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u4v r v Å @ ��� "~�����I� k Ã G 2 � >��3> 1 / 2
±!ÏWÐ
2

1 / 4 Ò G���� "39+; x1

"
x2N Ê Q S�" r 94/M9ZY�[ \ ¢�ä G��	��Q @ r $�2 Ê ,ZU x1, x2

6
§�¦%«�¬�­4$

9
µ�¶ ³�
�� Í

3x1 + 2x2 ≥ 9 (1.1)

®�§R¯E¦+$
1 / 3 RDA


�� Í 1

15
x1 +

2

15
x2 ≥

1

3
(1.2)

±+���C²
³M$
1 / 4 RDA


�� Í 1

6
x1 ≥

1

4
(1.3)

�M� 1
±#ÏTÐ� )( � �.���I��$ 1 / 6 Ò 
�� Í x2

x1

≥
1

3
(1.4)

�M� 1
±FÏ�Ð� �( � �����I��$ 1 Ò 
�
�Í x2

x1

≤ 2 (1.5)

k�� · k ��� 
 G���� 9 K ÿ >�ã K U K &!S�"�6 � , � / Q \ /3(�2 �M� 2��Ñ�T�I�h"Mt��
k Ã G v Å @�S�"�$ NÙç%K & k N 2

x1 ≥ 0 (1.6)

x2 ≥ 0 (1.7)

t � ( ü > K ÿ >�ã K � /���ù \ S k (1.1)–(1.7) k �M�)��� 
�� G����4Q @���� k�� (x1, x2)6R2 ¡ ¢)£)¤R¥!¦4§E¨ k ¼R½ ;=< >#(=Á~Â G �! #"%$�&F r Q @ ¿ ·!/ � 2 n ç ;�&h< k�rº�» K Ä~u)v('*)�+�¨�"~&h[%S�" r K � / Q \ü ;�2 lIm!k-, ��$Eu)v)� G~æ t ´�K < Q @�S�" N)Q \��E� x1

"I�����~�
x2 k/.�0#1 $

z = 50x1 + 65x2

N)Q ,�U�2)�E	R$
∣

∣

∣

∣

∣

∣

∣

�	� 

(1.1)–(1.7) k�2�3 


.#041 z = 50x1 + 65x2

G%æ45 � Q @
(x1, x2)
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

æ#5 �
z = 50x1 + 65x2

2 3 3x1 + 2x2 ≥ 9

1

15
x1 +

2

15
x2 ≥

1

3
1

6
x1 ≥

1

4

x1 − 3x2 ≤ 0

2x1 − x2 ≥ 0

x1 ≥ 0

x2 ≥ 0

(1.8)

kRË [ r���� 9�/ Q \ S�>�6 � �����M���+	! N   � 2�ST> G 7�&3; z k Ó G�æ�5 � Q @ �  
"4$�&! K '�) +�¨

(x1, x2)
ü ½	6 /T>�ã�2 lIm�k u4v��E	�$�7�8 N�Q \

 R$�2M�
	
(1.8) k 7 ç���G lIm $����
	3� r � f�k��
� N�� '�;�Û � 2+u�� ôRr 7�8 Q @S�"¾6 N!ç /M9�( \ ��� 
 (1.1)–(1.7)

6 � ( ü >:@���� G
x1–x2 ��� � r��4ÿ ã�2�� 1.1 k��

� ÿ 6� �"�$�& K '�)�++¨ k�� â�N  4@�S4"y6 � , � / Q \ S k ����� N�� � 50x1 +65x2 = zG � " r� �! ü �R2 z k Ó)6 æ�5 k 197.5
" K @�"

(2.0, 1.5)
S ��lImCk 6 X�@ � æ�#RK  Iuv k Ã N�Q \���k ÂW,ZU lImCk u)v�$�2 197 Õ 50 $!kE��� 1
±!ÏWÐ+2)�Ñ���~�

3 / 8 Ò " K �/M9�( \ 9I,!9E2 '*)%+�¨ r ,�%�& ç('�) ¶�* G�+�½ (#U à [ K @ N 9ÙY)[é,Ñ- �)¤ k Ã G
, Q ����t�-I· r�. ½ 2#tI$ ' �! #"4$�& '*)�+�¨� G � , N#ç+K < K � / Q \
l+mCk �
	C$#t�/ è ù����4���R�E	 k Á L r10 Ü 1�23254 k�6�7 �M�RB3D

