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3.4 �������� "!�#%$
&�'

(line): x1,x2 ∈ R
n ��(*),+.-%/.0
1�243

{x ∈ R
n | x = (1 − λ)x1 + λx2, λ ∈ R},

5 /7682

{x ∈ R
n | x = λ1x

1 + λ2x
2, λ1, λ2 ∈ R, λ1 + λ2 = 1}

98:�;=<�>=?�@8A

'CB
(line segments): x1,x2 ∈ R

n �D(E),+GF�H�1CI�JC2437K�LM�"N�OCPCQ 5SR ?�@ :

(a) T 14I [x1,x2] = {x ∈ R
n | x = (1 − λ)x1 + λx2, 0 ≤ λ ≤ 1}

(b) U 14I (x1,x2) = {x ∈ R
n | x = (1 − λ)x1 + λx2, 0 < λ < 1}

(c) T�U 1�I [x1,x2) = {x ∈ R
n | x = (1 − λ)x1 + λx2, 0 ≤ λ < 1}

(d) U�T 1�I (x1,x2] = {x ∈ R
n | x = (1 − λ)x1 + λx2, 0 < λ ≤ 1}

V8W�X
(convex set):

�C�
S ⊂ R

n 243 S
��Y�Z��D([),+GF�H T 14I�Q S

J]\ ?^> /��
_�3�`
�4�a�cb�d ?�@

:

〈

x1,x2 ∈ S

λ ∈ R
n, 0 ≤ λ ≤ 1

〉

=⇒ (1 − λ)x1 + λx2 ∈ S.

e4f�g
(halfspace): hjiGk �,lnm 9 24o�6 c ∈ R

n ��p�q�r
� α ∈ R
J�s�t]u

{x ∈ R
n | cTx < α}

+
R

n � U
v �w
43

{x ∈ R
n | cTx ≤ α}

+
R

n � T
v �w
j�4bxd ?.@8AMy�z�{ � v �w
"|}`]��� 9�@7A
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���
(plane): h�iGk �,lnm 9 2co�6 c ∈ R

n �}p�q�r8� α ∈ R
J�s�t}u

{x ∈ R
n | cTx = α}

+
R

n �������4bxd ?.@8A
R

n ������2 @	� uw`]��� 9�@7A


 B fCg
(subspace):

�C�
S ⊂ R

n Q
〈

x1,x2 ∈ S

λ1, λ2 ∈ R

〉

=⇒ λ1x
1 + λ2x

2 ∈ S.

+���
 @ �c_.3
S
+��CIw��
j�4b�d ?.@8A

R
n ����Iw��
C2 @	� u���),+�\��C3 ? 
4`7�C� 9 |

5DR ?�@8A

���
(vertex): S

+
R

n �4`]���S��t ? t���� A ) x ∈ S
2�3

x ∈ [x1,x2]
+���� @ /

x
���

o"/�([)
x1,x2 ∈ S

Q�����t�o�6"�c_.3
S
�� �)D�.6c6 ?.@8A

!	"
3.9. ( #%$'& 9 |)( $�& 9 | )

`]���
Si (i ∈ I)

��*��4�
∩i∈ISi

2�`]��� 9 5 / A

+-,
:
Y8Z�J

x1,x2 ∈ ∩i∈ISi

+).
dC3
0 ≤ λ ≤ 1

� t ? @8A @ /��x30/
i ∈ I

J.swtGu
x1,x2 ∈ Si9 5�R 3

Si

2
` �8� 9 5 /G� 9
(1−λ)x1+λx2 ∈ Si

Q'1 R32 z
?�@8A t�
.Q54 u
3
(1−λ)x1+λx2 ∈

∩i∈ISi

|)1 R62 z 3
∩i∈ISi

2�`]��� 9 5 /�7M�xQ�8�9 R ?}@8A

V�:���;
(polyhedron / polytope): R

n � #<$=& � v ��
���*��4�a��t}u�> @ 7M�.� 9 _
/

R
n ���cI4�c��+�`�?���@ (polyhedron)

�
b�d ?G@8A `�?��	@CQ #�A o'Bc�w357 > + #	A o4`
?���@

(polytope)
�4bxd ?.@cA

V�C�X
(convex combination):

