
���������
	��
5

2 ������������
��������� �"!$#&%('�)���*$+�,.-0/�1�!324��576984:�'<;>=�?$@BADC4E7�$F4G�HI69�9J4�K�

�����$LNM3OPM9Q45�RTS����U���4�7�9	���8�VUW��YX(Z4��[K\]J4^<_T`aHIb
5�R
c�d�eKf�g

(empirical analysis):
����h�� i4j�!3k�l"M9=�mTn
o&-pn9q]!3r�_�?4s
Ht`38�u�5

6�* +�,&-0/]1��9vN6xw7_y!3zy{]8U��|<5769R
}�~y����� f4g

(worst-case analysis): � ET������h78�u"MU?�*9+y,&-�/y1�J4�y5�6
��������<� !$#��]5�69R
�U� ����� f�g

(average-case analysis):
� �4hy�
i�j<8 k�l�� ��l�!x2��K?�*
+4,�-�/41 J��

5T6
�����7�9���P!$#��]5�69R
S9�4�9Q�����������#��]VU�U�y89�y��JU�"MK_�'�)�?�*
+4,�-�/�1�� ����	��y8K�&%�^�_�`�H

=�_y6K��V����y��#��Y�D@�O4������#���Q�5�RyS�S$Q4V����4���7� �� <�U¡�¢t�£¡T6£¤�¥�8�Z�_
=�¦7�yM]bUMB§4¨©R

2.1 ª�«N¬�"®"¯T°
@�O��K�4��#��]Q�V�?�±K²�³���´Uµ�¶y?$·�¸]¡y¹U� º�»�³���¼¾½�JU¿�À<Á�ÂUQ�z�rBÃ(HÄ6�A
�
�D��l�M9?�� �4m"Å3/7!pÆ]5�_.%�ZKÇ<� È7ÉTÊ
Ë4Ì

—
h�Í�Î�? Ï4ÍP`(H7' Ð�Ñ�Ò<� Ó�Ô

m
´<s

�$ÕyÖU×4Ô
n
¡y¹

—
!9^]_�=y*9+�,Ø-0/]1��9z�r�Á�Â4� �<� !p��l�Myb$5�R

�U���4�<���]Q�V�:tÙxb3Ú�Û�Jy?�W����9�"!
Ü]Í�=4ÝTbUMB§4¨
:

0-1 Þ"ß$àUáNßKâ
¶4ã

: äKå �9æ�ç N , è j ∈ N
8Ku]5�6$éNê4Ã

aj ∈ Z+

?���ë
cj ∈ Z+, ì"íaî<ïYð o�m ð�ñ �ò�ó

b ∈ Z+

�4ô�õ4ë
z ∈ Z+

R
ö��

:
∑

j∈M aj ≤ b
Ç]Z

∑

j∈M cj ≥ z
!3÷T'�5�ø4i4æ�ç

M ⊆ N
V�ù�ú]5�6$Ç.û
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S9���K�7� m�Å
/�V�? ä å � Ô n = |N |
?�s�� éPê�Ã

aj

? ��ë
cj

? ïIð o�m ðUñ � ò�ó b
��ô

õ�ë
z
8 í ;$=�lBb"Ù©?��<V�@����<�9�

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

@�é�� ∑

j∈N

cjxj

� � ∑

j∈N

ajxj ≤ b

xj ∈ {0, 1}, j ∈ N,

!	������
�\yQU# %xS��p8 í ;p=���)P`(HBb35URUZ<b"Ù�? @���]�9�7� @���ë�J z � � Q]:
H�Î
“yes”

?4sI¨0Q4¡�� H4Î
“no”

J��4Q�5�R ä å 1
ÇI`

k
! ò�ó

y
� ïIð oUm ð�ñ 8��])�'��KêK�
�ë7�9×��P!

Vk(y)
Q�Æ]5�S<�38U5�H]Îy?

Vk(y) = max{Vk−1(y), Vk−1(y − ak) + ck}

J�� Ù��7Z
(
���]Ç û

)
��Q]?7S��������P!











V0(y) = 0, y ≥ 0 � ç
Vk(y) = −∞, y < 0

� � ç�?
�KM�=

V1(1)
Çt`��78

V1(2), . . . , V1(b); V2(1), . . . , V2(b); . . . ; Vn(b)
�x�U�NMK=y_���Îy?

