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Two Dimensional Non-separable Adaptive Directional Lifting
Structure of Discrete Wavelet Transform

Taichi YOSHIDA†a), Student Member, Taizo SUZUKI††, Seisuke KYOCHI†, and Masaaki IKEHARA†, Members

SUMMARY In this paper, we propose a two dimensional (2D) non-
separable adaptive directional lifting (ADL) structure for discrete wavelet
transform (DWT) and its image coding application. Although a 2D non-
separable lifting structure of 9/7 DWT has been proposed by interchanging
some lifting, we generalize a polyphase representation of 2D non-separable
lifting structure of DWT. Furthermore, by introducing the adaptive direc-
tional filteringingto the generalized structure, the 2D non-separable ADL
structure is realized and applied into image coding. Our proposed method
is simpler than the 1D ADL, and can select the different transforming di-
rection with 1D ADL. Through the simulations, the proposed method is
shown to be efficient for the lossy and lossless image coding performance.
key words: two dimensional non-separable lifting structure, discrete
wavelet transform, adaptive directional filtering, lossy and lossless image
coding

1. Introduction

The discrete wavelet transform (DWT) has been a funda-
mental tool for image and video processing for the last few
decades. It is applied to image coding standard, JPEG 2000
[1], and high quality digital cinema [2]. Despite its success,
DWT has a serious disadvantage. Since they can only trans-
form images along the vertical and horizontal directions by
separable implementation, they fail to provide sparse repre-
sentation of transforming images which consist of various
angles of directionally-oriented textures except vertical and
horizontal directions. Therefore, if DWT is applied to im-
ages which contain a rich directional high frequency com-
ponent, such as edges and contours, the coding efficiency is
severely degraded.

To avoid this degradation, an adaptive directional filter-
ing based on a lifting structure has been proposed [3]–[9].
The adaptive directional filtering can flexibly switch the fil-
tering direction according to the direction of edges and con-
tours, and compression efficiency can be improved. Espe-
cially, an one dimensional (1D) adaptive directional lifting
(ADL) based wavelet transform [5] achieves high compres-
sion efficiency for the lossy image coding. However, since
1D ADL has to be separately applied twice for two dimen-
sional (2D) signals, it is redundant and produces a distor-
tion of desired filtering directions due to the down-sampling
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between the vertical and horizontal filtering. In this paper,
hence, we propose the 2D direct and adaptive directional fil-
tering based on DWT, called a 2D non-separable ADL struc-
ture of DWT.

The proposed structure is realized by introducing an
adaptive directional filtering framework into a 2D direct lift-
ing structure based on DWT. The lifting structure of DWT
has been proposed for the integer-to-integer transform [10].
For 2D signals such as images, a 2D separable lifting struc-
ture of DWT is realized by applying the 1D lifting structure
to images twice, vertically and horizontally. Iwahashi et al.
have proposed the 2D direct lifting structure based on 9/7
DWT, by interchanging and merging some lifting in the 2D
separable lifting structure of 9/7 DWT [11], [12]. The new
structure is called a 2D non-separable lifting structure of
9/7 DWT. The non-separable structure requires less round-
ing operators than the separable one, and is suitable for the
lossless image coding application. In this paper, we general-
ize the polyphase representation of 2D non-separable lifting
structure based on 2-channel 1D filter banks (FBs) such as
DWT. It contains the class of the 2D non-separable lifting
structure of 9/7 DWT [12]. Our proposed structure can de-
sign various 2D non-separable lifting structures.

Furthermore, to improve the efficiency of image cod-
ing, we develop the generalized polyphase representation
for the adaptive directional filtering. Changing the sam-
pling matrix of the proposed structure, we can change the
direction of the transform. The proposed adaptive direc-
tional filtering is realized by changing the sampling matrix
by sub-regions of images, according to feature directions of
the sub-regions. With advantages of the 2D non-separable
structure and the adaptive directional filtering, the proposed
structure improves the performance of the lossy-to-lossless
image coding application. The proposed method is simpler
than the 1D one and can select the filtering directions which
are different from 1D ADL. Finally, lossy and lossless im-
age coding results of the proposed structure are shown to
validate the advantage of the proposed structure.

