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A study on application and effectiveness of the Kernel Mutual Subspace

Method in speaker recognition
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Abstract We propose a method of speaker recognition based on voice by using the kernel mutual subspace method.
The Gaussian Mixture Model has already been developed as an algorithm for person authentication using voice.
However, it is not sufficiently discussed the verification of the algorithm using the distribution of voice data. Voice
data is obtained from an audio stream. However, GMM produces continuous static-voice matching problems when
used for speaker recognition. Developing a way to use continuous observation might improve the accuracy of speaker
recognition by reducing noise and enabling the extraction of invariant features from voice streams. We propose a
method of speaker recognition based on voice by using the kernel mutual subspace method. We experimentally
demonstrate the proposed method’s effectiveness with simulation results and show that the method achieved higher
accuracy than that of using the Gaussian Mixture Model.

Key words voice, text indicated speaker recognition, kernel mutual subspace method
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3D Object Classification Based on Ensemble Classification with Local

Subspaces
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Abstract Classification performance of 3D object classification can be improved by multiple view points. Ker-
nel-based methods are often introduced to handle the nonlinearly distributed feature vectors obtained from multiple
view, by transforming the distribution to a higher dimensional space. However, this nonlinear mapping makes their
computation to be complex. We aim to construct a comparable method with the kernel-based methods without
using nonlinear mapping. Firstly we approximate a distribution of feature vectors with multiple local subspaces.
Secondly we consider these local subspaces as weak classifiers and apply ensemble classification algorithm. We will

evaluate the proposed method by classification experiments using a public data set.

Key words Ensemble Classification, Mutual Subspace Method, Averaged Learning Subspace Method, Object
Classification
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Abstract Resolution synthesis (RS) is a framework for expanding a given image using an interpolator trained in

advance with a training dataset. We address how to determine the optimal size of the support for RS using a sparse

Bayesian formulation. Experiments show that compact supports can be automatically learned by our Bayesian RS.

Key words Image expansion, resolution synthesis, sparse Bayesian estimation, subspace selection

1. Introduction

Resolution synthesis (RS) [1,2] is a framework for expand-
ing a given image using an interpolator trained in advance
using a training dataset. Prior training is the characterizing
feature of RS and it differentiates RS from classical image ex-
pansion methods such as bilinear interpolation and splines.
When determining the value of a pixel in a high-resolution
image, the bilinear interpolation filter uses at most four low-
resolution pixels around the pixel of interest. In contrast,
RS in principle can use a support of arbitrary size. Atkins’
original RS [1,2] used a 5 x 5 window without providing log-
ical justification to this choice. The supports should be sim-
ple for efficient processing of images and also for preventing
overfitting, whereas those that are too simple will deterio-
rate the expansion performance. We address the problem of
determining an optimal support by formulating RS from a
viewpoint of sparse Bayesian estimation.

Let r be an integer magnification factor. The purpose here
is to estimate an M x rN expanded image € from a given
M x N image £&. In RS, an interpolator called a resolution
synthesizer (RSer) expands the image by replacing each one
pixel in the given image by an r X r high-resolution patch.
To estimate the high-resolution patch, RS uses the low-
resolution pixel patch surrounding the low-resolution pixel
to be replaced (Fig. 1). This local interpolation is repeated
for every pixel in the given image and the expanded image
is constructed by tessellating the high-resolution patches.

In Section 2, we describe the classical maximum likelihood
RS (MLRS). Section 3 presents a Bayesian modeling of RS
(BayesRS), and we derive an iterative algorithm to find the
optimal BayesRSer in Section 4. Experimental results are

given in Section 5. Section 6 summarizes this article.
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o

m x m low-resolution
patch

r x r high-resolution
patch

Fig. 1 Resolution synthesis uses m x m = Q low-resolution pixels

to estimate r X r = D high-resolution pixels.

