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Abstract—We present a mean value extension for cosine-sine
modulated filter banks (CSMFBs), which are a class of dual-
tree complex wavelet transforms (DTCWTs) and provide rich
directional selectivity in image processing. The conventional signal
extensions for CSMFBs yield annoying artifacts at the image
boundaries due to the directionality being ignored. To mitigate
the artifacts, we extend the image boundaries with the mean
values of the pixel values around the boundaries. The proposed
extension method is implemented by non-expansive convolution.
We apply CSMFBs with the mean value extension to non-linear
approximation (NLA) and the denoising of images and show the
usefulness of the extension.

I. INTRODUCTION

Dual-tree complex wavelet transforms (DTCWTs) have
been widely studied for various types of image processing
[1]–[3]. The transforms are constructed by using two parallel
maximally decimated filter banks (FBs) and have 2d redun-
dancy for d-dimensional input signals. They solve the lack of
directional selectivity and shift invariance of DWT and show
higher performance. The most basic structure, shown at the
top of Fig. 1, is constructed by using the real and imaginary
FBs of a discrete wavelet transform (DWT). Although it can
be extended to the M -band DTCWT, as shown at the bottom
of Fig. 1, due to the Hilbert transform pair condition [4], it
is difficult to satisfy the half-delayed constraints. In [5], the
simple structure of the M -band DTCWT was proposed by
using a dual-tree complex wavelet packet, which is restricted
to the number of band 2r (r ∈ N).

Cosine-sine modulated filter banks (CSMFBs) were also
designed as a class of the DTCWTs [6]. They are easily
constructed by using prototype filter-based cosine and sine
modulated FBs (CMFB and SMFB) [7], [8]. CSMFBs do
not require half-delayed constraints. Moreover, they not only
have rich directional selectivity, as many angles as M -band
DTCWT, but also a better shift invariant property than does
the M -band DTCWT.

General perfect reconstruction FBs (PRFBs) with longer
filter lengths L than the bands produce more output signals
than the input signals. To solve the problem, the non-expansive
convolution is used. Although the periodic extension is one
of the simplest approaches, it causes signal discontinuities at
the boundaries. In contrast, the symmetric extension improves
the performance by continuing the boundary signals smoothly
[9]. Although the symmetric extension could be applied to
linear-phase FBs (LPFB) only, Ikehara groups have extended
it for nonlinear-phase FBs (NLPFB) [10]. However, CSMFBs

Fig. 1. DTCWT: (top) most basic structure, (bottom) M -band DTCWT and
CSMFBs.

with conventional image boundary processings cannot preserve
the directional features because they ignore the features at the
boundaries.

We propose a mean value extension that preserves the
directional features better than do the conventional extensions
at image boundaries for CSMFBs. To mitigate the boundary
artifacts, we extend the image boundaries with the mean values
of the pixel values around the boundaries. The proposed ex-
tension method is implemented by non-expansive convolution.
It provides the correct extensions at horizontal and vertical
features and vague (blurred) extensions at the other directional
features. Consequently, incorrect directional features are not
provided. We apply CSMFBs with the mean value extension
to non-linear approximation (NLA) and denoising of images
and show the usefulness of it.

Notations: I and J are identity and reversal identity matri-
ces, respectively. α is the conjugate of α ∈ C, and H(z),
H∗(z), and H̃(z) are defined as H(z) =

∑
n h(n)z

−n,
H∗(z) =

∑
n h(n)z

−n, and H̃(z) = H∗(z−1). M ×KM FB
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means an M -channel filter bank with the filter length KM .
For simplicity, M and K are restricted to 2r (r ∈ N).

II. COSINE-SINE MODULATED FILTER BANKS

CSMFBs are constructed by using two M -channel par-
allel maximally-decimated FBs, which are prototype fil-
ters based CMFB and SMFB. The filter coefficients
{Hk(z), Fk(z),H

′
k(z), F

′
k(z)} are expressed as follows [6].{

hk(n) := 2p(n) cos
((
k + 1

2

)
π
M

(
n− N−1

2

)
+ θk

)
fk(n) := 2p(n) cos

((
k + 1

2

)
π
M

(
n− N−1

2

)
− θk

) (1)

{
h′
k(n) := 2p(n) sin

((
k + 1

2

)
π
M

(
n− N−1

2

)
+ θk

)
f ′
k(n) := 2p(n) sin

((
k + 1

2

)
π
M

(
n− N−1

2

)
− θk

)
,

(2)

where 0 ≤ k ≤ M − 1, θk = (−1)k π
4 , and N is the length of

the prototype filter p(n). CSMFBs can be regarded as a class
of DTCWTs from the viewpoint of analyticity.