Vn(b)J�@����<�9���
@���ëP! Ï�ÍTb
5�R
Ã3=y?

Vk−1(y)
J

y = 1, . . . , b
8Uu"M9=����NM�=<: HyÎy?

Vk(y)
�9ë7V�?��7ê£��?! PM$�7?U·

¸<?9µ�¶��#"3½�� º�»�³��yQ���)76�Sy� J�Q"ê
?<S>HP!
k = 1, . . . , n; y = 1, . . . , b

8Ku"M =�r ¨
G]�UQ�5�ÇÄ`x?�s��9z�r<Á�Â4� �y� V

4nb
�£¡ Ùxb
5�R%$]^�5�6
���&T��'�_�¡<¹9ÇI`x?ySK� �

� V)(�*TM]A£z4{y���K�7Á�Â]!%+�,]8!-�|]5764A9��Q�V�:ÄÙxbpÚ4Û4R4M$ÇTM9?$@�O7� � ç�8�(���x¡�63�U�TÁ�Â�J
nb
8K·4h�5�64Sy�3V!.�/0�1�JyZ�ê�b 5UR�W7��.�2�V�?�S9�7Sy�9!%3�4789Æ

5]��8�^<_T`aHIb
5
:

O(f(n)) = {g(n) | ∃c, n0 > 0, ∀n > n0, g(n) ≤ cf(n)}

Ω(f(n)) = {g(n) | ∃c, n0 > 0, ∀n > n0, g(n) ≥ cf(n)}

Θ(f(n)) = O(f(n)) ∩ Ω(f(n))

o(f(n)) = {g(n) | c > 0 ⇒ ∃n0 > 0, ∀n > n0, g(n) ≤ cf(n)}

ω(f(n)) = {g(n) | c > 0 ⇒ ∃n0 > 0, ∀n > n0, g(n) ≥ cf(n)}
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����?KhyÍUÎ
g(n) ∈ O(f(n))

Qy:�6 � ç<? g(n) = O(f(n))
���Bê�b$5�R7bK'U?

g(n) = Θ(f(n))�T��ê98�V4?
g(n)

�
f(n)

V����
	����?]:y6K_UV���� e�� ���3Qy:<6<�$_�_4?
g(n) = o(f(n))¡I`£Î]?

f(n)
V

g(n) í Ù3A
	�����������?�:�69_UV f(n)
V

g(n) í Ù3A���� e������! �"�#%$�3_�_�b
5�R�SK��.�2<8yM�'9J]ÍUÎ]?����
0-1 ïIð o�m ð�ñ !$#�%(��8 4nb

½4� º�»�³��P! (��
�>5�6 �7���
�\<Q�5UJ<?ys��9z�r7Á�Â�V

O(nb)
�&��ÇUHB6�S<�p8�¡ Ùpb 5�R

'�(�)�*�+�,.-0/2143�5

*
+�,�-�/41�� z�r<Á�ÂKJy�9�7�$¶]ã�6 ð87:9 �
Ð�;���<9Ô�Q�=BÃxÍI`�HB6���ê
?�s���* +�,-�/�14! '�(�)�*�+�,>-�/?1:3�5
(polynomial-time algorithm)

�x_U_7b35�RK� �
0-1 ïNð o�m ð

ñ Qy:$HyÎ]?

log b, log z, log aj , log cj , j ∈ N

8 è�@ Ë7Ì���A�B Ù$!�CT5�D�E�É ñ Ì���ÔÄ!>F�Í7'PA���Jy¶7ãG6 ð07H9 �
¡&Ù9b�54J"? A =

max{aj | j ∈ N}, C = max{cj | j ∈ N}
�DÆ�Ú�Îy?�IKJ

log b + log z + n(log A + log C)

L�M ��¶yã�6 ð07N9 !�A3ZÄ�>Ü�ÍB`aHYb
5UR<M�'�JÄ;x=y? log b, log z, log A, log C
�

n
�9Ð�;

�<Q�z�r7Á�ÂUJ�=YÃ
ÍÄ`aHY69¡Ä`3?4�U�
0-1 ïÄð o4m ð�ñ 8�u<5"6�s��]*�+y, -(/y1�VUÐ�;��Á4Ây*K+y, -(/y1UQ]5�R"Ãy`$8�?�SpH `9�KÈNÉ�Ê9Ë<Ì��.¨PO9Q @ Ë<Ì���Ó�ÔN!$Æ�5PA���?�S��

� ç�V n
�9Ð�;���z4r<Á4Â4�.=BÃ3ÍB`DHI6U*
+],Ø-�/41y!.Q '(�)�*�+�,>-�/R1!305

(strongly

polynomial-time algorithm)
�$_�_Tb$5�R

S�T *�+�,.-�/R1!3�5

z�ryÁ�Â�J]�9���9¶�ã�6 ð�7:9 � Ð;���Q4V.=BÃxÍI`(Hy¡�_�* +4,�-�/�14! S�T *�+�,U-0/?1
3�5

(exponential-time algorithm)
�$_�_Tb$5�R4�K�

0-1 ïYð o�m ð�ñ !$# % �<����
�\T�9z�rÁ4Â
O(nb)

V
n
�

b
�
� Ð�;��yQ�V]:tÙ3b 5�J�?

b
!
¶]ã06 ð07N9 log b

��<KÔ �KMK=]��C<5T6
�

O(n2log b)
�&�<�T6pÖy89C4E�M9=Ø%HV�Ã$_�R�S£H7V!���U��
�\T�9z�r<Á�Â�Jy?��K�

0-1 ïÄð om ð�ñ � ¶4ã�6 ð87!9 !3Æ�5 log b, log z, log A, log C
�

n
� Ð;��y8�¡P`£¡�_ySy�
!3E�W]M =�_
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b35URUZ<bPÙ ?��<����
�\<V���Ô<Á�Â�*
+�,Ø-�/�1�Q�5�R ¤�Q�¦��U576 í ¨ 8�?������UQ4V��9�
0-1 ïYð o�m ð�ñ 8Ku�M =�V�Ð�;���Á�Â]*
+],Ø-�/�1��Kù�ú<V	��
�QPê�b3Ú4ÛyR

s$HyQ�V�?3@�O4���4��#��<89º�&%	�����7�
z�r<Á�Â4�Y¨ O9?�¹8O]`$� ñ É	�KJy* +�,Ø-0/�1�KM�=��Bb�M�_UQTMI§4¨�Ç û s
H7V4?
100MPS(

¼��7Â48
100 � ½��9º�»�³���J���� )

������&
!��4l"M�' WT�����ÇÄ`£�tô! 	"]Q7MI§4¨

:

#%$ &('*)�+
n n log n n2 n5 2n n22n n!

10 3.32 × 10−7 , 1 × 10−6 , 0.0015 , 2.1 × 10−5 , 0.001 , 0.036 ,
20 8.64 × 10−7 , 4 × 10−6 , 0.032 , 1.05 × 10−2 , 4.19 , 771 -
30 1.47 × 10−6 , 9 × 10−6 , 0.243 , 10 , 2.68

)�+
5.61 × 106 .�/ -

40 2.13 × 10−6 , 1.6 × 10−5 , 1.02 , 3.05
)�+

204 0 1.72 × 1022 .1/ -
50 6.62 × 10−6 , 1 × 10−4 , 1.67 2 26798 .%/ - 2.68 × 108 .1/ - 1.77 × 10132 .1/ -

35476�8:9"�p_Y¨<;�=>@??�AB;DC�EFA7>FGIH�J<KMLON�PRQOSTRUWV�XZY[A�\
150 ]�^I_�`Ia Y

b�c	de G:HFfhg
n
;�i�jlk�k�m�n�oDp�q:;Dr�s�t�uIm<i�j�= a Y b NF> n log n, n2, n5 vFw ;

x�y�z t�u�;[{�|�}�~F=	i�j�;����BoDN� a	� mD;�A v oF?�k�N���T��!Y b�c ?<q�n�� a S�� 2n,

n22n, n! vFw��D��� t�u � }�~N�s��qM��k��D����n	�M� v n � k	Q[n�� x�y�z t�u � }�~lk��
� v o@m �� �F� �7�B� rs�tu�������n	i�� a � n = 50 � � � de n	� a S b U<��� �����
 �n�¡�N�¢£U�qZ��T w¥¤ T�¦ a¥§ v ��Y b�c