2. Resolution Synthesis

In advance of real image expansion jobs, we train a RSer
using a training dataset. The dataset consists of a large
number of low- and high-resolution patches, and the RSer
learns the relationship between the low- and high-resolution
patches. Let z, be the m? = Q-dimensional vectors of low-
resolution patches, x, be the > = D-dimensional vectors
of high-resolution patches, and D = {(Xn,2n)} =1 be the
dataset consisting of N pairs of the patches. We stack the
vectors column-wise and obtain matrices Z = [z1,...,2nN]
and X = [x1,...,%xN].

We assume a linear relationship between x,, and zy:

Xn :Wzn+ﬂ+5n7 (1)

where W is a D x @ filtering matrix, p is a D-dimensional
bias vector, and &,, is isotropic Gaussian noise with precision
(inverse variance) 3. Let wg be the dth row of W. Then wy
is the filtering kernel to estimate the dth pixel of the high-
resolution patch. Therefore we regard W as a matrix built
by stacking D filters. This model leads to the probability
distribution of x,,, or the likelihood,

p(Xn‘Zn’W7I‘L7/B) N(XW‘WZH+H7571ID)7 (2)



where N(-) denotes the Gaussian distribution NV (x|u,¥) =
|27'r2|_1/2 —3 =) TET (- ) and |Ip is the D-dimensional
identity matrix.

MLRS estimates the parameters via the maximum likeli-

hood rule

N
W™, ") = arg max In p(Xn|Zn, W, , 3
(W, ") = g g (3 Inp(o e W) ) 3)

whose solution can be easily found as

w* = (zz")'zx", (4)

where W and Z are extended matrix and vector, respectively,

to include p and defined as

[W u}, 7— [fT]

MLRS then estimates a high-resolution patch x from a

W= (5)

given z by the following filtering equation:

~ . |z
x:W*|::|:W*z+p,*. (6)
1
Note that maximum likelihood estimation inherently suffers
from overfitting, that is, increasing the size of the filters be-
yond certain complexity results in increased generalization

errors, although the training errors always decrease [3].

3. Bayesian Modeling of RS

According to the Bayesian framework, all parameters are
treated as random wvariables, and prior distributions are put

on them as follows:

p(W[A) = HHJ\/ (waql0, g ), (7)
d=1g=1

p(plp) = N (1|0, p™ " 1p), (8)

p(8) = G(Blago, bpo), 9)

where the gamma distribution is denoted by G(7|a,b) =

) ~1e=%". We further put hierarchical priors
D Q
p(A) = H H G(aaglaao, boo), (10)
d=1g=1
p(p) = G(plapo, bp). (11)

The joint density is decomposed according to the model as

p(AW, p, i, 3,X|Z)

p(A)p(WIA)p

N
[L|p H anzn,W»lhﬁ)- (12)

The prior for the filtering matrix W, (7), is similar to that

in a sparse Bayesian treatment called automatic relevance
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determination (ARD), which was first introduced for neural
networks [4]. The parameters aqq work as regularizers that
pull wqq toward the prior mean 0. Therefore, if aq4q are large,
estimated values of wgq become small. It is known that in
this “sparse Bayesian” type of estimation [5], the elements
of W irrelevant to the filtering subspace are automatically
pruned because the corresponding elements of A diverge to
infinity.

The filtering equation that maps a low-resolution patch z
to a corresponding high-resolution patch x is given by the

mean value of the predictive distribution:

E(x) = /dx xp(x|z, D). (13)
The predictive distribution p(x|z, D) is given by
p(xi2,D) = [ dAWdpdpdd p(xiz, W, . 0
P(A,W, p, i, B|D), (14)
where the posterior is given by the Bayes theorem as
p(A,W, p, u, B|D)
p(ALW, p, i, 3, X|Z) (15)

~ JdAdWdpdpdBp(A,W, p, u, B, X|Z)

However, analytical evaluation of the true predictive distri-
bution is intractable because it is a complex of Gaussian and
gamma variables. Therefore, we adopt an efficient computa-

tion procedure based on variational estimation.