Let E(z) and E
′
(z) be the polyphase matrices of CMFB

and SMFB, respectively. The relationship of two polyphase
matrices is E

′
(z) = ΓẼ(z), where Γ is the diagonal matrix

with (−1)k in the (k, k)-diagonal element. If the CMFB
satisfies the perfect reconstruction property, the SMFB also
satisfies it. The polyphase matrices E(z), which are based on
type-IV discrete cosine transform CIV , can be expressed as a
lattice structure as follows [11].

E (z) = CIV

[
0 I
I 0

]
Λ(z)D0

K−1∏
k=1

(
Λ
(
z2
)
Dk

)
, (3)

where

Dk =

[
−Ck SkJ
JSk JCkJ

]
,Λ(z) =

[
z−1I 0
0 I

]
,

Ck = diag(cos θk,0, . . . , cos θk,M/2−1),

Sk = diag(sin θk,0, . . . , sin θk,M/2−1).

Another lattice structure E
′
(z) based on type-IV discrete sine

transform SIV is as follows.

E
′
(z) = SIV

[
0 I
I 0

]
Λ(z)D

′

0

K−1∏
k=1

(
Λ
(
z2
)
D

′

k

)
, (4)

where

D
′

k =

[
Ck SkJ
JSk −JCkJ

]
=

[
I 0
0 −I

]
Dk

[
−I 0
0 I

]
.

III. MEAN VALUE EXTENSION FOR CSMFBS

When CSMFBs are applied to image processing, they
produce more output signals than input signals. General PRFBs
including LPFBs and NLPFBs can overcome the problem by
using a non-expansive convolution of the symmetric extension
[10]. However, although the extension can extend the boundary
signals smoothly, the directional selectivity is lost because it
ignores directional features in images. To solve the boundary
problem, we present a non-expansive convolution based on
mean value extension for CSMFBs in this section.

Fig. 2. Time-series processing of CMFB (arrows indicate M/2 input signals).

Fig. 3. Signal boundary processing: (top) general extension, (bottom) non-
expansive convolution.

A. Non-expansive Convolution for CSMFBs

Since PRFBs can be expressed by cascading several block
transforms, CMFB and SMFB can be also expressed by them
(Fig. 2). We consider only M × 2M CSMFBs for simplicity.
The top of Fig. 3 shows the upper signal boundaries in Fig.
2. In this case, the upper and lower signal boundaries require
M extra signals in total. The signals are generated by using
a signal extension matrix AM

2
(when AM

2
= JM

2
, it is

the symmetric extension). At the top of Fig. 3, we try to
reconstruct x0 from z0. When D0 is defined as

D0 =

[
−C0 S0J
JS0 JC0J

]
≜

[
D11

0 D12
0

D21
0 D22

0

]
, (5)

we can calculate the signal extension as[
D21

0 D22
0

] [Ax0

x0

]
= z0. (6)

Therefore, we obtain(
D21

0 A+D22
0

)
x0 = z0 (7)

and

x0 =
(
D21

0 A+D22
0

)−1
z0, (8)

where det
(
D21

0 A+D22
0

)
̸= 0 and the sum of rows at

matrix elements are restricted to 1s to avoid DC leakage. The
process is shown at the bottom of Fig. 3. The lower signal
boundaries can be calculated in the same way as the upper
signal boundaries. Also, we can easily derive the cases of
K > 2 [10].
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Fig. 4. Signal extensions: (top) original (zero extension) and periodic
extension, (bottom) symmetric and mean value extension.

B. Signal Extension Matrix for CSMFBs

Periodic extension generally cannot extend the boundary
signals smoothly, whereas symmetric extension can extend
them smoothly at the expense of the directional features. Both
extensions cause annoying artifacts at the boundaries.