Section 2 summarizes FB and show a polyphase repre-
sentation of the 2D separable lifting structure and 1D ADL
structure of DWT. We propose the generalized polyphase
representation of the 2D non-separable lifting structure of
DWT in Sect. 3, and its adaptive directional filtering in
Sect. 4. Section 5 shows some image coding results and con-
clusions are presented in Sect. 6.

Notations: Vectors are denoted by boldfaced lower-
case characters, whereas matrices are denoted by boldfaced
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uppercase characters. AT and A−1 denote the transpose and
the inverse of the matrix A, respectively. I and 0 are identity
and the null matrices, respectively. M is a 2× 2 nonsingular
integer matrix. An absolute determinant of the factor M is
described as M = |det(M)|. ↓ M and ↑ M also represent the
down- and up-samplers of M, respectively. Using vectors
z = [zx, zy]T and k = [kx, ky]T , a multiplication of vectors

is defined as zk = zkx
x z

ky
y . diag(·) denotes the block diagonal

matrix as

diag(A0,A1, · · · ,An) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0 0 · · · 0
0 A1 · · · 0
...

...
. . .

...
0 0 · · · An

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

2. Review

2.1 Polyphase Representation of FB

The 1D maximally decimated FB with M-channel can be
also represented by polyphase matrices. E(z) and R(z)
are the type-I polyphase matrix of the analysis bank and
the type-II polyphase matrix of the synthesis bank [13].
These polyphase matrices are related to Hk(z) and Fk(z)
(k = 0, 1, · · · ,M − 1) which denote analysis filters and syn-
thesis filters as

H(z) = [H0(z),H1(z), · · · ,HM−1(z)]T

= E(zM)dM(z),
F(z) = [F0(z), F1(z), · · · , FM−1(z)]T

= dT
M(z−1)R(zM),

(1)

where dM(z) = [1, z−1, z−2, · · · , z−(M−1)]T . If the polyphase
matrices satisfy the condition as E(z)R(z) = z−nI, the result
is said to be the perfect reconstruction, where n is an order
of the FB. Hence, the synthesis matrix R(z) is designed as
z−nE−1(z−1). For simplicity, the synthesis bank is omitted in
this paper.

In a similar way to 1D FB, the 2D maximally deci-
mated FB with M is represented by the polyphase matrix
as

H(z) = E(zM)dM(z), (2)

where M is referred to as a sampling matrix, z = [zx, zy],
zx and zy are the vertical and horizontal delay elements, re-
spectively,

dM(z) = [z−k0 , z−k1 , · · · , z−kM−1 ]T ,

zM = [zm0,0

0 zm1,0

1 , z
m0,1

0 zm1,1

1 ]T ,

ki is an integer vector of a set Ξ(M), called as a delay vector,
k0 is restricted to be [0, 0]T , Ξ(M) is a set of integer vectors,
which is defined as

Ξ(M) = {Mx | x ∈ [0, 1)},

x ∈ [0, 1) denotes a set of 2 × 1 real vectors x whose the
ith component satisfies 0 ≤ xi < 1 and mi, j denotes the (i, j)
element of M.

2.2 2D Separable Lifting Structure of DWT

1D DWT is classified into 2-channel FB. Its lifting structure
can be expressed in the polyphase representation as follows
[10], [13].[

HL(z)
HH(z)

]
= Ê(z2)d2(z)

Ê(z) =

[
s 0
0 1/s

] 0∏
i=N−1

{[
1 Ui(z)
0 1

] [
1 0

Pi(z) 1

]} (3)

This structure with N = 2 is shown in Fig. 1, where R de-
notes a rounding operator. This figure shows that 1D signals
are divided into even samples and odd samples, sample is
transformed with the other sample, and even and odd sam-
ples are conclusively output as lowpass and highpass coef-
ficients, respectively. In general, down-arrows from even
signals to odd signals are called a prediction step, and up-
arrows are called an update step.

