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Abstract

In this paper, the influence of errors which arise in matrix multiplications on the
accuracy of approximate solutions generated by the Block BiICGSTAB method is an-
alyzed. In order to generate high accuracy solutions, a new Block Krylov subspace
method is also proposed. Some numerical experiments illustrate that high accuracy
solutions can be obtained by using the proposed method compared with the Block
BiCGSTAB method.
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1 Introduction
Linear systems with multiple right hand sides
AX = B, (1)

where A € C"*", X, B € C™*!, appear in many scientific applications such as lattice quan-
tum chromodynamics (lattice QCD) calculation of physical quantities [[1], an eigensolver
using contour integration [6]. To solve these linear systems, some Block Krylov subspace
methods (e.g. Block BiCG [3], Block BICGSTAB [3]], Block QMR [2]) have been proposed.

Block Krylov subspace methods can compute approximate solutions of linear systems
with multiple right hand sides efficiently compared with Krylov subspace methods for single
right hand side [2]]. However, the difference between the residual generated by the recursion
of the Block BICGSTAB method and the true residual may arise. In this paper, this differ-
ence which arises in the Block BICGSTAB method is analyzed. Then, a new Block Krylov
subspace method for computing high accuracy approximate solutions of (I) is also proposed.

This paper is organized as follows. In Section 2, a matrix-valued polynomial and an
operation are defined. The Block BICGSTAB method is briefly described in Section 3. In
Section 4, the influence of errors which arise in matrix multiplications on the accuracy of
approximate solutions of the Block BICGSTAB method. In Section 5, a new Block Krylov
subspace method is proposed for computing high accuracy approximate solutions. Then
the true residual of the proposed method is also evaluated. In Section 6, the true residual
norm of the Block BICGSTAB method and the proposed method is verified by numerical
experiments. The paper is concluded in Section 7.
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2 Matrix-valued polynomial

Let My(z) be a matrix-valued polynomial of degree k defined by

k

Mi(z) = Z 2 M,

=0
where M; € C'*F and 2 € C. The operation o is used in this paper for the multiplication
k
My(A) oV =Y AVM;,
§=0
where V' € C™*E_ This operation satisfies the following properties [3]].

Proposition 2.1. Let M(z) and N (z) be matrix-valued polynomials of degree k and let V
and & be an n X L matrix and an L X L matrix, respectively. Then, the following properties
are satisfied.

(1) (M(A) 0 V)€ = (Mé)( )oV,
(2) M +N)(A) oV =M(A) oV +N(A)o

3 The Block BiCGSTAB method

The (k+1)-th residual Ry, € C™¥ of the Block BICGSTAB method is defined by
Ry = B — AXpp1 = (1 Rar1) (A) 0 Ro, 2

where Ry = B — AXj is an initial residual. The matrix-valued polynomial Ry (z) of
degree (k+1) which appears in (2]) can be computed by the following recursions

RO(Z) = PO(Z) = IL,
Rit1(2) = Ri(z) — 2Pr(2)a,
Pri1(2) = Riy1(2) + Pr(2) By,

where Py, 1(z) is an auxiliary matrix-valued polynomial of degree (k+1), I, isan L X L
identity matrix, oy and 3y are L X L complex matrices. The polynomial Q. 1(z) of degree
(k+1) can be computed by

Qo(z) =1,
Qi+1(2) = (1 — Ge2) Qu(2),

where (j, € C. The residual Ry, can be computed by the following recursions,

Rip1 = Ty, — GAT, (3)
Pii1 = Ry + (Pr — G APy) B,
Ty = R, — APyay, 4



Xy € C™*F is an initial guess,

Compute Ry = B — AX,,

Set PO = Ro,

Choose R, € C"*L,

For k =0,1,...,until |R;||r < ¢||B||r do:

Vi = AP,
Solve (RHVi)ay, = RERy, for oy,
Ty = Ry — Viay,
Z, = ATy,
G = Tr[ZMT] /T [212,).