2.2 P, NP, NP ¨�©
ª o�n a S�«	~�¬��®D¯ � x § n�� x�y�z t�u°[±²´³�µ�¶ �D� X�N�·¥U�q7S7oFY b�c a T a �

��¸ «�¹F®�¯ vFw ��Y�º@Y v °�±²�³hµ7¶�nI»	¼OS�½�¾�N7¿�ÀÁU�qR��®�¯ �  �A x�y�z t�u�n�½
¾Â�Ã v ®�¯���Ä a�Å!Æ v�� X7AFÇR�*� x § �7� � Â	ÃÈ b UÊÉ�Ë�ÌÍ�Wq�S�oFY b�c � ¤ a	� ®
¯ ��Î ` NF�®�¯ 0-1 Ï H<Ð�ÑlH�JOÒ�Ç£�Ó��Ô�n�Õ b ®�¯�ÖØ×�Ù¥Ú�±Ûf�L�Ü�Ý�Ò b :

Þ�ß�àÁá�âlã�ä�å	æ
de

:
ÖI×�ç�èé

G = (V, E)

ê7®
:
ç�èé

G
n�ÖØ×�Ù¥Ú�±Ûf�L	Ü�Ý�� � X b �[Tlë
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àRá<â´ãDä	å	æ
(Hamiltonian circuit)

k�����ç�è�é
G � b�� S �
	�� i ∈ V _��������� �

ÜDÝ ��� k!Ò�� Þ�ß�àØá<âlã[ä	åDæ (directed Hamiltonian circuit)
����� � n��ÁYÊqR��� � ×BQ

N b�� S����DÒFÇB��m � _ � a Y b�c ®D¯�Ö@×�ÙÍÚ ± f�L�Ü�Ý������ ¤ a�� ÜDÝ�N����ZU q � ç
è�é

G
n��ÁY!q�S�o���T wÍ¤ T _! #" �m � Ò b�c a T a � ��� ®D¯#$�% � ®D¯ 0-1 Ï H�Ð�ÑÍH

J�n���� x�y�z t�u7°�±²�³hµ7¶ v7wD� X a v o:k[o ¤Ê� N���& ��'�(�) n+* � �-, ½Ík v ¼�S
oFY b�c � ��¸�.�/�v10�2 � k v ¼�SFoB� � N NP 3�4 (NP-complete) �65�7 Ò b�c

8�9-:
NP

®�¯
0-1 Ï H Ð�ÑMH�J�$�Ö@×DÙRÚ�±�f�L�ÜDÝ v7w ��Ô ��;�< _ m>=+?�@�A�B (recognition prob-

lem) — “yes”
T

“no”
Ò�¡��ÁU�qM�[®�¯

— � J	è1C _ Nondeterministic Polynomial-time solv-

able �6DFE�G _ k�¼OS NP
k�»IHMY b�c

(a)
¡ ��J�K _
L ��SMm�UM��NF�F��qFNB®	¯ ��O�P _
Q:� b T w¥¤ T ��RTS H�J _ xy�z t�u
Ò�s��I� c

U ��N��Ó®[¯�ÖF×[ÙØÚ*± fWL�ÜOÝ7n[� a � ¡ �>J+K k a S n = |V | V �>	����>W�X (i1, i2, . . . , in)

N#���ZU�q�q�N��

(ik, ik+1) ∈ E, k = 1, 2, . . . , n − 1; (in, i1) ∈ E

N QI� �ÊqR�[T w¥¤ T _�Y TFÀ�qFNR» § �#ZÁU<TFn n
k

m = |E| � xy�z t�u�Ò-[ ¸ ÒÁQ�Y b�c
a�� NZ¼�S7�®�¯Ö:×	ÙÍÚ�± f�L�Ü	ÝB� NP

n�\ a Y b�c

NP 3�4

NP
®	¯ _ ] ½ §_^ n���� a T a �

(b)
¡ ��`�aI��� N d7e GIH�fhg �����cb	� ��� Ç£�Ó�F��q´U �6J�K _d =  = ReS H�J b �
k[o ¤�f�gBv &-hFÒ7���+i�j�� ��� t�u	N�k�l£k v �

Â�Ã7ÈZm�ÇÍ��Y b�c
rFm���®D¯�Ö@×�ÙZÚ ± f!LDÜ�ÝÒ�����¡ ��`�a���J�K k a S f�g n 	#���6W�X (i1, i2, . . . , in)

