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PAPER

M-Channel Paraunitary Filter Banks Based on Direct Lifting
Structure of Building Block and Its Inverse Transform for
Lossless-to-Lossy Image Coding

Taizo SUZUKI†a), Student Member and Masaaki IKEHARA†, Member

SUMMARY This paper presents a paraunitary filter bank (PUFB)
based on a direct lifting structure of a building block and its inverse trans-
form for lossless-to-lossy image coding. Although the conventional lifting-
based filter banks (LBFBs), which are constructed by lifting structures with
integer coefficients and rounding operations, suffer from degradation of
coding performance due to much rounding error generated by cascading
lifting structures, our proposals can be applied to any PUFB without losing
many ones because building blocks can be applied to every lifting block as
it is. It is constructed with very simple structures and many rounding oper-
ations are eliminated. Additionally, the number of rounding operations is
reduced more by using two-dimensional block transform (2DBT) of sepa-
rated transform to each building block. As result, even though the proposed
PUFBs require a little side information block (SIB), they show better cod-
ing performance in lossless-to-lossy image coding than the conventional
ones.
key words: paraunitary filter bank (PUFB), direct lifting, lossless-to-lossy
image coding, side information block (SIB)

1. Introduction

With the rapid development of hardware such as PCs and
mobile phones etc. and the continual expansion of broad-
band, lossless-to-lossy image coding, which is the unifica-
tion of lossy and lossless image coding, is demanded to ob-
tain higher quality and compression ratio. Because JPEG
[1], which is the international standard in image coding, sep-
arately uses discrete cosine transform (DCT) [2] and differ-
ential pulse code modulation (DPCM) for lossy and loss-
less image coding, respectively, it can not achieve lossless-
to-lossy image coding. Besides it, JPEG2000 [3], which
is the next generation standard based on discrete wavelet
transform (DWT) [4], has achieved it by lifting structures
[5] with integer coefficients and rounding operations.

On the other hand, DCT and DWT in the international
standards and the next generation one are the special forms
of linear-phase filter banks (LPFBs) [6]. LPFBs correspond
to a subclass of nonlinear-phase cases. Therefore, nonlinear-
phase filter banks (NLPFBs) can be expected to have the
potential to improve the performance or the quality in many
applications. Paraunitary filter banks (PUFBs) [7] are the
representative in NLPFBs and show good coding perfor-
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mance in lossy image coding. Then, we have presented
lifting-based PUFBs (LBPUFBs) for lossless-to-lossy im-
age coding and solved a problem of error generated by many
rounding operations in [8]. Moreover, many lifting-based
filter banks (LBFBs) have been researched [9]–[13]. But,
any LBFB suffer from degradation of coding performance
due to much rounding error generated by cascading many
lifting structures.

This paper presents a PUFB based on a direct lifting
structure of a building block and its inverse transform for
lossless-to-lossy image coding. The direct lifting structure
is a family of block lifting structures [14] which achieves
reduction of the number of rounding operations. Although
our previous work [15] has reduced many rounding oper-
ations, a hard restriction must be imposed. Our proposals
can be applied to any PUFB without losing many advan-
tages since many lifting structures do not need to be cas-
caded because building blocks can be applied to every lifting
block as it is. It is constructed with very simple structures
and many rounding operations are eliminated. Additionally,
the number of rounding operations is reduced more by us-
ing two-dimensional block transform (2DBT) of separated
transforms on each building block. As result, even though
the proposed PUFBs require a little side information block
(SIB), they show better coding performance in lossless-to-
lossy image coding than the conventional ones.

Notations: I, MT , M†, M[M] and diag{.} are an identity
matrix, a transpose of matrix, a conjugate transpose of ma-
trix, M×M matrix and a block diagonal matrix, respectively.
For simplicity, we omit matrix sizes when they are obvious.