The pair of scaling factors can be realized as a lifting
structure [10]. The scaling factors are factorized as

[
s 0
0 1/s

]
=

[
1 s − s2

0 1

] [
1 0
−1/s 1

] [
1 s − 1
0 1

] [
1 0
1 1

]
. (4)

Figure 2 show the lifting realization of scaling factors,
where s0 = s − 1, s1 = −1/s and s2 = s − s2. The lift-
ing structure with rounding operators can transform signals
from integer to integer. Note that scaling parts can also be
constructed by lifting steps.

According to the separable implementation, the 2D
separable lifting structure of DWT can be given by

Fig. 1 9/7 DWT.

Fig. 2 Lifting realization of scaling.
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Fig. 3 2D separable lifting structure of 9/7 DWT.

H(z) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
HLL(z)
HHL(z)
HLH(z)
HHH(z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

HL(zx)HL(zy)
HL(zx)HH(zy)
HH(zx)HL(zy)
HH(zx)HH(zy)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
HL(zy) 0
HH(zy) 0

0 HL(zy)
0 HH(zy)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ×
[
HL(zx)
HH(zx)

]

=

[
Ê(z2
y) 0

0 Ê(z2
y)

] [
d2(zy) 0

0 d2(zy)

]
Ê(z2

x)d2(zx),

(5)

for the four subband filters, HLL(z), HHL(z), HLH(z) and
HHH(z). To define the polyphase matrix of 2D separable
structure, we introduce the relationships as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d̂2(zy)

[
s 0
0 1/s

]
=

[
sI 0
0 1/sI

]
d̂2(zy),

d̂2(zy)

[
1 Ui(z2

x)
0 1

]
=

[
I Ui(z2

x)I
0 I

]
d̂2(zy),

d̂2(zy)

[
1 0

Pi(z2
x) 1

]
=

[
I 0

Pi(z2
x)I I

]
d̂2(zy),

(6)

where d̂2(zy) = diag(d2(zy), d2(zy)). From the above rela-
tionships (6), (5) is rewritten as

H(z) =

[
Ê(z2
y) 0

0 Ê(z2
y)

]

×
[
sI 0
0 1/s I

] 0∏
i=N−1

{[
I Ui(z2

x)I
0 I

] [
I 0

Pi(z2
x)I I

]}

× d̂2(zy)d2(zx).
(7)

Consequently, the polyphase representation of the above 2D
separable structure is described as

H(z) = E(zM)dM(z),

E(z) =

[
Êy 0
0 Êy

][
sI 0
0 1/s I

] 0∏
i=N−1

{[
I Ux

i I
0 I

][
I 0

Px
i I I

]}
,

dM(z) = [1, z−1
y , z

−1
x , z

−1
x z−1
y ]T ,

(8)

where Ê j, Pj
i and U j

i ( j : x or y) denote Ê(z j), Pi(z j) and
Ui(z j). Since the 2D FB is realized by the separable im-
plementation of 1D FB, the decimation matrix M should be

Fig. 4 Lifting direction of 1D ADL.

diag(2, 2). For example, Fig. 3 shows the 2D separable lift-
ing structure of 9/7 DWT. This figure shows that images are
divided into four sets and transformed while maintaining in-
tegers.

2.3 1D ADL Structure of DWT

Based on the lifting structure of 1D DWT, 1D ADL is re-
alized by permitting the other directions of the transform
except horizontal and vertical [5].

Figure 4 illustrates a 2D signal x(n), where n =

[nx, ny]T , and nx and ny are defined as vertical and horizon-
tal indices in 2D signals. In the lifting structure of 1D DWT,
the input signals are divided into even samples xe and odd
samples xo as follows.