X1 = Xi + Peay, + G T,
Ryp1 = Ty — CGuZg,
Solve (R{'Vi)Br = —RE Zy, for By,

Piy1= Rig1 + (Pr — G Vi) Brs
End

Figure 1: Algorithm of the Block BICGSTAB method.

where matrices P, 1 and Ty, are defined by Py i1 = (Qpy1Pri1)(A)oRyand Ty, = (QpRyv1)(A)o

Ry, respectively. From Egs. @), @), and (), recursion for the approximate solution Xj
can be obtained by
Xir1 = Xp + Prag + G Tk 5

The L x L matrices oy and 3 are determined so that bi-orthogonal conditions:

RFAI (R (A) o Ry) = Op, j=0,1,... k-1, (6)
Ry AT (Py(A) 0 Ro) = Op, j =0,1,... k=1, ()
are satisfied. Here, Ry is an n x L nonzero matrix, Oy, is an L x L zero matrix, and || - ||p

denotes the Frobenius norm of a matrix. The scalar parameter (; is determined so that
|| Ri+1||F is minimized. Fig. [Il shows the algorithm of the Block BICGSTAB method. Here,
Tr[ - | denotes the trace of a matrix, and ¢ > 0 is a sufficiently small value for the stopping
criterion.

4 Evaluation of the true residual of the Block BiCGSTAB
method

In this section, it is assumed that computation errors arise in the multiplications with ag, o, . . .

which appear in the Block BICGSTAB method. The influence of these errors on the true
residual of the Block BICGSTAB method is considered. A matrix enclosed by a symbol
( - ) denotes the perturbed matrix. Throughout this section, it is assumed that no calculation
errors arise except for multiplications with oy, a1, . . ., Q.

y Ok



The perturbed matrices (P;c;) and ((AP;)c;) are required for the computation of X,
and R’;,,, respectively. These matrices can be written as follows:

(Pjaj) = Pja; + Fj, (8)
((APj)aj) = APja; + Gy, 9)

where I and G; denote error matrices.
From Eqs. (B) and @), X} is written as

X1 = Xip + (Prag) + G T,
ZZ)QC+-f%ak—F<k7k4—fk

k
= Xo+ Y _ (P + (Tp) + Y Fj. (10)

Jj=0 J=0
By using the Eq. (@), the residual Ry, generated by the recursion (3)) is also written as

Rit1 = Ry, — ((APy) o) — G AT

:<Rk——Afﬁak——CkA7}——G%
k k

=Ry — Y _(APjo; + GAT)) = > G (11)

j=0 7=0

By using Eqgs. (10) and (L)), the true residual B — AX},; of the Block BICGSTAB
method is given by

k k
B — AXpy1 = Ro— Y (APja; + GAT)) = Y AF,
j=0 Jj=0
k
=Ren + Y _Ej, (12)
=0

where the matrix E; is defined by E; = G; — AF;. From Egs. (§)) and (9)), the matrix E; can
be represented by

Ej = ((AP))a;) — A(Pja;).
The error matrices Ey, F1, ..., E} appear in (I2) when the computation errors occur in the
multiplications with «, a1, . .., . The Eq. (I2) implies that the true residual B — AX},

of the Block BICGSTAB method approaches to Z?:o E; when the residual norm || Ry ||r
is sufficiently small.

5 Derivation of a new Block Krylov subspace method

The matrices F; and G; give adverse effects to the true residual of Block BiCGSTAB. To
negate the influence of these matrices, a condition G; = AF); should be satisfied. In this sec-
tion, a new Block Krylov subspace method is proposed to compute high accuracy solutions.



5.1 Construction of an algorithm

There are two ways of constructing the recursion for the residual Ry, = (Qp11Ris1)(A) 0
Ry. In the Block BICGSTAB method, firstly, the polynomial Q. 1(z) is expanded. In this
case, as shown in the Eq. (12)), the true residual B — AX}; is not equal to the residual
Ry.1 generated by the recursion. In the proposed method, firstly, the polynomial Ry is
expanded for computing Qj 1R 1. The recursion of this polynomial is given by

Q1 Rir1 = QR — G2 QR — 2Qr 11 Praug.
The polynomials Q1R and Q. 1Py 1 are computed by the following recursions:

OQri1Pr = OkPr — 29k P,
Qit1Pri1 = Qi1 Rit+1 + Qi1 PrBr.