— 8 � k � 
:9 ��� 
�� r�Ë '�;�; ½ U�>!( 2�3Rk 
 N 2 , �F" Q @5< � k Ó Gæ45 � ¿  C@
&�$ æ e �!Ä Q @ —

$�= f $Ft�" Ë�� 2E�?>@9 ��� KRà k  FUBAÙ@ x?C rED >A/ Q \  3F�2�� '!��± k�G �:§IH
J 6�2�K�L

166 M�N G öPO5H J�Q � r�R�S ü >Z@BT 400 U�k H J U "�2 7,000 V�k5W�X?Y�r <Q @hÁ[Z]\ k ��^�_ +�¨Z�~¦ µ G � 
 �#9�(F"MS è 2���� k ��6 1,700 ` 2 2	3 G ; ½ @��

a9 ��� 
 k ��6 800 b�k5c4e�d�k ���4�M�R�3	 rEe�f ü >F(#" k5g3h tI  � / Q [2] \ 9I,
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O

x1

x2

(2.0,  1.5)
The cost increases.

�
1.1:

 #"4$�& '�) +�¨�" æ�#RK u4v

9
2 ��k �+	 G 7C&M(�S4" N G �Ì§ H J N $ i \ 1,000 ` � �	
�� ¿�� Ä k � 0����Cr��	� 9;�&�/ Q \
� > N $)2�
�� r �)�����C�E	�6 à ù K�
 ­ G t%·�,R2 à [ Q >�ã	� < k �#� ' 2	3 
 Gt�·��4�C�E	 G 7�8 NÙç @~,�2 � > r�� ½ @ ���)���M�)5F r ·4&M;�2!ST>�,�U��Ù9A<����9
;�& ç /M9ZY�[ \

�������

[1] C. Rorres and H. Anton ( � : � 
 ),
' ü 9�&I�4����� k �%1 , D �#� f�! (1980) \

[2] " C #
,
±�¨%$�¨�±�¨'&�(Ñ"�)�*,+~²	-��

—
� f $.&/( r K @�, , 0 1/2/3 (1995).
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1.2 ����a����

�� k �)�����C�E	 k ��� G VCX!@�/ ½ r 2 ´ 9%�)���#� N�� '+( 1	�!k�
 �!G 9
;4Û ç/M9ZY�[ \  	� c1, c2, . . . , cn r
� 9E2�É kCË [ r ; ½ U�>Z@� ���� x1, x2, . . . , xn k < � Í

f(x1, x2, . . . , xn) = c1x1 + c2x2 + · · · + cnxn

G �4� ¿  R@
&M$����!Ä�� 6 (linear function)
" Ë Ø:/ Q \ /
(M2 f

6M�)�
<�� N 2
b
6�; ½

U�>F(� #� k " ç 2EÉ k�Ë [ K <
� 
 Í
f(x1, x2, . . . , xn) = b

G �������
(linear equality)

2
f(x1, x2, . . . , xn) ≥ b, f(x1, x2, . . . , xn) ≤ b

G ���������
(linear inequality)

"%&�&�/ Q \
�����M�RB3D

(linear programming problem; abbr, LP)
"�$�2����
� k ��! � 
 ' ��! �

��
#" �%$'&�( ¬ + �
(x1, x2, . . . , xn) ) 0+*-, ; ½/.102$ ��! < � ) Ó#" æ-3�4	&�576 )

" 6-8�5
9�: *;, 
.� 4

(P)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

æ73 �
c1x1 + c2x2 + · · ·+ cnxn

2 3 ai1x1 + ai2x2 + · · ·+ ainxn = bi, i = 1, . . . , k

ai1x1 + ai2x2 + · · ·+ ainxn ≤ bi, i = k + 1, . . . , `

ai1x1 + ai2x2 + · · ·+ ainxn ≥ bi, i = ` + 1, . . . ,m

)CË�< 4 ��� ü 0>=?&�@�A�A *�, <�� c1x1 + c2x2 + · · · + cnxn

" ��!;B'C 9
: (P) )2DFE �
G

(objective function) , H	I (x1, x2, . . . , xn) J	K $�&'L#M m
� ) ��!�N	OQPR�	!�S�N�O "T�U�V'W�X , =�$'Y T�U	V'W�Z'[ (linear constraint) \�]_^ =?&�@;=�$ ,a`�b	O &�L�c " K�d