_ X�n b �Fk n! V n:m>oÁ»�HB��ÍUÊT � &+h�Ò `�a _!p �rqZY v o�T�sl�Ó� (b) � » ¤ v1t�u N
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P � � � k���� � U qZY���� c w � v &+hFÒ `�a _Mp � qÍm ¤ k�m (b) � Â�ÃÈ _��	�Ia QÊq v
oIk�Q���«	~ ��
� � ��¸#. N���o@�	���ÁH�J����

] ��� ®�¯ A
N x�yz t�u�Ò�½ � � § U�o v U��7Ç ��� ® B � ¼�S x�y�z t�u�Ò�½

� � ^ ( a�� NZ¼�S7� A
� ��� � x�yz tu�Ò��	½ � v o )

k�o ¤ oI���OT	�� /�v m � Ò b	c � q _���� n �� b �BkWÔ � » ¤ n v ��Y b�c

� ��!#"�$�%#&
(polynomial-time reduction):

®D¯
A _�r� � {�|�}�~lk��#��t�u�Ò	½ § °[±

² ³�µF¶
α
N@ÇDqFNB�

α _ Ñ�'�±)( R L�k a S�Fo�� � k!Ò�®	¯ B _ x7yz tu�Ò�½ § � k<N
ÒØQ��Fk�Q��

B
�

A
n xy�z t�u *#+Â�ÃFÒFÇF��k�o ¤ c

��� ���Á_-, ��NF� (b) � Â�ÃÈ � ÇB� NP
®�¯ _ Ô � » ¤ n�.��FÒIQ�Y b�c

NP 3�4 (NP-complete):
®D¯

A
N

NP
Ò7� b�� S � NP

®D¯�N
A / x�y�z t�u�*�+�Â�Ã v k

Q��
A
�

NP 0�1 Ò�ÇB�Bk�o ¤ c

2 o�3F��q#N��
NP 0 1 v ®�¯B� w � v NP

®D¯£k54 � SØm�6�7�8�9�: � a oØkOo ¤M� k<Ò b	c
k � Å NB� NP

®�¯���®�¯
0-1 Ï HÊÐ�ÑlH�J>$�ÖI×�Ù¥Ú�± f�L	Ü�Ý �#� Ò v § S�; ���=<Fw�� X

b � � Ò7��oFY->���SØ��®	¯ A
N

NP 0�1 T w¥¤ T _ ��?�@#A�B NP
®�¯ _ A

n x�yz t�u�*
+ b � � k�nØ»�¼[S Y TFÀ:� � k vBw ÒÁQ�����p@Ç£�OY-��� c � � Ò�C�n�D = � N�Ô � � ¸ Ò7�
� q:nI»�¼!S�E � NP 0�1 ®�¯ _ ®�¯ 0-1 Ï HWÐ�ÑRH�J>$�Ö:×�ÙÍÚ�± fOL�Ü�Ý7TRUGF�H�± z n�Z
U<TFn b � � kWN�ÒØQ�Y b�c
I	J

2.1.
®	¯

B _-K�L � NP 0	1 ®	¯£k b �Bk�QD� B
N�®�¯

A / x�y�z t�u�*�+�Â�Ã v U�NF�
A
�

NP 0�1 Ò�Ç�� c

®�¯�Ö@×�ÙRÚ�± f�LDÜ�ÝF� b Ò�n
NP 0�1 ÒFÇF� � kWN�·ÍU qFS7oBY b NF� ��� Ò�M a n � ¸

2.1 _ r�m�n , ¼�S�	Ô � ®�¯@n�ÖØ×�Ù¥Ú�± fOL�Ü�ÝN x�y�z t�u�Ò�*N+�ÒIQ�� � k _ Õ a � �
� ®�¯Rm�Y � NP 0�1 ÒFÇ�� � k _ J Z a S�O�Y aQP ¤ c
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?�@�������� â :	� ä
de

:
ÖI×�ç�èé

G = (V, E)
��
 � b

��oI»>H����
(i, j) ∈ E � gR� cij ∈ Z

ê7®
:
ç�è�é

G �� � Ý (
Ö�×�ÙMÚ ± f<L[Ü�Ý

)H
Ò

∑

(i,j)∈H cij ≤ b _IQB� b m � � � X b �!T7ë

x�y�z t�u�*#+ � �� n a	� NBo������  ��� (�±cC	�7L _ ½ §���� � °[±²�³hµ¶ α _ Ñ�'
± ( R L	n��BoF�OÖI×	ÙÍÚ�± f�L�Ü	Ý � °�±7² ³hµ�¶ β _����Øa Y b :