)
b ∈ R

n 2�3 a1, . . . ,am ∈ R
m � m & ��D�E λ1, . . . , λm

J,b�4.u

b = λ1a
1 + · · · + λmam, λ1, . . . , λm ≥ 0, λ1 + · · · + λm = 1,

��b��xJ=> @ 7M��Q 9 _
/M�
_}3
a1, . . . ,am ∈ R

m �4`]F��S�G6�6 ?}@
A
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� ;
(simplex): x0,x1, . . . ,xm (m ≤ n)

+
R

n ���wo"/ m + 1 & ��)D�}t ? t ��� A m & �
k ��l m x1 − x0, . . . ,xm − x0 Qc1���� 2 ���8_.3 x0,x1, . . . ,xm � @�� uw�4`]F����]�4� :

{

x ∈ R
n

∣

∣

∣

∣

∣

x =

m
∑

i=0

λix
i, λi ≥ 0, i = 1, . . . ,m,

m
∑

i=0

λi = 1

}

+
R

n J����"/	��) x0,x1, . . . ,xm � m 
 @a�4b^d ?.@
A���
�� 3 0 
 @�2
) 9 5�R 3 1 
 @�2
T 1�IM3 2 
 @w2������S� o R ?.@8A
!	"

3.10.
�4�

S ⊂ R
n Q�` 9 5 /������7I����M2C37Y4Z"����E m ≥ 1

J8s,t}u
K�L
Q��%
 <
> /�7w� 9 5 /

:

〈

x1, . . . ,xm ∈ S

λ1, . . . , λm ≥ 0

λ1 + · · · + λm = 1

〉

=⇒ λ1x
1 + · · · λmxm ∈ S. (3.1)

+-,
:
�
IC��J��C64u�2C3

(3.1)
9

m = 2
��B���+�� 
�>�� 3 :C;�y � R J

S
2C`��C� 9 5 /

7w��Q�8�9 R ?�@8A
�����M2��� �!�+#"w6
u�$&%Mt ?}@8A

m = 1
���8_�2('	%�3

m = 2
�j�
_}2�`����,� :�; J

b'4 u'1 R62 z�?G@8A�9 2
(3.1)

Q
m = k

J]s,t}u 1 R62 �%7��]+*) : t]3�+ > Q
m = k + 1

�
�8_]J"| 1 R 2 �<7M�]+-,jt ? t���� A KwLw�"b%�xo

k + 1 & �7)D� D�Ej+�.Cd ?.@ :

x1,x2, . . . ,xk+1 ∈ S, λ1, λ2, . . . , λk+1 ≥ 0, λ1 + λ2 + · · · + λk+1 = 1

λk+1 = 0
�j�
_M�

λk+1 = 1
�j�
_}2�3�+ >/.8>

m = k
3

m = 1
��BC��J0�01jt ?�@7A + 7 9

0 < λk+1 < 1
� @ /M� 3 ∑k

i=1
λi > 0

� o"/�� 9
k+1
∑

i=1

λix
i =

(

k
∑

i=1

λi

)(

λ1
∑

k

i=1
λi

x1 + · · · +
λk

∑

k

i=1
λi

xk

)

+ λk+1x
k+1.

<C{ J

x0 =
λ1

∑

k

i=1
λi

x1 + · · · +
λk

∑

k

i=1
λi

xk

����� � 3
m = k

J�s�t�u
(3.1)

Q�1 R02 �%�2) : t]uw6�/57M� 9 {
x0 ∈ S

9 5SR 3�K�LM�,b
� J

m = 2
��B4��J3��1�t ?.@

:

k+1
∑

i=1

λix
i =

(

k
∑

i=1

λi

)

x0 + λk+1x
k+1 ∈ S.