&e5 H�I�fg) (#h%ikj " l	m7n	o	p (feasible solution) \rq�q�,7s')
t�uwv

X =



























x ∈ R
n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

ai1x1 + ai2x2 + · · ·+ ainxn = bi, i = 1, . . . , k

ai1x1 + ai2x2 + · · ·+ ainxn ≤ bi, i = k + 1, . . . , `

ai1x1 + ai2x2 + · · ·+ ainxn ≥ bi, i = ` + 1, . . . ,m


























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" l	m7n	o����
(feasible region) \�]_^ =r&�@

����� , � 1.1 )
	���)�
�� 9
:�Y���� *���� , & * 4��7$ ]%< 4
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

�-3��
− 50x1 − 65x2

� �
3x1 + 2x2 ≥ 9

1

15
x1 +

2

15
x2 ≥

1

3
1

6
x1 ≥

1

4

x1 − 3x2 ≤ 0

2x1 − x2 ≥ 0

x1 ≥ 0

x2 ≥ 0

(1.9)

\���O � * M �!�-3���9�: \#"%$ c q 5'&�4�(
)+* ,�, 1.1 )�-/.10
J/2
354�6
7
8595:
(x1, x2) = (1.5, 3.0), (1.5, 2.25), (2.0, 1.5), (5.0, 5.0)

"�; Y q=<�> 6 2�3�4�6
?59
@ @
2�3�4�6
? x = (x1, x2 . . . , xn) ∈ X A�BC9�DFE�G�I+H ��I �KJ
: (1.8) Ae]g<L" ��M
��J

: 9 Y��/M1*#N @1O�P'A�HRQ�S p (optimal solution) \']1^ = @ @ , 1.1 TVU#WXUYT
"�]�< N :
J�:

(1.9) AZ2
354�6�?1A><'[
(x1, x2) = (2.0, 1.5)

J (1.9) A �
\ ?>\]"^� = @ @
_

1.2. `�a�Ag]e<b" J�: P �5� A � 9�@ v
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

��I��
2x1 + x2 + x3

� �
2x1 + 2x2 − x3 ≤ 6

2x1 + 4x3 ≤ 4

− 4x1 + 3x2 − x3 ≤ 1

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0

(1.10)
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

��M
�
− 3x1 + x2 + 5x3 + 2x4

� �
− 4x1 + 2x2 − 4x3 + x4 = −11

− 2x1 + 3x2 − 2x3 − 4x4 ≤ −10

− 3x1 − 2x2 + 3x4 ≥ 1

x3 ≤ 0, x4 ≥ 0

(1.11)

��� A5B N�Y 2�3�4�6
?+H���� "7q�P=A�P � � = @ @ ����� :
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

�5I/�
x1 + 5x2

� �
x1 + x2 ≥ 6

− x1 − x2 ≥ −4

(1.12)

A'2�3�4�6/7�8 v
X = {(x1, x2) | x1 + x2 ≥ 6, −x1 − x2 ≥ −4}

Y�� t�u \#" $ c q = @ @�A Ag]e< " J�: H l�m	��n�o	
 (infeasible)
J+: \ q�q�:'2�3�4�6

7�8;J � 95"7q J�: H l	m�n'o�
 (feasible)
J�: \�q;q = @ @C��\ ?�P#2
3 4�65?�9 �1O=A

9�:=2/3;S�4�6�" J�:1N���\ ? Y
�����7=����-@
s >�9 Y 2�3�4�65" J+: 95� > � :
� N��
\ ?�J ��� @1O=A=9 ��� < T����1A ��� H �	c
� =���� </v

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

��I
�
2x1 − x2

� �
− x1 + x2 ≤ 6

− x1 − 3x2 ≤ −4

(1.13)