4. Variational Estimation

The posterior distribution p(A, W, p, i, 5|D) is approxi-
mated by a trial distribution ¢, which is a distribution re-

stricted to have a factorization property:

(AW, p, 1, B) = q(A)g(W)q(p)g(m)q(B). (16)

We denote the latent variables by 7 = {A,W, p, u, 8} for
simplicity. Within the restricted distribution space, we
search for the optimal trial distribution that minimizes the

Kullback-Leiber (KL) divergence to the true posterior distri-

bution:
¢ (1) = argmin Dxr(q(m)[p(7ID)), (17)
where the KL divergence is defined by
_ p(t|D)
Dia(a(r)lp(r(D)) = = [ dr a(r)n 2L (18)
- —<ln pgf)))) (19)

Here, (-) is the expectation operator with respect to q(7).
The KL divergence is always nonnegative, Dxr(q|lp) = 0,
for any ¢ and p, and Dxw(q|lp) = 0 if and only if ¢ and p



are equivalent distributions. This variational optimization
problem can be analytically solved if we optimize only one
factor, fixing the other factors. We then iterate computing
optimal factors ¢*(A), ¢*(W), ¢"(p), ¢"(n), and ¢*(B3) in a
sequential manner until convergence to find a minimum ¢*.

The optimal trial factors are found as follows:

D Q
q* (A) = H H g(adqla(ldq7 btxdq)7 (20)
d=1q=1
D
¢ (W) = [ N(walm(®, =), (21)
d=1
q* (p) = g(plapa bP)7 (22)
q" (p) = N(p|my, ), (23)
q"(B) = G(Blag, bg), (24)
where the parameters are
Gadg = Gao + %, badq = bao + %<w3q>7 (25)
N —_
(0 = ((ding(aa, . ..0u)) + () S mal ) L (26)
n=1
N
msj) = <ﬂ>zx(vd) Z(mdn - (Md))zn; (27)
n=1
ap = apo + %» bp = bpo + %(NTH% (28)
1
Yy=———| 29
RES T 29
N
my = (A% 3 (0 — (W)z,), (30)
n=1
apg = ago + T, (31)
bg = bgo + 1 i{xzxn — 2%, (W)z — 2% (1)
2 n=1 (32)

+ 2 (WIW)zZ + 228 (W) T () + (u" ) ).

The expectations remaining in the above equations can be
evaluated easily using the well-known results in statistics.
We denote the mean of the joint trial distribution g(W)
by Mw, that is, we put Mw = [m&,l),..., mEVD)]T. The
filtering equation for the variational BayesRS is obtained by
substituting the true posterior distribution with the trial dis-

tribution, which results in

E(x) ~ (x) = (W)z + (1) = Mz + my. (33)

~
~

As a criterion to check convergence and stop iterating (20)—
(24), we monitor the relative change of the Frobenius norm

Of Mw
A = [My — Mwlle/|[[My]l, (34)

where M{y is the matrix at the previous iteration step, and

terminate the algorithm when A < 107%. To accelerate the
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Fig. 2 Images used as for training RSers (4.1.[01-08] in the USC-
SIPI image database [6]).

convergence, the expected values of aqq are thresholded to
infinity when they are greater than e°.

We shall use a hyperparameter setting of the noninforma-
tive limit, ago = bgo = 0, ap0 = bpo = 0, for 3 and p but we
use ago = 20, bgo = 0 to facilitate the divergence of aqq. Hav-
ing zero hyperparameters makes the priors improper, but it

is not a problem since the posteriors are well defined.

5. Experiments

We conducted experiments to see which subspace would
be selected by BayesRS and to compare the performance of
BayesRS with that of MLRS. The expanding factor was cho-
sen to be r = 2. The training dataset was prepared by the
following procedure. High-resolution patches were prepared
by cutting the eight images of size 256 x 256 shown in Fig. 2
into non-overlapping pieces, resulting in N = 8 - 2562/1“2 =
131,072 patches in total. To make low-resolution patches,
first the high-resolution images were shrunk by a factor of 2,
and overlapping patches of size m x m were extracted to pro-
duce 131, 072 low-resolution patches. To extract patches near
the boundaries, the low-resolution images were extended by
replication.