From the above recursions, the residual Ry, and auxiliary matrices can be computed by

Riy1 = Ry, — ARy, — AU, (13)
Pii1 = Riy1 + Uray ' B, (14)
Sk = Py — AP,

where S, = (Qr11Px)(A) o Ry and Uy, = Spayx. By Egs. @) and (I13), the recursion for
X1 can be obtained by
X1 = Xi + G Ry + Uy (15)

Matrices «y and (3, are determined so that bi-orthogonality conditions (6) and (7)) are
satisfied. From the Eq. (@), the matrix oy, can be computed by

op = (REAP,)'RIR,. (16)
By the bi-orthogonality condition (7)) and the relation
RYRyy = —GuRE AT,
the matrix (3, can be obtained by
B = (RYAP) ™ R Ryy1 /G- (17)

The matrix 7j, = o}, ' is appeared in the Eq. (I4). By using Eqs. (I6) and (I7)), ;. can be
obtained by ) 3

Y = (R Ri) "' RY Riy1 /G-
If the parameter (j, is determined so that || Ry ||r is minimized, then extra multiplications
with A are required in the proposed method. To avoid the multiplications with A, the param-
eter (; is computed by

G = Tr [(AR)"R,] /T [(ARy)"ARy] .

In the proposed method, the three multiplications with A are required in each iteration. To
reduce the number of multiplications with A, the matrix APy is computed by the following
recursion

APpy1 = ARpy1 + AUp i

The proposed method can be summarized in Fig. 2l
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Xy € C™*F is an initial guess,
Compute Ry = B — AX,,

SetPO :Roand‘/o :WO :AR(),
Choose R, € C"*L,

For k= 0,1,...  until |R||r < ¢||B||r do:

Solve (RI'V,,)oy, = RIR,, for ay,
G = Tr [WHERL] /Tr [WHEW,],

Sk = Py — GV,
Ui = Spoy,
Y, = AUy,

Xiy1 = Xi + QR + Uk,

Riy1= R — GWy — Vi,

Wis1 = ARpq,

Solve (Ré{Rk)% = Ré{Rkﬂ/Ck for 4,
Pey1 = Riyr + Uk

Vier = Wi + Y,
End

Figure 2: Algorithm of the proposed method.

5.2 Evaluation of the true residual

Similar to the previous section, assume that no calculation errors arise except for the multi-
plications with ag, o, . . ., aj. The multiplication with «; is appeared in the computation of

U; = Sja;. By using the symbol ( ), the perturbed matrix (S;«;) is represented by

(Sjay) = Sja; + Hj,

(18)

where H; is an error matrix. From Eqs. (I5)) and (I8), the approximate solution X4 is

written as

X1 = X + G Ry + (Spag)
= Xy + G Ry + Spay, + Hy,

k
= Xo + Z (CjRj + SjOéj) + ZH]

j=0 j=0
By using Eqs. (I3)) and (I9), R, is represented by

Rk-i—l = Rk — CkARk — A(SkCYk>

= Ry — ARy, — A[Sray, + Hy]
K

= Ro — Z (C]ARJ + ASjij) — ZAH]

Jj=0 Jj=0

=

(19)



k k
:B—A XO+Z(CjRj+Sjaj>+ZHj

§=0 =0

By regarding the matrices H; and AH; as F; and G}, it is confirmed that the proposed
method satisfies the condition ; = G; — AF; = O.

6 Numerical experiments

Test matrices used in numerical experiments were PDE900, JPWH991, and CONF5.4-00L8X8-
1000 [4]. The size and the number of nonzero elements of these matrices are shown in Table
[l The coefficient matrix of CONF5.4-00L8X8-1000 is constructed by I,, — kD, where D is
an n X n non-Hermitian matrix and & is a real valued parameter. This parameter was set to
0.1782.

The initial solution X, was set to the zero matrix. The shadow residual R, was given by
arandom number generator. The right hand side B of (1)) was given by B = [ej, ea, ..., er],
where e; is a j-th unit vector. The value ¢ for the stopping criterion was set to 1.0 x 1074,

All experiments were carried out in double precision arithmetic on CPU: Intel Core
2 Duo 2.4GHz, Memory: 4GBytes, Compiler: Intel Fortran ver. 10.1, Compile option:
-03 —-xT -openmp. The multiplication with the coefficient matrix was parallelized by
OpenMP.