A A J+: 9 Y :�� ) A x2 A�f N�����c x1 A�f%H
 
! I2M�" \=O A \ N ]�$ c 2
3�4�6�?+H
# O A \ J59 M�= @ @ s ��c D]E�G
I�f Y x1 → +∞ \F"XO N�� �
J�q�:�$&% I5N('�)*�7=
@ @
+�,�N :-� ) A�2�I M

N(����c D#E/G�I�f > M
� �
M���J
: 9 Y < M

* \#" O7]�< N
2/3�4 6�?�J \b> O7\ M :;s�A �
�aY
.�/�0 (unbounded) 9���O-\rq�q :7sR>�`�11A J(2�Y
/�0

(bounded) 9 ��O�\?q�q43'@�5 � �
J�$ c :�6�7
?�" J
2-Y 2
354�659�P : ��\ ? Y
�
��� 3 �8� 5



��� B�C J 2 8

` � T U �
� J �
\ ?XH�P c � :�� J(2-Y 2/3�4�6�9�:CT�� 7���9�� O	��
7\_J��
T � 3Z@
5
��� B�C�
 N�� 01O � P���� E/"=��� Y :�
�A�� P�� � q�
�\ZH���� � 3'@ v
���

1.1. [ �! #"	$�% ��� ]

2/3�4 6�9�7���" ��� B�C J 21N�Y=�/\ ?�J ��� @ O 5

CA���� Y�+��'& W5Ae])( 9/@'J�: �
� `	1 A�I��-B'C J
2 N�����c!*,+ A���� Y.- < � P
/ �10�[	3 �8� v

∣

∣

∣

∣

∣

∣

∣

�5I/�
x1

� �
x1 < 5

(1.14)

�!(
) v x1 = 5
Y 2
354 6�?�9 Y "7q�5 *

∣

∣

∣

∣

∣

∣

∣

�
M��
exp(x1)

� �
x1 ≤ 0

(1.15)

��� A2���
��� Y : ��� A ��� HrK4��@
� ) A ���FN���� c 243 NC��\ ?+H2546 O	7 j48
9;:=<

– >=?A@CB4D h�E 
 – H2F � O�
�\#9HG1WJIF> 3 @�54>�?A@'B=D h2E 
 N ��q c;Y :
KML 9.��� E/"=7�NPOQ7�HSR�T � :VU L `�W�9HX � q,Y1W�H'3gq 3 @�5

1.3 Z\[Q])^J_a`�b'c


=A L H	d�e�Ogf N ����h C�
 A�i�j1HSk�l N/�'c � 3 ��� ( [3] 5��1A2m!n.o�AAp�H � O
\F: � �4h C�
 N G�q5@1Ogr�s N(��� c U1tVP�u	nAv j�w J�x Ub> c q O � \ P N�y�z�{HwX*

-\ J^DZH�| M 3 @�5H}�~ N�Y : Markowitz �1A�r�s Y K �1G
I%H ��M�� @XO K � h C�
 9
� � : Nash A2r�s P �8�4h C�
+A����1E/"��4� !���9 �1O��Jn < A,�4� N	�*� 3Z@�543
�
:
p1A�B�A ������O�����7 j�8 9�:4< � (polynomial-time algorithm) \ Y :H5/? N	-�� "	���
A.��I�J ��� A,��u59�P H�I1A I��	`�b�O A,��I1A,����O�9�� � Ub>VO h ����
 A�
-\Y9
@
5
����O1G
I Y :	��I1G+I N.�;L�c H�I A�f A���� N�� @XO�G+I�f A�H � A���n	�	J M Irq�

\YT�UR:	����O����47 j48 9;:4< J����1E N�Y	� > c q Og\�IL> c q 3�@�5 � T � :J
�A��
� ��  Y � " 3'9 � ��� A,��u�9�PC� 3+� � " "7q4�=
-\CHA¡�G ��c q1O N2¢!£ 3 �	� 5H¤
K¥L `�W�9HR�T�@+O.>=?A@'B�D h	E 
 Y :2����O����47 j48 9¥:=< 9 Y " " : ��� A���u N
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Y ��I�����A h ��J -�� \F" ��3 @'J�: � ��� E N�Y � 6	� N���� Ag] q h ����
�9 ��O�
-\
J	� Ub> c q&3'@�5


�� y�z �8��h C I {
S	N�O����

Gordan (1873)