���������
	���
������������
27

!	"
3.11. [Carathéodory

� :��
]

)
x
Qc���

S ⊂ R
n �])��
`7F4� 9 5 /�o {2� 3 x

2
S
�

n + 1 & K�LM��)��c`�FC� 9 5 / A
+-,

:
)

x
Q

x1, . . . ,xm ∈ S
�c`�FC�a�}t�u

x =
m
∑

i=1

λix
i, λ1, . . . , λm ≥ 0, λ1 + · · · + λm = 1

��b��^J�> <x> u�6�/�|]�j�}t73
m > n + 1

+�) :M@ /M�
x
2

S
�

m − 1 & K�L��])��
`7F4�
�}t}u�� �M/�7w��+-,�t ? t ��� A

λ1, . . . , λm

� � z J�� � 9 | h"i Q 5 >�� 3 x
2

m− 1 & K
L���)M�
`]F4���}t�u�� ��
 7�� Jco�/�� 9 3 7	7 9 2

λ1, . . . , λm > 0
�]t ?�@8A

m− 1 & � k
�,lnm

x1 − xm, . . . ,xm−1 − xm 243 m > n + 1
ow� 9 1����	� 9 5SR 3

p1(x
1 − xm) + · · · + pm−1(x

m−1 − xm) = O

+���
 @
(p1, . . . , pm−1) 6= O

Q�����t ?.@8A 7�7 9 3
pm = −p1 − . . . − pm−1

����� �
m
∑

i=1

pi = 0,

m
∑

i=1

pix
i = O

� o R ?}@
A�
 Jc3

qi = λi − αpi, i = 1, . . . ,m

� ��_}3
q1, . . . , qm

� � z �
�wo����7|�� �]Q h,i 3�� R � qi

2����S�^o"/�b%� J
α
+�� : t ?

@8A�� @��CJc2
1

α
= max

{

pi

λi

∣

∣

∣

∣

i = 1, . . . ,m

}

� ��� 7�� 9
qi ≥ 0 (i = 1, . . . ,m)

� 9 _ ? @
A ����o {���� +����! 
]>�� b 64� 9
pm/λm =

1/α
�]t ? t���� A8@ /M� 3

m−1
∑

i=1

qi =

m
∑

i=1

qi =

m
∑

i=1

λi − α

m
∑

i=1

pi =

m
∑

i=1

λi = 1

� o R 3 ? 


x =

m
∑

i=1

λix
i =

m
∑

i=1

qix
i + α

m
∑

i=1

pix
i =

m−1
∑

i=1

qix
i

Q�" {*> 3
x
Q

S
�

m − 1 & �7)M�4`]F�� 9 5 /�7M�xQ�8�9 R ?�@8A
|7tw|

m− 1 > n +1
o { � 3.K�#���$�%,+�&�'�9�( R*) @ 7�� 9

x
+�> @

S
��)w��E"+�+-,

n + 1 & ?.9/.S{�@ 7M��Q 9 _ ?}@8A
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V��
(convex hull):

�4�
S ⊂ R

n �c`�� cov(S)
� 2c3

S
+G\��

R
n �c`}�c� @�� u���*c�C�

9C@8A
S
Qw`7�4� 9 5 >�� 3,| z��	�

S = cov(S)
� o R ?�@8A

!	"
3.12.

�4�
S ⊂ R

n �c`
� cov(S)
2

S
�c`�FC� @�� u������MJ���t
6 A

+-,
: S

�4`cF�� @�� u������=+
T
9 > @ 7��.J�t ?}@8A � ? R 3

x ∈ T
o {�� 3 5 /-�-E

k ≥ 1
J�s�t}u

x =

k
∑

i=1

λix
i,

k
∑

i=1

λi = 1

+���
 @
x1, . . . ,xm ∈ S

�
λ1, . . . , λ ≥ 0

Q��	� @ /�7M� J4o R ?�@8A 77�
T
9 { YCZ�J

y1,y2

+�. �0� 3

y1 =

`
∑

i=1

pia
i,

`
∑

i=1

pi = 1, ai ∈ S, pi ≥ 0, i = 1, . . . , `

y2 =
m
∑

i=1

qib
i,

m
∑

i=1

qi = 1 bi ∈ S, qi ≥ 0, i = 1, . . . ,m

��> @ 7w�xQ 9 _ ?.@8A t�
�Q 4Gu
0 ≤ λ ≤ 1

J�s,t73

(1 − λ)y1 + λy2 =

`
∑

i=1

(1 − λ)pia
i +

m
∑

i=1

λqib
i

9 5�R 3

(1 − λ)pi ≥ 0, λqi ≥ 0,

`
∑

i=1

(1 − λ)pi +

m
∑

i=1

λqi = 1

��o R ?G@
A 7}� 7���2
(1−λ)y1 +λy2 Q S

�7`}Fc� 9 5 /�7��}+ Z�
�t]3
(1−λ)y1 +λy2 ∈ T

��o<4 uC3
T
24`��c� 9 5 /�7��xQ�8�9 R ?.@8Aw? 