2. Preliminaries

2.1 Lifting Structure

The lifting structure [5] is researched widely for various ap-
plications. Since the structure achieves integer-to-integer
transform, lossless-to-lossy image coding can be imple-
mented. In Fig. 1(a), which shows basic lifting structures,
the analysis input signals xi and x j, the analysis output and
synthesis input signals yi and y j, the synthesis output signals
zi and z j and lifting coefficients T0 and T1 are represented by

y j = x j + round [T0xi]

yi = xi + round
[
T1y j

]

Copyright c© 2010 The Institute of Electronics, Information and Communication Engineers
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Fig. 1 Lifting structures: (a) basic lifting structures, (b) block lifting
structures.

and

zi = yi − round
[
T1y j

]
= xi

z j = y j − round [T0zi] = x j

in analysis and synthesis part, respectively, where round[.]
is rounding of (.).

In this case, the lifting matrices and their inverse matri-
ces are as follows:

[
1 T0

0 1

]
,

[
1 T0

0 1

]−1

=

[
1 −T0

0 1

]
,

[
1 0
T1 1

]
and

[
1 0
T1 1

]−1

=

[
1 0
−T1 1

]
.

2.2 Block Lifting Structure

Conversely, the block lifting structure [14] is known as an
efficient one. The structure achieves higher compression ra-
tio because it can merge many rounding operations. It is
clear that the number of rounding operations is reduced from
N2 to N when the size of the lifting coefficient matrix T is
N × N. In Fig. 1(b), which shows block lifting structures,
the analysis input signals vector xi and x j, the analysis out-
put and synthesis input signals vector yi and y j, the synthesis
output signals vector zi and z j and lifting coefficient matri-
ces T0 and T1 are represented by

y j = x j + round[T0xi]

yi = xi + round[T1y j]

and

zi = yi − round[T1y j] = xi

z j = y j − round[T0yi] = x j

in analysis and synthesis part, respectively.

Fig. 2 M-channel maximally decimated filter bank (FB): (a) basic
structure, (b) polyphase structure.

In this case, the block lifting matrices and their inverse
matrices are as follows:[

I T0

0 I

]
,

[
I T0

0 I

]−1

=

[
I −T0

0 I

]
,

[
I 0

T1 I

]
and

[
I 0

T1 I

]−1

=

[
I 0
−T1 I

]
.

2.3 Paraunitary Filter Banks (PUFBs)

Filter banks (FBs) [6] have found many applications such
as in speech, audio, image and video compression, statis-
tical signal processing, discrete multitone modulation and
channel equalization. Figure 2(a) shows an M-channel max-
imally decimated FB, where Hk(z) and Fk(z) are the k-th
(k = 0, 1, · · · ,M − 1) analysis and synthesis filter, respec-
tively. Also Fig. 2(b) shows a polyphase structure of FB.
The analysis and synthesis filters are represented by using
the polyphase matrices E(z) and R(z) as follows:

[
H0(z) H1(z) · · · HM−1(z)

]T
= E(zM)e(z)T

[
F0(z) F1(z) · · · FM−1(z)

]T
= e(z)R(zM)

where

e(z) =
[
1 z−1 z−2 · · · z−(M−1)

]
.

If E†(z−1)E(z) = I and R(z) = E†(z−1), the FBs are called
paraunitary filter banks (PUFBs).

In this paper, we consider PUFBs where the number of
channels is M (even) and all filter lengths are MK (K ∈ N).
They are efficiently designed and implemented by the lattice
structure as [7]

E(z) =

⎛⎜⎜⎜⎜⎜⎜⎝
1∏

k=K−1

GkΛk(z)

⎞⎟⎟⎟⎟⎟⎟⎠ G0
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where

Λk(z) =

[
I[M−γk] 0

0 z−1I[γk]

]

and Gk is an M×M arbitrary orthogonal matrix. Although γk

is arbitrary integer 0 ≤ γk ≤ M−1 and Gk can be constructed
by complex values, we set γk = M/2 and Gk is constructed
by real values for simplicity. Thus Λk(z) is denoted as Λ(z).