{
xe(n) = x([nx, 2ny]T )
xo(n) = x([nx, 2ny + 1]T )

(9)

In the prediction step, odd samples xo(n) are predicted from
the neighboring even samples xe(n) as

x̂o(n) = xo(n) + pe(n), (10)

where pe(n) is expressed as

pe(n) = pi

{
xe

([
nx − tan θd

ny

])
+ xe

([
nx + tan θd

ny + 1

])}
,

pi is a coefficient of filter and θd is arbitrary direction of
filtering. Figure 4 shows θd = {π/2, π/4,−π/4}. Next, in the
update step, even samples xe(n) are updated from the new
neighboring odd samples x̂o(n) as

x̂e(n) = xe(n) + uo(n), (11)

where uo(n) is expressed as

uo(n) = ui

{
x̂o

([
nx − tan θd

ny − 1

])
+ x̂o

([
nx + tan θd

ny

])}
,
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ui is a coefficient of filters. This set of lifting operations is
repeated and conclusive samples are produced as lowpass
and highpass coefficients.

3. Polyphase Representation of 2D Non-separable Lift-
ing Structure of DWT

3.1 Generalized Structure

In this paper, we introduce the generalized polyphase repre-
sentation of the 2D non-separable lifting structure of DWT.
Here, some matrices are defined as follows.

S = diag

([
s 0
0 1/s

]
,

[
s 0
0 1/s

])
, Ŝ =

[
sI 0
0 1/sI

]
,

U j
i = diag

([
1 U j

i
0 1

]
,

[
1 U j

i
0 1

])
, Û j

i =

[
I U j

i I
0 I

]
,

P j
i = diag

([
1 0
Pj

i 1

]
,

[
1 0
Pj

i 1

])
, P̂ j

i =

[
I 0

Pj
i I I

]
.

(12)

By using these matrices, (8) is rewritten as

E(z) = S
0∏

i=N−1

{Uyi Pyi } Ŝ
0∏

i=N−1

{Ûx
i P̂x

i }. (13)

Without a loss of generalities, the following relation-
ships are satisfied.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Uyi Pyi Ŝ = ŜUyi Pyi ,

UypPypÛx
qP̂x

q = Ûx
qP̂x

qUypPyp,
(14)

where p, q = 0, 1, . . . ,N − 1. These relationships mean that
some matrices can be moved, and (13) is rewritten as

E(z) = SŜ
0∏

i=N−1

{Uyi Pyi Ûx
i P̂x

i }. (15)

Some matrices are merged with each other and factorized
into the non-separable structure. If Gp,q(z) is defined a prod-
uct of matrices as

Gp,q(z) = UypPypÛx
qP̂x

q, (16)

where p and q are arbitrary integers, substituting (12) in
(16), Gp,q(z) is consequently described as

Gp,q(z) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

GypGx
q UypGx

q GypUx
q UypUx

q

PypGx
q Gx

q PypUx
q Ux

q

GypPx
q UypPx

q Gyp Uyp
PypPx

q Px
q Pyp 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (17)

where G j
k = 1 + Pj

kU j
k ( j : x or y, k : p or q). Consequently,

Gp,q(z) can be factorized into a lifting structure as

Gp,q(z) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 Uyp Ux

q −UypUx
q

0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
Pyp 1 0 Ux

q

Px
q 0 1 Uyp

0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 1 0

PypPx
q Px

q Pyp 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
(18)

This non-separating factorization achieves to reduce round-
ing operators through merging some matrices. Substituting
(18) in (15), the generalized polyphase representation of 2D
non-separable lifting structure of DWT is defined as

E(z) = S̃
0∏

i=N−1

Gi,i(z), (19)

where S̃ = SŜ = diag(s2, 1, 1, 1/s2).
In this section, we propose the generalized polyphase

representation of 2D non-separable lifting structure of DWT
by using the relationships (14) and the non-separating fac-
torization (18). We show some examples in the next section.

3.2 5/3 and 9/7 DWT

The generalized polyphase representation is proposed in the
previous section. In this section, we present its examples
based on 5/3 and 9/7 DWT. These DWTs are well known to
be applied to the JPEG 2000.

From (19), the polyphase matrix of 2D non-separable
lifting structure of 5/3 DWT is described as

E(z) = G0,0(z). (20)

On the other hand, in the case of 9/7 DWT, the polyphase
matrix is factorized from (19), as

E(z) = S̃G1,1(z)G0,0(z). (21)

However, the other polyphase matrix can be designed from
the relationships (14) and the non-separating factorization
(18). From (13) with N = 2, the other polyphase matrix is
designed as

E(z) = SUy1Py1Uy0Py0 × ŜÛx
1P̂x

1Ûx
0P̂x

0

= SŜ × Uy1Py1 × Uy0Py0Ûx
1P̂x

1 × Ûx
0P̂x

0

= S̃Uy1Py1G0,1(z)Ûx
0P̂x

0.