:	�����
1.
®	¯�ÖØ×�Ù¥ÚW± f�L	Ü�Ý � d�e G = (V, E) _�� O1q@Ä c

:	�����
2.
d�e � ç�è�é G = (V, E) _ mFkOn

cij =











1, (i, j) ∈ E �! �
2, (i, j) 6∈ E �! ���

k ���Áa �"��� (i, j) ∈ E′ � gR�$# cij
� 0�1 Ö:×�ç�è�é G′ = (V, E′) _ = § � c

:	�����
3.

°�±²�³hµ7¶
α
n��

G′, n = |V |, cij _ de a � G′ � ÖØ×DÙÍÚ ± f&%�Ü�Ý H �  �n
∑

(i,j)∈H cij ≤ n _
Q@� b m � # � X b ��T wÍ¤ T _
 #" � c
:	�����

4.
°D±7² ³ µ�¶

α
#

“yes” _�' ��N “yes”
�

“no” _�' ��N “no” _	( e a ��)+* c
Ö@×�ÙRÚ ±�f,%DÜ�ÝBn�� 	��F�D� n

k���� �@� � ��� #��MYWqZY b � Ò� ��� °[±7²´³hµ7¶ β �
C"-/.ÊÐ

2
Ò�s���qZ�

cij
� ��� TÍU&0 � n

G′ � ÖØ×�ÙÍÚÊ± f1%	Ü�Ý H
#

∑

(i,j)∈H cij ≤ n _MQI� b ⇐⇒ H ⊆ G

Ò�ÇB� � k2#���T��OY b�c =@YØ�*�3�	�  ��� ([± C���% _ ½ § °[±7²�³hµ7¶ α
�>��Ç�q#N����

q _�, ¼�47®	¯�ÖØ×�Ù¥Ú�±65,%	Ü�Ý87<½ � 4:9�;�<>= � Ò�?"@
A:BDCFEDGIHKJ�L

β M!N�O�P"Q�RTS3U�V 4�WX;�9ZY�<>@

[	\�]�^
1 _�`Da : b�c�d G MFe�f�g+h	MFiDj�k/lmi�j�n�o	p 9!4�qsr kZt,V = k�u�vxw q M

yDz
m = |E|

B"{	| ?}r�~���9 k��Dk�� ;�����@
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[	\�]�^
2 _�`Da :

?���	 MFi�j�
 i, j
B 
� 	 f (i, j) � (j, i) S������ z�� u���u B 1 k 2

M��xt�S��DV 	�q+r B ?��};1����@��X; � z i�j�
+M���� n(n − 1) / 2
B�{�| ?}r!~�� g

��k r� �! y ?"@
[	\�]�^

3 _�`Da : "�#�$ ~��&%(' M�)�� B w+� z C!EDGIH J�L α * 1 +�M�,�-�.	Q/��0�1 ~
� �Fk32�4/��� ;1����@

[	\�]�^
4 _�`Da : “yes” k “no” S35�6 ?}r� �!37 M y ��� ~�� y38 WX;�?"@

9�: kZl z CFEDG HKJ�L β *�;�< y O(n2 + m) M!P�Q�R��3k32�4=��� 7�q?> �2g = k�� ;F?�@
�+; � zA@CBED�F�G&H=I EKJ�L�MEN *�O�P�QR+�S?T E�U�V?L n3"�#�$ ~��E%('�W3X�Y y?Z � z �
[

2.1 kZl\O�P�Q?+�S(T E�U�V�L * FG�H]I E^J_L�M�N ��0�` z NP aE; B�D�y�Z r�> �2g�b?c
t2u=d���e @ t 	 z&f t2uge BED *EO�P�QR+�ShT E�U�V?L g NP

B�i ?Tr kXh/jKk y ? g z��
MlkTM�b�m=��� 	 Qh+ N H g���V l2u	u�v z(� > B�n d$u r f+M�� m = |E|