The results of the Block BICGSTAB method are shown in Table 2l In this Table, #Iter.,
Res, and True Res. denote the number of iterations, the relative residual norm || Ry ||r /|| B||r,
and the true relative residual norm || B — AXy||r/|| B||r, respectively.

As shown in Table 2] the relative residual norms of the Block BICGSTAB method were
satisfied the convergence criterion. However, the true residual norms did not reach 10714
when L = 2, 4.

The relation between the true relative residual norm and || Z?:o E;||r/||B||r for IPWH991
with L = 4 is shown in Fig. 3l The true relative residual norm became almost equal to the
value || Z?:o E;||r/||Bllr. The Eq. (I2) was verified through this numerical example.

The results of the proposed method are shown in Table The true relative residual
norms computed by the proposed method reached 10~* except for JPWH991 with L = 1.
By using the proposed method, high accuracy solutions can be obtained compared with the
Block BiCGSTAB method.

Table 1: The size and the number of nonzero elements of test matrices. NNZ denotes the
number of nonzero elements.

Matrix name Size NNZ
PDE900 900 4,380
JPWH991 991 6,027
CONF5.4-00L8X8-1000 | 49,152 | 1,916,928




Table 2: Results of the Block BICGSTAB method.

PDE900
L | #Iter. | Time/L [s] Res. True Res.
1 53 0.0096 | 4.8 x 1071 | 4.8 x 10~
2 46 0.0067 | 1.1 x 107 | 2.0 x 10713
4 41 0.0031 | 4.8 x 1071 | 1.8 x 1072
JPWH991
L | #Iter. | Time/L [s] Res. True Res.
1 56 0.0159 | 5.7 x 1075 [ 1.2 x 10~
2 49 0.0083 | 8.3 x 1071 | 4.1 x 10713
4 43 0.0034 | 6.3 x 1071 | 5.9 x 1072
CONF5.4-00L8X8-1000
L | #lter. | Time/L [s] Res. True Res.
1 555 13.9408 | 8.9 x 107'° | 9.5 x 1071
2| 452 7.5609 | 7.3 x 1071 | 2.5 x 10713
4 | 406 6.1544 | 8.7 x 1071 | 2.8 x 10713
Table 3: Results of the proposed method.
PDES00
L | #lIter. | Time/L [s] Res. True Res.
1 53 0.0107 | 3.2 x 1075 | 3.3 x 107
2 46 0.0051 | 1.1 x 1075 | 1.4 x 1071
4 45 0.0031 | 5.5 x 1071% | 5.6 x 1071
JPWH991
L | #Iter. | Time/L [s] Res. True Res.
1 52 0.0134 | 8.4 x 1071° [ 1.3 x 10714
2 51 0.0082 | 3.7 x 1071 | 6.1 x 1071
4 44 0.0035 | 1.5 x 1071 | 2.3 x 1071
CONF5.4-00L8X8-1000
L | #Iter. | Time/L [s] Res. True Res.
1 555 14.2714 | 7.4 x 1071° | 8.5 x 1071
2| 456 8.1093 | 5.6 x 1075 | 6.7 x 1071°
41 386 6.0348 | 7.4 x 1071° | 8.6 x 1071
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Figure 3: Relation between the true relative residual norm of Block BiCGSTAB and
HZ?ZO Ei|lr/||Bllr JPWH99L, L = 4). — : true relative residual norm ||B —

AXy||r/||B||lg, — : relative residual norm || Ry ||r /|| B||lr, — : || Z?:o E;||r/|Bllr-

7 Conclusions

In this paper, we have evaluated the true residual of the Block BICGSTAB method when
the computation errors arise in the multiplications with g, o, . . ., ax. We have shown that
the true residual of the Block BICGSTAB method approaches to the sum of error matrices
when the residual norm is sufficiently small. Then, we have proposed the new method for
generating high accuracy approximate solutions. Through some numerical experiments, we
have verified that the proposed method generates the high accuracy solutions compared with
the Block BiCGSTAB method.
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