3. PUFB Based on a Direct Lifting Structure of a
Building Block and Its Inverse Transform

In this section, an efficient lifting structure of PUFB for
lossless-to-lossy image coding is presented. The system
is implemented by consideration of the block parallel sys-
tem [15] of each building block and its inverse transform
in PUFB. It means that their original matrices are preserved
and directly used as each lifting block even after the system
was factorized into lifting structures.

3.1 Direct Lifting Structure

We consider to process two individual signals by each build-
ing block G and its inverse transform G−1 = GT as shown
in the left part of Fig. 3. The output signals are transformed
by

[
yi

ti

]
=

[
G 0
0 GT

] [
xi

si

]
. (1)

First, let us define Wk as

Wk =

[
0 I
I 0

] [
G 0
0 GT

]
=

[
0 GT

G 0

]
. (2)

And, the block lifting matrix is multiplied from the right
sides of (2) as

Wk

[
I 0
−G I

]
=

[−I GT

G 0

]
. (3)

Next, the other block lifting matrix is multiplied from the
right sides of (3) as

[−I GT

G 0

] [
I GT

0 I

]
=

[−I 0
G I

]

=

[−I 0
0 I

] [
I 0
G I

]
. (4)

Wk can be factorized into the lifting structures using (2)–(4)
as

Fig. 3 A direct lifting structure of each building block and its inverse
transform in PUFB (white circles: rounding operations).

Wk =

[−I 0
0 I

] [
I 0
G I

] [
I −GT

0 I

] [
I 0
G I

]
.

Consequently, diag{G,GT } in (1) can be factorized into the
complete block lifting structures such as

[
G 0
0 GT

]
=

[
0 I
−I 0

] [
I 0
G I

] [
I −GT

0 I

] [
I 0
G I

]
. (5)

Thus the block parallel system of each building block
and its inverse transform can be efficiently implemented by
block lifting structure as shown in the right part of Fig. 3.
Any building block in PUFBs can be directly applied to
lossless-to-lossy image coding even if they are designed for
only lossy image coding. However the systems in (5) have a
problem that the transformed signals by inverse transforms
of building block are not suitable for image compression. It
is a solution where a condition GT = G is imposed as in
[15], but it may make filter performance degrade.

3.2 Realization of Efficient PUFB Based on a Direct Lift-
ing Structure by Side Information Block (SIB)

We can easily come up with a simple realization for lossless-
to-lossy image coding which is applied after an N × N im-
age X was segmented to M × M block xk (0 ≤ k ≤ n − 1,
n = (N/M)2). The segmented block xk is sequentially trans-
formed by building block in PUFB. In parallel, M×M block
sk have to be transformed by inverse transform of building
block in (5). However, the transformed signals by it are not
suitable for image compression as described in the previous
subsection. Then we prepare M ×M side information block
(SIB) s0 as null matrix and sk is iteratively transformed from
s0 by

sk = GT sk−1 for k = 1, 2, · · · , n − 1

As result, the proposed realization for lossless-to-lossy im-
age coding is presented by

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0

y1
...

yn−1

sn−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G
G
. . .

G

0

0 (GT )n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x0

x1
...

xn−1

s0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(6)

and sn−1 is also encoded with all of yks. The left part of
Fig. 4 shows the system in (6). Note that sn−1 � 0 due to
rounding error in each of lifting structures. Also it is clear
that the combination of G and GT can be factorized into lift-
ing structures by (5) as shown in dashed line area in Fig. 4.

Finally the proposed lossless-to-lossy image coding is
summarized as follows:

1) Lossless bit stream with SIB sn−1 can be obtained by
using (6) and a progressive encoder with PSNR scala-
bility like SPIHT [16] and EZW-IP [17].

2) In lossless mode, the image is reconstructed from all



1460
IEICE TRANS. FUNDAMENTALS, VOL.E93–A, NO.8 AUGUST 2010

Fig. 4 Realization of a direct lifting structure of a building block and its inverse transform (white
circles: rounding operations).