To evaluate the generalization performance in expanding
images, we used the Lena image shown in Fig. 7(a) (4.2.04
in the USC-SIPI image database) as the original image &,

which was not included in the training image dataset. This
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Fig. 3 Learned BayesRS ﬁlters (in log scale).

Fig. 4 Supports of BayesRS filters.

image was shrunk by a factor of 2 (Fig. 7(b)) and given to
the trained RSers. To quantitatively assess the performance
of the RSers, the peak signal-to-noise ratio (PSNR) of the
expanded image é was measured. PSNR is defined by

~ ,i2

where k is the maximum pixel value and M N is the number

B (35)

of pixels. When displaying filters, we use a log conversion

sign(wqq) In(1 4 |wqq|), where sign(z) = +1/0/—1 if x is pos-
itive, zero, or negative, respectively.

The BayesRS algorithm was executed with the size of the
filters being m x m = 19 x 19. The shapes of the learned
filters are shown in Fig. 3, and the supports (regions where
the filters had nonzero values) are shown in Fig. 4. The
sizes of the learned supports were 20, 20, 20, and 21. An in-
teresting point is that the learned supports had asymmetric
shapes. From the shapes of the learned supports, we can say
that the direct horizontal and vertical pixels are highly rel-
evant for estimating high-resolution pixels, but the diagonal
pixels are of less importance.
using the learned filters is shown in Fig. 7(d) and its PSNR
was 35.72 dB, which was significantly (about 1.6 dB) better
than the image expanded by the bicubic method (Fig. 7(c)).
The cross in Fig. 6 indicates the PSNR and its horizontal

The expanded Lenna image

coordinate is the mean support size (20.25).
Next, we measured the performances of the MLRSers with

sizes of the supports varying from 3 x 3
19 x 19 = Fig. 5 shows the shapes of the fil-

9 pixels to

361 pixels.
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Fig. 5 Learned MLRS filters (in log scale).
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Fig. 6 Performance of RSers with effective sizes of support. The
circles connected by line show the performance of the
MLRSers and the cross is the one of the BayesRSer. For
comparison, the performance of the bicubic interpolation

method is shown by the triangle.

ters trained by the MLRSer when the size of the support
was 19 x 19. There were no nonzero element in the filters.
The PSNRs of the MLRSers are shown in Fig. 6 as the circles
connected by the line. The maximum PSNR of 35.76 dB was
attained when the support size was 9 x 9 = 81, and the use
of larger supports only degraded the performance, showing

a typical overfitting.

6. Conclusion

We showed that automatic selection of the subspace rele-
vant to RS image expansion was successfully achieved using
a sparse Bayesian methodology that incorporated the prior
setting called ARD. The PSNR of BayesRS’s estimation was
0.04 dB worse than that of the best MLRS, which indicates
an essentially ignorable loss of performance. The mean size of
BayesRS’s support, 20.25, was 1/4 of that of the best MLRS,
which was significantly smaller. These facts suggest BayesRS
should be advantageous for future practical applications.
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Abstract There is a growing interest in multi-dimensional image processing, such as medical volume image processing, hyperspectral

image processing. In this paper, we propose a novel approach called generalized N-dimensional principal component analysis (GND-PCA)
for efficient multi-dimensional data representation and modeling. In GND-PCA, the multi-dimensional data is treated as a tensor. The
optimal subspaces on each mode are simultaneously calculated by minimizing the square error between the original tensor and the

reconstructed tensor based on the subspace. Experiments on medical MRI dataset show that the proposed GND-PCA can represent the
multi-dimensional data more efficiently compared to conventional PCA and recently proposed ND-PCA.

