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Abstract

Many integer discrete cosine transforms (IntDCTs), which
are constructed by cascading lifting structures, have been pro-
posed for lossless-to-lossy image coding. However, the con-
ventional methods are mostly only suitable for a block size
of 8. This size may not be the best one for various applica-
tions including image coding. This paper proposes a novel
IntDCT using the relation between the discrete cosine trans-
form type IV (DCT-IV) and the parallel block system of the
discrete cosine transform type II (DCT-II). Our IntDCT can
be used with an arbitrary block sizeM (M = 2n, n ∈ N),
which results in better coding performance than a block size
of 8 in lossless-to-lossy image coding.

1. Introduction

In JPEG [1], which is an international standard for image
coding, the discrete cosine transform (DCT) [2] and differ-
ential pulse code modulation (DPCM) are separately applied
to lossy and lossless image coding, respectively. DCT has
several types (type I to -VIII), excellent energy compaction
capability and numerous fast implementations, and myriad
devices have been developed using it. DCT type II (DCT-II)
and type III (DCT-III) are commonly called DCT and inverse
DCT (IDCT), respectively. Consequently, DCT is especially
promising since it is compatible with lossy JPEG.

Recently, with the rapid development of hardware such
as PCs and mobile phones. and the continual expansion of
broadband, lossless-to-lossy image coding, which is the uni-
fication of lossy and lossless image coding, is required to
obtain higher quality and a higher compression ratio. Such
lossless-to-lossy image coding has already been achieved by
JPEG2000 [3] and HD Photo (JPEG-XR) [4]. However,
existing state-of-the-art technology such as JPEG2000 and
JPEG-XR cannot be used to replace JPEG because JPEG is
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mostly used and its compressed data is extremely widely used
worldwide. This means that a transform for lossless-to-lossy
image coding must be compatible with JPEG. Additionally,
an image encoded by such a transform must also be decod-
able even by the existing JPEG decoder if lossless data is not
required.

Up to now, many integer DCTs (IntDCTs), which are con-
structed by cascading lifting structures [5], have been pro-
posed for lossless-to-lossy image coding [6,7]. However, the
conventional methods are mostly only suitable for a block
size of 8. This size may not be the best one for various appli-
cations including image coding.

This paper proposes a novel IntDCT using the relation be-
tween DCT-IV and the parallel block system of DCT-II. Our
IntDCT can be used with an arbitrary block sizeM (M = 2n,
n ∈ N), which results in better coding performance than a
block size of 8 in lossless-to-lossy image coding.

Notation: I, J, D, diag{.}, MT andM[M ] are the identity
matrix, an invertible matrix, a diagonal matrix, a block diago-
nal matrix, the transpose of a matrix and anM×M matrix, re-
spectively. In this paper,

[
D[M]

]
ii
= (−1)i (0 ≤ i ≤ M−1).

2. Review

2.1. Lifting structure

The lifting structure [5] for various applications has been
researched widely. Since the structure achieves an integer-
to-integer transform, lossless-to-lossy image coding can be
implemented. In Figure 1, which shows lifting structures, the
analysis input signalsxi andxj , the analysis output and syn-
thesis input signalsyi andyj , the synthesis output signalszi
andzj and the lifting coefficientsT0 andT1 are represented
by

yj = xj + round[T0xi]

yi = xi + round[T1yj ]

zi = yi − round[T1yj ] = xi

zj = yj − round[T0zi] = xj



Figure 1: Lifting structures (white circles: rounding opera-
tions)

in the analysis and synthesis parts, respectively, where
round[.] is the rounding of (.).

In this case, the lifting matrices and their inverse matrices
are as follows:[

1 0
T0 1

]
,

[
1 0
T0 1

]−1

=

[
1 0

−T0 1

]
,[

1 T1

0 1

]
and
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1 T1

0 1

]−1 [
1 −T1

0 1

]
2.2. DCT

DCT-II, -III and -IV are often used for multimedia coding
as image, video and audio coding. Them-column andn-row
element ofM -channel DCT-II, -III and -IV matricesC[M ]

II ,

C
[M ]
III andC[M ]

IV are defined as
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where0 ≤ m,n ≤ M − 1 and ci = 1/
√
2 (i = 0) or 1

(i ̸= 0). For simplicity, let us define thatM = 2n (n ∈ N).

3. IntDCT using Relation between DCT-IV and Parallel
Block System of DCT-II

3.1. Relation between DCT-IV and parallel block system
of DCT-II

We consider how to process two individual signals by
DCT-II as shown on the left side of Figure 2. This system
is called the parallel block system of DCT-II and is expressed
by [

yi

yj

]
=

[
C

[M ]
II 0

0 C
[M ]
II

][
xi

xj

]
(1)

Figure 2: Relation between DCT-IV and parallel block sys-
tem of DCT-II

wherexi andxj areM ×M input signals, andyi andyj are
M ×M output signals, respectively.

On the other hand, Wang has found that DCT-IV can be
factorized into DCT-III and Givens rotation matrices for fast
implementation as [8]

C
[2M ]
IV = T[2M ]

[
C

[M ]
III 0

0 D[M ]C
[M ]
III

]
P[2M ]S[2M ] (2)

where0 ≤ i ≤ 2M − 1,
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T
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Here, Equation (2) can be rewritten as[

C
[M ]
II 0

0 C
[M ]
II

]
= P[2M ]S[2M ]C

[2M ]
IV T[2M ]

[
I 0
0 D[M ]

]
(3)

whereCT
III = CII andCT

IV = CIV . Equation (3) is the rela-
tion between DCT-IV and the parallel block system of DCT-II
shown in Figure 2.