Fig. 5 Two-dimensional block transform (2DBT) when n = 2: (a) stan-
dard transform, (b) separated transform to each building block.

lossless bit stream and sn−1. The each block sk is suc-
cessively inverse transformed by sk = Gsk+1 without
any loss.

3) In lossy mode, the image is reconstructed by interrupt-
ing the lossless bit stream without using sn−1.

3.3 More Efficient Improvement by Two-Dimensional
Block Transform (2DBT)

When we apply a block transform matrix F to a two-
dimensional (2D) input signal x in column- and row-wise
separately, the 2D output signal y is expressed by

y = (F(Fx)T )T = FxFT . (7)

We call it a 2D separable block transform. If the transform F
is factorized as F = Fn−1 · · ·F1F0 (n ∈ N), (7) is represented
by

y = Fn−1 · · ·F1F0x(Fn−1 · · ·F1F0)T

= Fn−1 · · ·F1F0xFT
0 FT

1 · · ·FT
n−1.

This equation means that 2D block transform (2DBT) by
Fk+1 is applied after 2DBT by Fk (0 ≤ k ≤ n − 2, k ∈ N).
Therefore standard transform and separated transform to
each building block when n = 2 are shown in Fig. 5(a) and
(b), respectively. In this paper, we regard F is E(z). Thus
when each building block G in PUFB is applied to an M×M
input signal x in column- and row-wise separately, it is ex-
pressed by

Table 1 The numbers of rounding operations.

filter Conv. PUFBs [8] Prop. PUFBs
4 × 8 23 12
4 × 12 31 18
8 × 16 62 24
8 × 24 82 36

(
G (Gx)T

)T
= GxGT � G2Dx.

Consequently, (5) and (6) are represented by[
G2D 0

0 GT
2D

]
=

[
0 I
−I 0

] [
I 0

G2D I

] [
I −GT

2D
0 I

] [
I 0

G2D I

]

and
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0

y1
...

yn−1

sn−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G2D

G2D

. . .

G2D

0

0 (GT
2D)n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x0

x1
...

xn−1

s0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Obviously, delay matrix Λ(z) in PUFB is also denoted as
Λ2D(z)x � Λ(z)xΛ(z)T . These lifting matrices by 2DBT
of separated transform to each building block are more ef-
ficient improvement for lossless-to-lossy image coding be-
cause the number of rounding operations in one system is
reduced from 3M to 3M/2 and the rounding error is not gen-
erated so much. When filter sizes are 4 × 8, 4 × 12, 8 × 16
and 8 × 24, the number of rounding operations is shown in
Table 1.

4. Results

In this paper, the proposed PUFBs are validated by loss-
less bit rate [bpp] in lossless image coding, and PSNR [dB]
in lossy image coding. For lossless-to-lossy image coding,
we used 4 × 8, 4 × 12, 8 × 16 and 8 × 24 PUFBs which
have same filter properties as LBPUFB [8], and applied the
proposed direct lifting factorization to each building block
in them. Frequency responses of the designed PUFBs are
shown in Fig. 6. As targets for comparison, LBPUFBs,
which use same filters as our PUFBs and different lifting
factorization, and 5/3- and 9/7-tap DWTs [4] were chosen.
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Fig. 6 Frequency responses of the proposed PUFBs and the conventional PUFBs: (a) 4×8, (b) 4×12,
(c) 8 × 16, (d) 8 × 24.

Table 2 Comparison of lossless image coding.