(22)

This structure has been proposed in [14], and is shown in
Fig. 5. Compared with Fig. 3, it is shown to require less
rounding operators. Therefore, it is proven that the non-
separable structure has better compatibilities to the conven-
tional 9/7 DWTs in the JPEG 2000 than the separable struc-
ture [14]. In that sense, we design the polyphase matrix of
2D non-separable lifting structure of 9/7 DWT as (22).

4. 2D Non-separable ADL Structure of DWT

4.1 Realization

In this section, we propose the 2D non-separable ADL struc-
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Fig. 5 2D non-separable lifting structure of 9/7 DWT.

Fig. 6 Lifting direction of 2D ADL.

ture of DWT based on the 2D non-separable lifting structure
of DWT shown in Sect. 3. The ADL structure can transform
a sub-region of images along its direction. Therefore, the
structure efficiently reduces the entropy of transformed co-
efficients and achieves better image coding performance.

By changing the sampling matrix M depending on sub-
regions of images, the ADL structure is realized. Figure 6
shows one lifting operation, where these sampling matrices
are defined as

M0 =

[
2 0
0 2

]
, M1 =

[
2 2
0 2

]
. (23)

These dots are pixels, and black dots are transformed with
neighbor white dots along arrows. This figure shows that
neighbor pixels used for the lifting operation are changed
by changing the sampling matrix in the sub-region. In other
words, the direction of the transform can be changed by
changing the sampling matrix.

The arbitrary sampling matrix whose absolute determi-
nant is 4 can be selected. The following sampling matrices
Md (d = 0, 1, . . . , 6) are used in this paper.

Md ={[
2 0
0 2

]
,

[
2 2
0 2

]
,

[
2 −2
0 2

]
,

[
2 0
2 2

]
,

[
2 0
−2 2

]
,

[
2 4
0 2

]
,

[
2 −4
0 2

]}

With changing the sampling matrix, the delay vectors have

Table 1 Delay vectors.

d k0 k1 k2 k3

0 [0, 0]T [0, 1]T [1, 0]T [1, 1]T

1 [0, 0]T [1, 1]T [1, 0]T [2, 1]T

2 [0, 0]T [−1, 1]T [1, 0]T [0, 1]T

3 [0, 0]T [0, 1]T [1, 1]T [1, 2]T

4 [0, 0]T [0, 1]T [1,−1]T [1, 0]T

5 [0, 0]T [2, 1]T [1, 0]T [3, 1]T

6 [0, 0]T [−2, 1]T [1, 0]T [−1, 1]T

to be changed. For maintaining the linear phase property of
filters, we define the delay vectors to be symmetrical with
respect to a point which is a center of Md. Table 1 shows
the delay vectors corresponding to Md and the directions of
the transform are represented in Fig. 7. It shows that the
proposed structure can transform along various directions
besides vertical and horizontal shown in Fig. 7(a). Since 2D
signals are transformed by E(z) after down-sampling with
Md and some delays, in this proposed structure, a sampling
matrix can share the same transformed system produced by
the polyphase matrix E(z) as the others.

4.2 Optimal Direction Decision

For the image coding application, the optimal directions are
decided according to the energy of highpass subband. Espe-
cially, we focus on the energy of HH subband in this paper.
For all the sampling matrix Md, the HH subband compo-
nents at a index n are described as hd(n). Practically, the
directional information is assigned to not the pixels but the
blocks divided by the quad tree decomposition in order to
reduce the side information. For this purpose, R-D opti-
mization is processed as in the following. The full quad tree
T is constructed by applying the quad tree decomposition to
the image until reaching the predefined block size. B, D(B)
and R(B) are defined as an arbitrary subtree, a distortion and
a rate of bits. The most suitable subtree B∗ with optimal
direction is provided by minimizing the cost function J(B)
expressed by

B∗ = min
B

J(B) = min
B

(D(B) + λR(B)), (24)
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Fig. 7 Sampling matrices.

