | � [ U�
6�9�
	�� ��� �	���7h U
_

J6J@L*O�
 	���� g�0�� = [�h��4M �6t h U � ¬�� 
 
6� ���4R��;G M ��� W8X 	��È)�
 �
�9M y [>C

(r, s)
I

(s, r)
0�����I\h U 	�� )�
����*��	 
 �6t h U � � 0�
 Ç h U J�I.0

����m � � L�h _
� ���.
���� c�d�� �.R �*c,a U\}6~ X&���9O�M
•
���
	�� � ��� P�Q � I �6t h Uz
6� ����� P6Q � �*A
�7h U

J�IwL�h _�y [>C
(4.21)

L �*�:	;� P�Q � O�M
b
� % Ç�� � ¾6¿ L c

� % Ç�� � ¾"� L�� UJ�IwL�h,�9M�J � J�IzO ��t h U�
�� � � � P�Q L�� U J4I
—
y [>C`M

−bT
� % Ç�� � ¾

� L
−cT
� % Ç�� � ¾6¿ L � U J4I —

R�� X C@[ �6� _
%>0@ (¼ | r�s R � c {6|*ª [ G(]�^`_�� �

(4.22)
R M

(2, 1)
0����¶I�h U 	�� )�
 ���

0
�4h½I
x4 x3

x2 15 1 / 2 −1 / 4

x1 75 / 2 −3 / 4 1 / 8

x5 65 / 2 −1 / 4 3 / 8

z 1725 / 2 −5 / 4 −25 / 8

(4.24)

A ? M 
��
� �
(4.23)

L*M;J a R:�6t h U����
(1, 2)

0���� R 	�� )�
����9h U I
y5 y4 y3

y2 5 / 4 −1 / 2 3 / 4 1 / 4

y1 25 / 8 1 / 4 −1 / 8 −3 / 8

w −1725 / 2 −15 −75 / 2 −65 / 2

(4.25)

IwX C�[@h _ ���
(4.25)

O
(4.24)

R.�6t h Uz
�� ��� L�M ���
(4.24)

� P�Q � O
(4.25)

� P
Q �>u Ã�� G [zh _ ¢ G�| M r*s6M �6��	9� P�Q ���

(4.24)
R O ���
	4� P�Q <4����� m8c C
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L�Xnp M 
6�4�
	;� P6Q <9�����(u�� [ a | 3�[zh _�y [>C M P�Q ���
(4.24)

� �\W S
� Ä
:

z = 1725 / 2 − 5 / 4x4 − 25 / 8x3

L*M % ¾���� · � x4, x3

�.¸���R
−1
0�� � 5 u
� � ��t h U@
��

(
�	�

)
· �

y2, y1

�
(
P

Q <9R ¬ ��U
)
� I\XH¼ | 34[&h _Hu�� K@�4M�J a ��� �.
6� · �

y5, y4, y3
O ¾��
� · � L

��C`M�¢ ��� O�����L6h _

4.4 �>���������	�
¢�a4L�O6M 
6�"� E

(
� E

4.4)
0 � g G [ G(]�^F_�
��9�:	��.
*� � �4�.	;R X U J�I\c

d�M �*�:	9R P�Q < � ���4h U I = � � 0 �7� a*m ��� L6h _
���

:
�7�
	�R P�Q < ������h U�
�
 M µ
��� #7$z%½'6)�+�-&/�  ^ J�I R �,¼ | P6Q X �

�
(D)
� � dfa U�_ A ? M�
 	

4.6
��CFM 
6�4�
	9R O

(D)
R���t h U P�Q X ���

(D∗)
� �

�7h U._9G 5.�(¼ | M 
����:	�R�u P*Q < � ���7h U
_ ���
(D)
I

(D∗)
��S.¸

(4.21)
c�dzM

g�d c R
­
��� P�Q <�R ¬ �9U �wW S
�8� O�A ��h U
(
µ y�� ����� � W S��6� O����������

G
| 3�[�h,�4M;Jwa9O 
��9�
	 0 ������R
�½= � � 5�5 { L�h
)
_

y 38L R M �7�.	;� P�Q ���
(D)
c�d 
6�9�
	;� P6Q < 0�� {;U@? />0
A���W R e9g G
|

¬ = [ G(]�^F_ ���
(D)
� �zW S:� Ä*�

z = c0 + c1xN(1) + c2xN(2) + · · · + cnxN(n)

L��;¼
5�I G [@h _
(D)
� P�Q � c(d

cj

O�h � |,¾�� L6h _ · �;�
�6t
(4.17)

c¶d\M 
��9�
	�� P�Q <9�
�

(y∗1 , . . . , y∗m)
O

y∗i =











−cj , i = N(j)− n
��
�


0,
¢&a ��� (4.26)