Lossless bit rate [bpp]
Image 5/3-tap Conv. PUFBs [8] Prop. PUFBs

512×512 DWT [4] 4 × 8 4 × 12 8 × 16 8 × 24 4 × 8 4 × 12 8 × 16 8 × 24
Baboon 6.17 6.24 6.21 6.25 6.23 6.23 6.20 6.24 6.22
Barbara 4.87 4.88 4.79 4.88 4.82 4.83 4.74 4.77 4.70

Boat 5.10 5.14 5.10 5.16 5.13 5.11 5.07 5.10 5.07
Elaine 5.11 5.17 5.12 5.12 5.06 5.16 5.11 5.08 5.01

Finger1 5.84 5.82 5.74 5.70 5.68 5.81 5.73 5.67 5.64
Finger2 5.60 5.63 5.50 5.48 5.43 5.60 5.48 5.42 5.36
Goldhill 5.01 5.14 5.11 5.15 5.14 5.11 5.09 5.09 5.08

Grass 6.06 6.11 6.07 6.07 6.05 6.10 6.07 6.06 6.04
Lena 4.49 4.66 4.61 4.72 4.68 4.62 4.58 4.63 4.59

Pepper 4.85 4.95 4.90 5.00 4.95 4.92 4.88 4.95 4.89
Avg. 5.31 5.37 5.32 5.35 5.32 5.35 5.30 5.30 5.26

To evaluate transform performance equally, a very common
wavelet-based coder EZW-IP [17] was adopted for all. Also,
for image boundary, the periodic extension was used in our
proposals and LBPUFBs, and the symmetric extension was
used in 5/3- and 9/7-tap DWTs. Moreover, we used ten
512 × 512 gray scale images such as “Barbara” and “Lena”
etc.

4.1 Application to Lossless Image Coding

First, the designed PUFBs are applied to lossless image cod-
ing. SIB sn−1 is just encoded with no compression because
it has only very few bit data size:
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Table 3 Comparison of lossy image coding.

PSNR [dB]
Image Bit rate 9/7-tap Conv. PUFBs [8] Prop. PUFBs

512×512 [bpp] DWT [4] 4 × 8 4 × 12 8 × 16 8 × 24 4 × 8 4 × 12 8 × 16 8 × 24
Baboon 0.25 22.82 22.61 22.73 22.69 22.77 22.61 22.74 22.69 22.78

0.50 24.60 24.53 24.70 24.66 24.73 24.54 24.71 24.68 24.73
1.00 27.61 27.58 27.74 27.64 27.71 27.60 27.76 27.68 27.75

Barbara 0.25 27.25 27.11 27.62 27.97 28.38 27.12 27.64 27.99 28.41
0.50 30.49 30.67 31.23 31.54 31.98 30.70 31.25 31.62 32.13
1.00 34.88 35.17 35.68 35.70 36.07 35.28 35.79 35.96 36.44

Boat 0.25 28.46 28.11 28.33 28.32 28.41 28.11 28.33 28.35 28.44
0.50 31.39 31.18 31.36 31.25 31.38 31.20 31.38 31.32 31.47
1.00 34.51 34.58 34.76 34.56 34.65 34.68 34.85 34.74 34.88

Elaine 0.25 31.51 30.97 31.29 31.08 31.34 30.99 31.32 31.12 31.40
0.50 32.94 32.26 32.96 32.60 33.29 32.37 33.00 32.88 33.44
1.00 34.61 34.51 34.80 34.86 35.24 34.61 34.89 35.12 35.54

Finger1 0.25 23.51 22.87 23.20 23.66 23.79 22.87 23.19 23.66 23.79
0.50 25.99 25.70 26.12 26.52 26.59 25.70 26.10 26.53 26.71
1.00 29.07 29.37 29.80 30.11 30.21 29.40 29.80 30.20 30.46

Finger2 0.25 24.18 22.52 23.33 23.82 24.55 22.53 23.33 23.82 24.58
0.50 27.53 25.83 26.61 27.03 27.62 25.84 26.61 27.07 27.88
1.00 30.90 29.76 30.61 31.65 32.40 29.80 30.64 31.89 32.66

Goldhill 0.25 29.67 28.79 29.00 29.09 29.14 28.80 29.02 29.12 29.16
0.50 31.53 31.35 31.52 31.59 31.67 31.39 31.56 31.67 31.73
1.00 34.51 34.59 34.74 34.67 34.69 34.67 34.82 34.87 34.90