Keyword
Representation, Medical Volume

1. Introduction

Principal component analysis (PCA) is an
important technique for efficient data representation
and modeling. PCA is an orthogonal linear transform
that projects the data into a new coordinate system
(subspace) with bases where the data varies the most.
The bases are determined by the eigenvectors of the
covariance matrix corresponding to the largest
eigenvalues. The magnitude of the eigenvalues
corresponds to the variance of the data along the
eigenvector bases [1, 2]. Since the classical PCA is
the method for 1-dimensional (1D) vector data, when
PCA is applied to multi-dimensional data (e.g. 2D
image or 3D volume), the multi-dimensional data
should be initially unfolded to a long 1D vector.
Such unfolding process will introduce several
problems: (1) the feature vector is in high
dimensional vector space resulting in huge
computation cost and bad performance on
generalization; (2) lost of spatial information. Yang
et al proposed a new method called 2-dimensional
principal component analysis (2D-PCA) to overcome
the above problems [3]. This method is to calculate
the bases in the column-mode subspace of the 2D
image instead of finding the basis in the long
unfolding vector subspace. Therefore, the 2D data
can be directly used in the training without the
unfolding vector preprocessing. 2D-PCA not only
makes the calculation of the bases efficiently but
also can accurately represent the 2D data, however
its drawback is that it needs more coefficients to

N-Dimensional Principal Component Analysis,

20

Generalized, Tensor, High-order SVD, Efficient

represent the 2D data than PCA because 2D PCA is a
unilateral projection (right multiplication) scheme.
Kong et al. proposed a generalized 2-dimensional
PCA (G2D-PCA) [4], which is a bilateral projection
scheme, to simultaneously calculate the basis of the
row- and column-mode subspaces, so it can represent
the 2D data not only accurately but efficiently.
Recently, inspired from the work of 2D-PCA, a
method called N-dimensional PCA (ND-PCA) was
proposed for higher-dimensional data representation
[5]. In ND-PCA, the higher-dimensional data is
treated as the higher-order tensor witch is directly
trained to obtain the bases on one-mode subspace by
multi-linear algebra based tool called higher-order
singular value decomposition (HOSVD) [6]. It was
applied on the 3D facial scanning data. Since
ND-PCA only compresses the data on one-mode
subspace, it is also suffered from the problem that
the data can not represented efficiently, similar to
the problem of 2D-PCA.
Inspired from the works
ND-PCA, we proposed a new method called
generalized N-dimensional principal component
analysis (GND-PCA). The high—-dimensional data is
treated as a series of higher-order tensors and the
optimal subspace on each mode are simultaneously
calculated by minimizing the square error between
the original tensor and the reconstructed tensor
based on the subspace with an iteration algorithm.
Experiments on medical MRI dataset show that the
proposed GND-PCA can represent the

of G2D-PCA and



multi-dimensional data more efficiently compared to
the conventional PCA and ND-PCA.

The paper is organized as follows: related works
such as 2D-PCA, G2D-PCA and ND-PCA are briefly
summarized in Sec.2; the proposed GND-PCA is
presented in Sec.3; experimental results on medical
MRI dataset and multi-angle view & illumilation
facial dataset are presented in Sec.4; and conclusions
are given in Sec.5.

2. Related Works

2.1. SVD and PCA

Suppose a series of D-dimensional vectors with
zero-mean, a,i=12,---,M are  given and
A=[a,a,,,a,] is aDxM matrix, where M is the

number of samples. PCA is based on eigenvalue
decomposition of the covariance matrix Cov, as

Eq.(1).

Cov=AAT =WZ W' ()

where X is a diagonal matrix corresponding of eigen
values and W is a DxD matrix, whose column
vectors w;,i=12,---,Dare eigenvectors of Cov. The

leading J eigenvectors, where J <D construct the
subspace and the vector a<RP can be represented
by its coefficient vector,

b=[wl,w2,-~-,wJ]T .aeR’.

On the other hand, a matrix A<R®M can be
decomposed by SVD as

A=USV' (2)

where UeRPP and VeRMM are orthogonal

matrices. SeRPM is a diagonal
corresponding of singular values. From Eq.(2),

©)

It is clear that the squares of the non-zero singular
values of A are equal to the non-zero eigenvalues of
AAT =Cov and the columns of U (left singular
vectors) are eigenvectors of Cov. Thus we just need
to apply SVD to A to get the principal orthogonal
vectors (bases).

matrix

AAT =UsV'vsTuT =us?u’