R ��¼ |��4{;U J�I±�7L = [@h _
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4.5 �>�4���.�>�½�4�������
	���
������
LP
O�M
� � d±a15 ��	 0 ���H#9$�%�'�),+
-./4L < p�� T C R M�¢ �:
*���:	�R #9$�%

'�).+
-@/;0 Q 2 G�|Hu±<9�4U J7If� T c C�[ G 5 _���� W R
LP
0 < J ^ Iwh U I = M �7�

	 I 
��4�:	;� � � d.0 < p ? � ���7c�0���� R Ë
�7L = a7m�����L�h _ J � Ë �H0@E�V9W
R ��V ! �;U J4IzO
"$#�L�h��9M&%�'�W R O7#�$&%('7),+
-�/ �)( 	�� )�
 � � O �
� · �
�&�

m
R�* p,+ � G M ¾���� · ���
�

n
R O ��[1C,- .>0$/ � X�3;J�Ib��� dfa | 3;[�h _

y [>C`M
m
�

n
R º
� | ! ¥ 3�I =�R O �*�:	 0 <>= M7¢ ����� 
"
 O 
��9�
	 0 < p � �

� ��L�� U I±¨�# ¥ a¶[@h _
���
	 I 
6���
	�� � � d
0 < p � = c�0zË
�*h U���� O�M

m, n
� � ! S.¸ � �6R � U*u

� L7O �ÈCz[���� _ % � m�M �*�:	;����� � � �6r6Ä�Å8Æ�L�XnpFM 
��9�.	;����� ��� ��r
Ä*Å8Æ�L � U�
)
 0 ���6|*ª�| p � ¥ 3 _��*�:	 0 < pb5 {�R O µ ��� #4$&%½'�)�+.-&/ �
0 Ê � � c¶d21 {;U ��~ � �¶Cz[&h8�9M 
��9�.	 L7O 0 Ê � � 0���p�J�Ib�7L = [@h _ J �
J�I c�d43�© ¥ a U � ^ R M ���
	 � 
6���
	��)5 a*c��76wg8X ��� ��� 0 u\| m�M

m, n
�

� =*¥zR � = X9893
�4X*3
c;: CFM7¢ � r6Ä*Å�Æ ��� 0 u&y��:	 0 < p ? � � �ÈI�3 � [@h _

� �
4.4
N � % P�Q � � c¶d 
����:	�� P�Q < 0�� { � :

(a)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x5 = 0.14 + 0.22x4 + 0.76x8 − 0.89x1

x3 = 1.25 − 0.13x8 − 1.00x1

x6 = 1.11 + 0.78x4 + 0.11x8 + 4.89x1

x7 = 6.94 + 0.11x4 + 0.19x8 − 2.44x1

x2 = 0.56 − 0.11x4 + 0.06x8 − 0.56x1

x9 = 9.44 + 0.11x4 − 0.06x8 − 6.44x1

z = 1.81 − 0.11x4 − 0.07x8 − 0.56x1.
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(b)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x3 = 2.50 − 0.25x5 − 2.25x2 − 2.25x1 − 2.25x4

x6 = 2.25 + 0.75x5 − 0.25x2 + 4.75x1 − 0.25x4

x7 = 7.50 + 0.25x5 − 2.75x2 − 1.75x1 + 0.25x4

z = 2.50 − 0.25x5 − 1.25x2 − 1.25x1 − 1.25x4.

4.5 LP
��N � � ^ X ��� 0 u\y I = M 
8�
��� O:r8Ä ² Å�Æ*L � U J7I
0 � g&�>� _

(
� Ã

:

� ��� r�Ä�Å�Æ � O�� �HG X*3 _
)

∃j



⊕
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4.6
�������

LP:
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P��8� n
∑

j=1

cjxj

� � n
∑

j=1

aijxj ≤ bi, i = 1, . . . , m

xj ≥ 0, j = 1, . . . , n� P�Q ��W S.��� 0
z∗
M 
6�9��	;� P�Q < 0

y∗1 , y∗2, . . . , y∗m
I�h U._ J � I = Â�Ã �

�
t1, t2, . . . , tm

I�M
LP:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

P��8� n
∑

j=1

cjxj

� � n
∑

j=1

aijxj ≤ bi + ti, i = 1, . . . , m

xj ≥ 0, j = 1, . . . , n

� r�Ä�Å�Æ <
x1, x2, . . . , xn

R.�HG�| N �,S,¸ � Ç C x4y J4I
0 �)�
:

n
∑

j=1

cjxj ≤ z∗ +
m
∑

i=1

y∗i ti.