Grass 0.25 24.36 24.18 24.35 24.48 24.57 24.19 24.35 24.49 24.59
0.50 26.09 26.14 26.30 26.41 26.46 26.15 26.30 26.43 26.52
1.00 28.68 28.89 29.08 29.15 29.22 28.93 29.10 29.22 29.32

Lena 0.25 32.53 31.38 32.09 31.90 32.23 31.42 32.13 31.95 32.31
0.50 35.52 34.93 35.39 35.07 35.39 35.00 35.49 35.22 35.59
1.00 38.65 38.69 38.88 38.37 38.54 38.89 39.10 38.92 39.09

Pepper 0.25 31.94 30.58 31.64 30.81 31.67 30.60 31.68 30.89 31.73
0.50 34.48 33.40 34.33 33.20 34.17 33.52 34.38 33.44 34.29
1.00 36.09 35.94 36.19 35.73 35.91 36.06 36.33 35.97 36.19

Fig. 7 Enlarged images of “Barbara” in lossy image coding (bit rate: 0.25 [bpp]): (a) 9/7-tap DWT
[4], (b) conventional 8×24 PUFB [8], (c) proposed 8×24 PUFB.

SIB bit rate [bpp] =
�log2 (|sn−1|max) + 1�M2[bit]

Total number of pixels [pixel]

where �.� is ceiling of (.). For example, the size is only
512 [bits] (0.01953125 [bpp]) in 512×512 image “Barbara”
transformed by the proposed 8× 24 PUFB. The comparison
of

Lossless bit rate [bpp] =

Total number of bits [bit]
Total number of pixels [pixel]

+ SIB bit rate [bpp]

in lossless image coding is shown in Table 2. The pro-
posed PUFBs showed better coding performance than all of
the conventional methods in especially 8 × 24 PUFB. Even
though the proposed PUFBs and the conventional PUFBs
have same transfer function, all proposed PUFBs with less
rounding operations show better coding performance than
the conventional PUFBs. We consider that this is mainly
due to the reduction of rounding operations as shown in Ta-
ble 1.
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4.2 Application to Lossy Image Coding

If lossy compressed data is required, it can be achieved by
interrupting the obtained lossless bit stream without SIB
sn−1. In this paper, sn−1 is replaced by 0 for simplicity. The
comparison of

PSNR [dB] = 10 log10

(
2552

MSE

)

where MSE is the mean squared error in lossy image cod-
ing are shown in Table 3. Furthermore, Fig. 7 shows the
enlarged images of “Barbara” which are lossy compressed
images by the proposed PUFBs and the conventional meth-
ods when bit rate is 0.25 [bpp]. In Fig. 7, it is obvious that
the high frequency region of the reconstructed image by our
PUFB is well-approximated because M-channel PUFB has
more excellent frequency resolution in high frequency than
DWTs. Moreover, although JPEG2000 is implemented by
two different filter in lossy and lossless mode, our proposals
can show better coding performance with only one filter.

5. Conclusion

In this paper, we presented a paraunitary filter bank (PUFB)
based on a direct lifting structure of a building block and its
inverse transform for lossless-to-lossy image coding. Our
proposals are obtained by the following processes:

1) The system diag{G,G, · · · ,G, {GT }n}, where G is a
building block in PUFB, is prepared.

2) Side information block (SIB) s0 to be iteratively trans-
formed by inverse transform GT is prepared.

3) Each combination of G and GT in 1), which is
diag{G,GT }, is factorized into direct lifting structures.

4) Additionally, the number of rounding operations is
reduced by using two-dimensional block transform
(2DBT) of separated transforms on each building
block.

5) In lossless mode, the image is reconstructed from all
encoded lossless bit stream and SIB.

6) In lossy mode, the image is reconstructed by interrupt-
ing the lossless bit stream without SIB.

As result, our proposals show better coding performance
than the conventional methods for lossless-to-lossy image
coding. In future work, side information and computational
cost should be deleted and reduced, respectively.
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