B�{�| ?}rpo:� y
∑

(i,j)∈H cij ≤ b S�qrts�u y�v r�> ��*�c l k y � Y j @

NP w�x

� >�y y�z : yEz�{ �&e FRG�H|I E}J_L�M�N Sl~^� C�EDG�H>J�L β M��3� E T�q L ��� 	 z O
P�QR+�S�T EU�V�L M C!E�G6H J�L α SE���&���6� B"A M�N��(��QR+�S�T EU�V�L M C!E�G6H
J�L

α′ S&� � vXh�j 7+r y � Y j k��
�3���3�?�E�h��� [3���
� 6 :

FG b�c�d G = (V, E)
z&� � b

z�� wp��e	f (i, j) ∈ E M��Zt cij ∈ Z

5�6 : b�c�d G M�QR+ N H
yE��� ∑

(i,j)∈H cij g�N��+MR�3M @
C3EDG�H>JDL

α′ M�� ? QR+ N H *�N��sM ��� S(� � M y�z ∑

(i,j)∈H cij ≤ n
7 l v “yes”

z��
j y 7�! uDv “no” S C3E�G�H>JDL β M�5�6|� ? uDv��}t � j y ?�@ C�EDG�H>JDL α′ �¡ �¢ ~��
��k3234=��� 7�qh> �FS�)�� ? uDv z > M�£�¤ B w�¥ 	 β g3¦3� ~	� C3E�G�H>JDL � 7+r3> �E�
7�q M y�z§@¨FRG�H|I E©JpL�M�N *!N����EQ?+�S�T ERU�V�L nE"�#�$ ~	��%('3WEXY y ?"@ � u y
* zª@ N�����Q?+�S�T E�U�V(L � NP a�;Dk«� Y � q V	v z k?* “no”

y ?"@
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NP w�x (NP-hard):
?3��	 M NP

B�D g A n�"�#�$ ~���%�'�WEX�7 � v�z A * NP ��� y?Z
r � q j @

NP a&;+M��3�=� { �Tr � z @ B�D A g NP
y Y � q j�����g�� !�	�
�	�q d���3N�����Qh+�S(T

E�U�V?L * z(� � � � “yes” � “no”
y ksVxlmu r O�P B�D�y * 7 � z �3e�g�¥ 	 NP

B * i �
d ��� ��0l` B z�B�D 0-1 �|s��3�/s�u&k/lt"�#�$ ~�� y %(' t2u r N��(� B&D

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

N���� ∑

j∈N

cjxj

� � ∑

j∈N

ajxj ≤ b

xj ∈ {0, 1}, j ∈ N,

(2.1)

� NP
y * Z �pd ��� ����k�� z > u l�M B�D *����+M NP aE; B�D kxl "�#�$ ~�� y %�' y�v

r M y�z h ��7 NP
B�D � { ��	 � � u 93: B �� q � � > y�z N3���3Q�+�S�T ERU3V�L � (2.1)

M:wj 7 B�D * NP ���=�t���8tmu 	�q+r � ! y ���

��� [
P �! P 6= NP "�#%$

NP aE; B 
�� z ��Vxlmu�e�b�m+M�qr s3u  �! y 7 � z k|d y � "�#�$ ~�� y�&(' lmu r O
P B�D M?u�c U S z Polynomial-time solvable M*)%+�,TS.- ¥ 	 P ��w � d��� B�D 0-1 �gs/�
� sEu0� F�G�H]I E©J L�M�N:B "3#�$ ~	� C3E�G�H>JDL g�1�2�3xt u 	�q�r [54 * z*687 B P 6=

NP g�9 1:lmu 	�q:r k/l B�: � d �D� � NP a�; B�D g�eh¥�e<; D�y �\"�#�$ ~�� y ~ !+r�>
�2g�b?c y�v uDv z � [ 2.1 k8l�= 
 B > M�>�?A@�*�B3�Zt2u|dC�"g z�� u B {�D ��eFE%G�H?*
d  ;JI]� q d ��� �

K8LNM�OQPSRUTNVAWXLNM�O
: B�Y �Ee�� � � z O�P�Q?+3S�T EU3V(L * F�G�H]I E©J_L�M�N kxl "�#3$ ~�� y %�' y�v r
M y NP a�; y ��� � u 7 l2v z�FG�H|I E^J L�M�N M NP aE;%Z(*�h�j[� ¥ 	 b?c}tmue�M y
� Y j>k�� —