33% { 9�J

S ⊂ T
9 5SR 3

T
Q�`��c� 9 5

/�7w� 9 {
cov(S) ⊂ T

9�@8A�<�{ Jc3 :��
3.10

J,b R 3
S
+G\��
`��C�

cov(S)
2

S
�])��8`

F4�S| @�� u
\��c2�� 9C@8A � ? R 3
T ⊂ cov(S)

3�t 
�Q�4Gu
T = cov(S)

9�@7A
!	"

3.13.
( ���4`7�4�

S, T ⊂ R
n ���������cp��C��� S + T

2C`7�4� 9 5 / A
+-,

: S + T
9 { Y�Z�J

z1, z2 + . ��� 3 z1 = x1 + y1 � z2 = x2 + y2 +��<
 @ x1,x2 ∈ S,

y1,y2 ∈ T
Q�����t ?�@8A Y4Z,�

0 ≤ λ ≤ 1
J7s,t�u

(1 − λ)z1 + λz2 = (1 − λ)x1 + λx2 + (1 − λ)y1 + λy2

9 5 /
� 9 3
S, T

�C`
�-9 {
(1 − λ)x1 + λx2 ∈ S

3
(1 − λ)y1 + λy2 ∈ T

9�@8A t�
7Q�4 u�3
(1 − λ)z1 + λz2 ∈ S + T

9 5SR 3
S + T

2C`��C� 9�@8A
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!	"
3.14.

`]���
S ⊂ R

n � α (∈ R) � αS
2�`��C� 9 5 / A

+-,
: αS

9 {
z1, z2 +GY4ZMJ�. �0� 3 z1 = αx1 3 z2 = αx2 + �%
 @ x1,x2 ∈ S

Q	����t ?G@8A
Y4Z,�

0 ≤ λ ≤ 1
J�s�t]u

(1 − λ)z1 + λz2 = α[(1 − λ)x1 + λx2].

���
S
��`7��J�b R 3

(1 − λ)x1 + λx2 ∈ S
3Mt�
�Q 4Gu

(1 − λ)z1 + λz2 ∈ αS
9 5 /7� 9

αS

2C`7�4� 9C@8A
�

3.15. S
�

T
Q

R
n �
`7�4�wo { � 3 S − T

2�`]��� 9 5 / A

���

1.
K�L"+-$ %��=b

:

(i) R
n � U�� Bλ(x0)

2 @	� u U �C� 9 5 / A
(ii) U�� Bλ(a)

� T � Bλ(x0)
2

Bλ(x0) = {x ∈ R
n | ‖x − x0‖ ≤ λ}

J���t � 3 T �4� 9 5 / A
(Bλ(x0)

+
x0 +	��
D� @ / v
� λ

�����
(closed ball)

�cb�d ?�@8A
)

(iii) T�� Bλ(x0)
��� ��2 U�� Bλ(x0)

9 5 / A

2.
YCZ"�}�C�

S ⊂ R
n �����CQ U ��� 9 5 /�7M�}+*,�� A

3.
YCZ"�}�C�

S ⊂ R
n � T �4Q T ��� 9 5 /�7M�}+*,�� A

4. � 
={*> 
 m × n ��� A
�

m k �,lnm b
J��wt�u8K�L�+*$ %
�%b

:

(i)
���

{x ∈ R
n | Ax = b}

2 T ��� 9 5 / A
(ii)

���
{x ∈ R

n | Ax < b}
2 U ��� 9 5 / A

5.
YCZ"� U�� Bλ(x0)

�,b�d T�� Bλ(x0)
2�`]��� 9 5 /�7w��+-,�� A

6.
`��C�������w2�`]��� 9 5 /�7M�]+-,�� A