Figure 3: Lifting factorization of Givens rotation matrix
(white circles: rounding operations)

Figure 4: Lifting factorization of DCT-IV (white circles:
rounding operations)

3.2. Lifting factorization of M -channel DCT-IV and
rotation matrices

To achieve lossless-to-lossy image coding,S[2M ], T[2M ]

and C
[2M ]
IV in Equation (3) must be factorized into lifting

structures. First, sinceS[2M ] andT[2M ] can be regarded as
cascading Givens rotation matrices,

Rθ =

[
cos θ − sin θ
sin θ cos θ

]
=

[
1 cos θ−1

sin θ
0 1

] [
1 0

sin θ 1

] [
1 cos θ−1

sin θ
0 1

]
is adopted for the lifting factorization ofS[2M ] andT[2M ].
Figure 3 shows the lifting factorization of a Givens rotation
matrix. Next, we consider how to process two individual sig-
nals by DCT-IV similar to that by DCT-II in Equation (1) as
diag{C[M ]

IV ,C
[M ]
IV }. It is known that the parallel block system

of DCT-IV can be factorized into lifting structures with only
DCT-IV in each coefficient [9] as follows:[
C

[M ]
IV 0

0 C
[M ]
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]
=
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] [
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0 I

]
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and this factorization is shown in Figure 4. Then, because
none of the terms in Equation (4) exist in Equation (3), let us
consider the double parallel block system of DCT-II in Equa-
tion (3) as

diag
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C
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II 0

0 C
[M ]
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]
,
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C

[M ]
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]}
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[
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C
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×
[
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]
× diag

{[
I 0
0 D[M ]

]
,

[
I 0
0 D[M ]

]}
(5)

It is clear thatdiag{C[M ]
IV ,C

[M ]
IV } in Equation (5) can factor-

ized into lifting structures using Equation (4).

Table 1: Lossless image coding results (LBR [bpp])
Filter [6] [7] Prop. IntDCT
M 8 8 8 16 32

Baboon 6.33 6.93 6.32 6.22 6.20
Barbara 5.07 5.54 5.05 4.85 4.80

Boat 5.27 5.77 5.26 5.14 5.13
Elaine 5.30 5.95 5.30 5.20 5.08

Finger1 6.11 6.41 6.11 5.84 5.72
Finger2 5.91 6.17 5.90 5.59 5.45
Goldhill 5.23 5.74 5.22 5.11 5.09
Grass 6.22 6.70 6.22 6.12 6.07
Lena 4.74 5.26 4.72 4.61 4.61

Pepper 5.02 5.55 5.02 4.94 4.97
Avg. 5.52 6.00 5.51 5.36 5.31

4. Simulation Results

In this section, the use of the proposed IntDCT for lossless-
to-lossy image coding is validated by considering the lossless
bit rate (LBR) [bpp] for lossless image coding and the peak
signal-to-noise ratio (PSNR) [dB] for lossy image coding.
The set partitioning in hierarchical trees (SPIHT) progressive
image transmission algorithm [10] was used to encode the
transformed images. We used the results in [6, 7] for com-
parison and ten 512× 512 gray scale test images including
“Barbara”, “Goldhill” and “Lena”.

4.1. Lossless image coding

First, the proposed IntDCT is applied to lossless image
coding. The comparison of

LBR [bpp] =
Total number of bits [bit]

Total number of pixels [pixel]

for lossless image coding is shown in Table 1. The coding
performance of the proposed IntDCT is better than that of the
conventional methods.

4.2. Lossy image coding

If lossy compressed data is required, this can be achieved
by interrupting the obtained lossless bit stream. Therefore,
we can use the existing JPEG decoder to reconstruct an im-
age. The comparison of

PSNR [dB] = 10 log10

(
2552

MSE

)
where MSE is the mean squared error, with other lossy image
coding methods is shown in Table 2 and Figure 5. In Table
2 and Figure 5, we see that our IntDCT gives better results
in terms of the PSNR than the conventional methods and that



Table 2: Lossy image coding results (PSNR [dB])
Filter [6] [7] Prop. IntDCT
M 8 8 8 16 32

bit rate: 0.25 [bpp]
Barbara 25.91 23.33 25.91 27.95 28.71
Goldhill 28.73 27.34 28.73 29.70 29.97

Lena 30.74 29.08 30.75 32.65 33.04

bit rate: 0.50 [bpp]
Barbara 29.83 27.24 29.83 31.79 32.44
Goldhill 31.58 28.77 31.59 32.32 32.48

Lena 34.77 32.75 34.77 36.09 36.18

bit rate: 1.00 [bpp]
Barbara 35.52 31.58 35.51 36.89 37.20
Goldhill 34.99 31.72 35.01 35.52 35.60

Lena 38.27 35.91 38.34 39.08 39.02

the high-frequency region in the image reconstructed using
our IntDCT is well approximated.

5. Conclusion

This paper proposed anM -channel integer discrete cosine
transform (IntDCT) using the relation between DCT-IV and
the parallel block system of DCT-II. Our proposed IntDCT
was validated for lossless-to-lossy image coding. As a re-
sult, in the case of 8-channel our proposed method was com-
parable to conventional IntDCTs, and in the case of 16 and
32-channel it exhibited better coding performance. Since our
proposed method can be easily extended to a larger block size,
it is promising for various applications.
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