We propose a very simple signal extension matrix that
not only extends the signals smoothly but also preserves the
directional features better than do the conventional extensions
for CSMFBs. Specifically, it uses the mean values of signals
at the boundaries. The mean value extension matrix A is given
by

A =
2

M
1M

2
, (9)

where 1M
2

is the M
2 × M

2 matrix with 1 in each element.
It provides the correct extensions at horizontal and vertical
features and vague (blurred) extensions at the other directional
features. Consequently, incorrect directional features are not
provided. The extensions are shown in Fig. 4.

IV. EXPERIMENTAL RESULTS

We designed only 8× 16 CSMFBs for simplicity. The pa-
rameters of the modulated discrete cosine transform (MDCT),
which is a special class of CMFBs, were used for θk in Eqs.
(3) and (4) as follows [12], [13].

θk =
2M − 2k − 1

4M
π. (10)

We used the eight-bit grayscale standard images Barbara,
Boat, and Lena1(512×512). We employed two-level decom-
positions for eight-channel CSMFBs. To evaluate the image
quality objectivity, we used the peak signal-to-noise ratio
(PSNR).

PSNR [dB] = 10 log10

(
2552

MSE

)
,

1http://sipi.usc.edu/database/

TABLE I. NLA RESULTS FOR PSNR [DB] (BOLDFACE VALUES SHOW
BEST RESULTS).

Test Number of Extension Methods

Images Coefficients Periodic Symmetric [10] Mean

4000 25.82 25.77 26.03

Barbara 8000 28.38 28.32 28.64

12000 30.14 30.09 30.42

4000 26.23 26.09 26.40

Boat 8000 28.54 28.44 28.76

12000 30.14 30.09 30.39

4000 28.24 28.27 28.68

Lena 8000 30.99 31.20 31.55

12000 32.77 32.75 33.35

TABLE II. IMAGE DENOISING RESULTS FOR PSNR [DB] (BOLDFACE
VALUES SHOW BEST RESULTS).

Test Noise Extension Methods

Images σ (PSNR) Periodic Symmetric [10] Mean

10 (28.13) 33.23 33.02 33.31

Barbara 30 (18.59) 27.19 26.97 27.25

50 (14.16) 24.43 24.20 24.49

10 (28.13) 32.87 32.56 32.92

Boat 30 (18.59) 27.04 26.71 27.10

50 (14.16) 24.51 24.07 24.54

10 (28.13) 33.88 33.73 34.04

Lena 30 (18.59) 28.36 28.12 28.55

50 (14.16) 25.61 25.24 25.72

where MSE is the mean squared error.

A. Non-linear Approximation (NLA)

We applied the mean value extension to the NLA of images
[14], which is often used as a criteria of transform effectiveness
for practical applications, e.g., image coding and denoising, to
compare it with the conventional extension methods.

Table I and Fig. 5 show comparisons of each extension
methods. The mean value extension outperformed the con-
ventional extensions than did the conventional methods at
all images. The mean value extension showed advantages for
whichever high- and low-frequency components the images
had.

B. Image Denoising

We also applied the mean value extension to the denoising
of images to compare it with the conventional extension
methods. Gaussian random noise was added to the images.
Noisy images were performed by hard-thresholding 3σ.

Table II and Fig. 5 show comparisons of each extension
method. The mean value extension showed better quality than
did the symmetric extension at all images. In comparison with
the periodic extension, the mean value extension had higher
denoising performance in all cases. In Fig. 5, we can confirm
that the mean value extension inhibited the artifacts at image
boundaries better compared with the conventional extension
methods.
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Fig. 5. Comparison of particular area of Barbara (top, bottom, and left boundaries of each image are not boundaries). (top to bottom) original image and
resulting images with periodic extension, symmetric extension, and mean value extension. (left to right) NLA (coefficients = 4000) and denoising (σ = 30).

V. CONCLUSION

We solved the boundary problem in image processing based
on CSMFBs by using a non-expansive convolution with the
mean value extension matrix. In the results of the NLA and
denoising of images, the mean value extension outperformed
the conventional extension methods.
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