��mCB,n�>�
 ? : Fourier (1923)

P 9�� n�� ����q�G(!�� Farkas (1923)

20 ��� Y e26 Leontief (1936) Motzkin (1923)

��n < A�������=h�� J 2 >=?S@\B4D h2E 
 Von Neuman &

(1947) Dantzig (1947) Morgenstern (1944)y�z�� O j �8� ���
Koopmans (1948) Von Neuman (1947)

u	nAv j�w (1975)

Koopmans ����O����
7 j�8 9¥:4<

Kantrovich ���! �

( "�#1A ��\�$ ! ) Khachian (1979)% & 


Karmarkar (1984)

u	nAv j�w (1990)

Markowitz

Sharpe

Miller

( &�' P)(�"���� )

u	nAv j�w (1994)

Nash

( �Jn < A ��* ? )

+-,�.-/
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1.1 ��A ���FN ��q c : (a) 2/3�4 6595� OZ: (b) 6 7�?595� OZ: (c)
�
\ ?XH5P ��:���6�A

s, t
N G�@XO -��  �! �
� H,F � ] v

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

��I��
x1 + x2

� �
sx1 + tx2 ≤ 1

x1, x2 ≥ 0

1.2 ��A�� 2 H G1W�:�3(� Y ��G W � ] v

(P)

∣

∣

∣

∣

∣

∣

∣

�5I/�
c1x1 + c2x2 + · · ·+ cnxn

� �
ai1x1 + ci2 + · · ·+ ainxn ≤ bi, i = 1, . . . , m

J86 7�?�9 �'> � :5��O k
N(����c

(Pk)

∣

∣

∣

∣

∣

∣

∣

�5I/�
xk

� �
ai1x1 + ci2 + · · ·+ ainxn ≤ bi, i = 1, . . . , m

Y 6 7�?�9 ��O-5
1.3

+�, A �	�4h � J(21N�� q c : P � x
1 = (x1

1, x1
2, . . . , x1

n), x
2 = (x2

1, x2
2, . . . , x2

n) J�q
<�>�PF2/3�4 6�?�9 �'> � :;s
A�����u v

x
3 = (1 − λ)x1 + λx

2, �
	 � λ
Y

0 ≤ λ ≤ 1 " O#2�I
PF2/3�4 6�?>\#" O�
�\ZH�� � 5

1.4 
������ (transportation problem)

� O�������� N'Y :�����:��
����: I �/N�$�!#" ?%$2nrJ1� O 5�
 > U'A " ?�$2n N�Y
�'&
J�:�s >)(C> 40, 20, 40 l�*
<=����O-5 + + :-,#.
:�/�0�:�0�1�:���2�:�3%4 N �
O M#5
6 9 Y :7sZ>�( > 25, 10, 20, 30, 15 l%*1A87%H � 5 �
c q�O(589 " ? $	n%\ M
5
6 A.��A�: !�; �=< � / l%* * Y ��A,p�Ag]�( N F � Ub> c q O�\8>R: ; �1H �/M N
@XO?: ! h	� HS0 c ] 5
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,#. /�0 0%1 ��2 3%4
�%� 40 10 35 50 65

���%� 95 50 20 35 40

I �
100 75 40 15 20

1.5
�������	� � � (product mix problem)


 O �	����9�
�& � M1, M2, M3 H a�A���p A � � 9���� ��� �	&XH �	��� ����� 5�

����� & � 
 �"!�# �%$'& R1, R2, R3, R4 (�)+* � �-,/.�0 �%1	243	5 
�6 �879�9:
; (=<?> �����%@ 9 $=&�AB�DC'E�F?GIH=J�K ��L	M �%N4OQPR$	&4S'TVU )�W4X , 6 7Y�
Z\[	] �?: ; (	^�_ �D� �\`'a�. 1 kg

� �4b G Z�c ��N�O4d	e�fYK � (�
 ./g �?: ;
( $'&hGji _'k : � A�l

b�m �4� 3 ( n�o )

M1 20 %

M2 35 % p [
M3 45 % p�q

R1 R2 R3 R4

M1 20 % 30 15 10

M2 15 30 65 5

M3 30 10 0 80

C�E�F
35 30 20 5

N�O
( rts /kg) 5 5 8 20