Table 2 Reduced numbers of computational costs.

Direction decision Image Transformation
5/3 9/7 5/3 9/7

Add. (1/2)DL (3/2)DL −2L L
Mult. (1/2)DT (5/4)DL (−1/2)L (7/4)L

Round. DL 2DL L (17/4)L

where

D(B) =
∑
τ∈B

∑
n∈Nτ
|hτ,d(n)|2,

R(B) =
∑
τ∈B

rC(τ) +
∑
v∈B

rT (v),

τ denotes a node of B, Nτ is a support region in images at
a node τ, |hτ,d(n)| is |hd(n)| at a node τ, rC(τ) and rT (v) are
defined as the rate of the entropy encoding highpass coef-
ficients in τ and coding the side information in node in v,
respectively.

4.3 Comparison of Computational Costs

In Table 2, we show the differences of the computational
costs between the 1D ADL structure and the proposed 2D
ADL of 5/3 and 9/7 DWTs by subtracting 2D ADL from
1D ADL. “Add.”, “Mult.”, “Round.”, “5/3” and “9/7” mean
addition, multiplication, rounding, 5/3 DWT and 9/7 DWT,
respectively. These numbers depend on the size L of input
images and their lifting steps. Additionally, the numbers
D of direction candidates for lifting should be taken into
account for the lifting direction decision.

Table 2 shows that the proposed structure is simpler
than the 1D ADL in terms of the computational costs. For
the adaptive directional filtering, we need at least three di-
rections which are vertical or horizontal, diagonal from top
left to bottom right, and diagonal from top right to bottom
left. Hence, by substituting D = 3 and adding the num-
bers of the directional decision and image transformation,
total numbers of the reduced addition and multiplication are
(−1/2)L and L, in the case of the 5/3 DWT. The multiplica-
tion has more loads in the computation and implementation
than the addition. Therefore, the both proposed structures
are considered to be simpler than the 1D ADL structures.

5. Simulation

We apply the proposed ADL structure of 5/3 and 9/7 DWTs
into the lossy and lossless image coding application and
compare the coding efficiency with the conventional struc-
ture of 5/3 and 9/7 DWTs.

For the comparisons, we use the 2D separable lifting
structure of DWT in (8), the 2D non-separable lifting struc-
ture of DWT in (20), and the 1D ADL structure of DWT
shown in Sect. 2.3. In this section, for simple notations,
these conventional structures and the proposed structure are
denoted as 1D DWT, 2D DWT, 1D ADL and 2D ADL, re-
spectively. The 1D and 2D DWTs are applied to images
with 6-level octave decomposition. In cases of the 1D and
2D ADLs, the 1D and 2D DWTs are applied to images at the
second to sixth levels after the 1D and 2D ADL structures
of DWT are applied at only the first level, respectively†.

For reducing the side information and computational
costs, the candidate directions are restricted three and seven
in the 5/3 and 9/7 DWTs, respectively. There exists a trade-
off between better compression rate and less computational
costs. These restrictions are experimentally decided for the
valid comparison.

The embedded zerotree wavelet based on intraband
partitioning (EZW-IP) [15] is used as the encoder. Since
transformed coefficients are integer and encoded images are
lossless bit streams, lossy bit streams are produced by dis-
carding the backward bits of the bit streams. The side infor-
mation is encoded by the arithmetic coding algorithm [16].
At the lossy image coding application, the peak signal-to-
noise ratio (PSNR) is used as an objective function measur-
ing an image quality of reconstructed images. The PSNR is
formulated as

PSNR = 10 log10
2552

MSE
, (25)

where MSE means the mean square error.

†The 1D ADL is applied at an only vertical direction in the
first level for fairy comparison. In that case, the number of side
information bits is equal to case of the 2D ADL.
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Table 3 Image coding results of 5/3 DWT [bpp].