� u�* z O�P�Q?+�S?T E�U�V?L M NP a�;%Z�g�O ' lmue�M y�z�� > k8l F�G�H
I E}J_L�M�NsB "�#�$ ~	� y %�' t2u r —

> �_*�� 
�y�� yv d��g z @]\ g�^�k z`_ba JDH g
^�k Y MFc�d B�e ¥ 	 ��d q d�`�*f?* z�FRG�H�I E^JpL�M�N * 1972 gih R.M. Karp h}w�¥ 	
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� M NP aE; B�D :

�������

� 6 : b�c�d G = (V, E) � � � k ≤ |V |

� B
: b�c�d G M�� v t g k

9	� M3iDj�
�� — |V ′| ≤ k
y e�f (i, j) ∈ E hE
�� 	 i�j i � j

M� 7 ����� 6�� S n�� iDj���� V ′ ⊆ V — *����A� r k��
k/lt"�#�$ ~���%�' t$u 	�q d*��� � u y * z > M!i�j�
��?*=�&� q V	v z 0�1]� Karp g
�������

� 6 : d [�� � u1, . . . , un �! #" 3 $+M�d [�� �XM&%Dk/l 7Xr # C1, . . . , Cm

� B
: C1 ∧ · · · ∧ Cm = 1 S('Re`� u1, . . . , un *����(� r k«�

k/lt"�#�$ ~���%�' t$u 	�q d*��� � u y * z 3 )+*�Z(*=�&� q V	v z S.A. Cook g
�+���

� 6 : d [�� � u1, . . . , un �t# C1, . . . , Cm

� B
: C1 ∧ · · · ∧ Cm = 1 S('Re`� u1, . . . , un *����(� r k«�

kxlt"�#�$ ~	��%(' tmu 	�q d*��� � u y * z )�*�Z�*g��� q V�v z — NP a&; B�D M-,�.(� �
vtD

1 @ y�z 1971 gih Cook *�� [ 2.1 M�/ ! S10 �32ih ( 4� y z )+*�Z B�D n %�' � � v NP

aE; B�D * � u d y�576 t$u 	�qE7�q98 ) � M�b?csS�� 	�q dC� :

:�;
2.2. [Cook _ :�; ]

���}M NP
B&D *�)+*�Zih�"�#�$ ~���%�'�W3X y(Z r �
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���

; D M NP aE; B�D g3"�#�$ ~	� y ~ ! u�v zª@ P = NP
Y g { ��� ��> �!S�bRc � w �

� � V
:
� M ; D M NP a&; B�D S A �0��uDv z ���:M NP a�; B�D B * 9	� M o�� y ~ � >

�2g y�v r :

[	\�]�^
1.
B&D

B M � 6�M	� W�
sW �
[	\�]�^

2.
9 � S�I� �A� :

(i)
B&D

B M � 6 z CFEDGIHKJ�L α M�5&6+S?���Ch B&D A M � 6XS�� { �
(ii)

B&D
A S�~ � C3E�G�H JDL α M�����5����

[	\�]�^
3. “yes”

z
“no” M�5�6��

C3EDG H JDL
α Ml2�4]�0� rpo�� g O(1)

7 l v z > u l�M U�� s/�(hF�Dk rpos� * B�D B M
� 6��s J � n Ml"�#�$ f(n)

y�� t,Vxl u r�> � h	��� ( "3#�$ %�' M��3� ) � U�� s/� 2 (i) h
� !+r B�D

A M � 6�� { M os� � f(n)
y�� t�Vxlmu r � � dT� z U�� sS� 2 (ii)

y ~�k�u r A

M � 6���s J � � f(n)
y�� t1VZl u 7�! uDv 7 l 7Dq �Rd�e z "�#�$ ~���%�' M���� y * C3E

G H J�L
α M��E��5��3g��I� �8t2u r�> �p*�� 1:lmu 	�q�7Dq g z C!EDG�HKJ�L ;�<�g f(n)

y
� t�V�u�u 	�q�r M yDz U�� sS� 2 M	���R+��]� f(n) S :�� ��� 7(! u�v 7 l 7�q �

NP a�;ih���� r! �" �$# D MlkR* 9�� M8+�%Nh�~�&8t2u 	�qsr M y�z ��k/l 7Dq � v h3* >
u l!S('*)�+ > � :
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