1D DWT 2D DWT 1D ADL 2D ADL

Zone plate 6.78 6.78 6.73 6.12
Barbara 4.87 4.86 4.84 4.78

Lena 4.50 4.49 4.49 4.48

5.1 5/3 DWT for Lossless

The 2D non-separable ADL structure of 5/3 DWT is applied
into the lossless image coding. The 2D ADL is realized by
imposing the directional selectivity on the 2D non-separable
lifting structure of 5/3 DWT described in (20), as shown in
Sect. 4. For reducing the side information, the selected di-
rections are experientially-restricted to be three in this paper.
θd in Sect. 2.3 is selected as {π/2, π/4,−π/4} in the 1D ADL
structure of DWT, and Md (d = 0, 1, 2) is selected in the
2D ADL. They are not correctly same directions due to the
down-sampling, but considered to be a reasonable compari-
son.

Table 3 indicates results of the lossless image coding
application. These values are entropies of compressed im-
ages described in bit-per-pixel (bpp), and the entropy of 1D
ADL and 2D ADL includes the encoded side information.
In the case of Zone plate and Barbara, the 2D ADL is effi-
cient for images having rich directional components because
of the small number of rounding operators and the adaptive
directional filtering. On the other hand, the proposed struc-
ture is slightly effective for images whose energy is concen-
trated on the low frequency region such as Lena.

5.2 9/7 DWT for Lossy-to-Lossless

In a similar way to the 5/3 DWT, the 2D ADL structure of
9/7 DWT is applied into the lossy and lossless image coding.
The 2D ADL is based on (22), with Md (d = 0, 1, · · · , 6),
and tan θd = {0, 1,−1, 2,−2, 0.5,−0.5} in the 1D ADL.

Table 4 indicates results of the lossy and lossless image
coding application. In the lossy, these numbers are PSNR of
reconstructed images in dB, and rates are described in bpp.
The proposed structure improves image coding application
in the lossy and lossless for the same reason of 5/3 DWT.
Compared with the 1D and 2D DWTs, the 2D ADL shows
more efficient image coding results because of fewer round-
ing operations and adaptive directional filtering. However,
the adaptive directional filtering is considered to be slightly
effective for some images such as Lena due to the same rea-
son as the 5/3 DWT, as in the discussion in Sect. 5.1. On the
other hand, compared with 1D ADL, some coding results
of the 2D ADL show worse performance because the 1D
and 2D ADLs are not in a same class of the adaptive direc-
tional filtering. However, it is an advantage that the structure
of the 2D ADL is the simpler than one of the 1D ADL. In
this methods, the image coding performance depends on the
decided directions for sub-regions. In a future work, there
exists a better optimal directional decision for the 2D ADL.

Table 4 Image coding results of 9/7 DWT.

Lossless [bpp]
1D DWT 2D DWT 1D ADL 2D ADL

Zone plate 6.11 6.08 4.93 5.33
Barbara 4.84 4.81 4.81 4.75

Lena 4.54 4.51 4.54 4.51

Lossy [dB]
Rate 1D DWT 2D DWT 1D ADL 2D ADL

Zone plate
0.25 12.01 12.02 13.32 13.48
0.5 15.19 15.19 17.91 17.50
1 19.98 19.98 24.56 22.94

Barbara
0.25 27.24 27.23 27.43 27.60
0.5 30.46 30.45 30.82 30.94
1 34.85 34.84 35.14 35.28

Lena
0.25 32.52 32.50 32.54 32.54
0.5 35.52 35.48 35.60 35.52
1 38.39 38.34 38.44 38.38

Fig. 8 Original images and reconstructed images.

In Fig. 8, the original and reconstructed images are rep-
resented, where the compression rate is 0.25 [bpp]. Com-
pared with the conventional structure which does not have
an adaptive directional selectivity, the proposed structure
can represent various directions besides vertical and hori-
zontal. Especially, stripe textures in Fig. 8(f) are represented
clearly.
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6. Conclusion

In this paper, we generalize the polyphase representation of
the 2D non-separable lifting structure of DWT and propose
ADL of the structure. With maintaining the advantage of the
2D non-separable and the adaptive directional filtering, the
proposed structure achieves efficient image coding results.
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