2.2. HO-SVD and ND-PCA

A N-th order tensor e R'™'2¢*Ivis defined as a
multi-array with N indices. The space of the tensor is
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comprised by the N mode space. The tensor 4 can be
unfolded to Ay, e R'mUelehorhaIn) which s called as

mode-n matrix, where O0<n<N . Unfolding of a 31
order tensor is shown in Fig.1. The tensor 4 can be
decomposed by the higher-order SVD (HO-SVD), which
is also known as Tucker decomposition [6], as

(4)

unitary

A= @xlU(l)sz(Z) XX v
UM eRr™h s a
BeR"'7*In is the core tensor, and x,

where matrix,

is the

mode-n product. As shown in Eq.(5), 8x, U™ can be

rewritten as a matrix multiplication and the result ¢
is also a N-th order tensor.

#x, UM =UVB ) =C(, =C

®)

Mode-1 Matrix
A )

MMode-2 Matrix
A @)

Mode-3 Matrix
A )

Fig.1 Example of unfolding the 3rd order tensor

HO-SVD has been applied to ND-PCA[5] with
applications to 3D facial scanning data,
representation of face with multiple-modes [7,8] and

robust face recognition[9]. In ND-PCA, the
N-dimensional dataset are directly treated as N-th
order tensors 4, eR"' 2 j-12.. M . In a
similar manner described in Sec.2.1, instead of
calculating the covariance tensor, we just need to
construct a new tensor
Xz[ﬁ]l/qz""iﬂM ]eRllxlszxleM’ and apply

HO-SVD on its mode-n subspace. The first leading J
eigenvectors u{™ u{” ... u", where J<I, , are
the bases on the mode-n subspace UM™. The
N-dimensional data e R'™'2**!vcan be compactly
represented by a tensor
@:ﬂxnU(n)T e R 12l pdxl ey , whose

components are the projections (coefficients) onto
the mode-n subspace.



3. Generalized ND-PCA Theorem 2: If the tensors @; are given as Eq.(7),
minimization of the cost function of Rq.(6) is equal

Though ND-PCA can make the calculation of the to maximization of the following cost function:
bases efficiently and can accurately represent the

2
. A , M T T T
multi-dimensional data. As well as 2D-PCA, S'=3 " A< UY X, UP " xoe UM H 8)
ND-PCA is also a unilateral projection scheme and
only compress the data on the mode-n subspace. So There is no close-form solution to simultaneously

ND-PCA needs lots of components to represent the resolve the matrices U™ for the cost function S’,
multi-dimensional data. In this paper, we propose a however the explicit solution for one matrix can be
generalized N-dimensional PCA (GND-PCA) to obtained if the other matrices are fixed [10]. So we
simultaneously calculate the basis on each mode use an iteration algorithm to simultaneously
subspace [10]. calculate the optimal matrices

The basic idea of GND-PCA is that we want to v

reconstruct the original N-th order tensor opt?
AeR"'2In with a lower rank core tensor cost function S’. This algorithm is summarized in
Be R where J,<l,, and try to find a set Algorithm 1. In Algorithm 1, we terminate the
of optimal matrices U™ eR"™N n=12-.. N with iteration when the cost of Eq.(8) is not significantly
orthogonal column for each mode. The  changed intwo consecutive times.
reconstruction of N-th order tensor 4 can be

expressed as  A=3xUPx, U@ x.. UM Rt T Termion Aot v Gompone e ¥ oo DO 00

opt?
H rd H H IN: a series of V-th order tensors, 4; € BRIV {2dw =12 M.
”IUStratlon for 3 Order tensor reconstruction Is OUT: N Matricch(;gER“‘J“ (Jn < In,m=1.2,...,N) with orthogonal column vectors.
shown in Fig.2.

U, Ul which are able to maximize the

™)
opt

1. Imitial values: & = 0 and Ué":' whose columns are determined as the first J; leading eigenvee-
tors of the matrices Z‘il (Aign) A:]I;nij.
2. Iterate for k until convergence
- A . T 2z - T T
» Maximize §' = Zg‘il || Cs %1 UAY |2, €5 = A; %2 Uf) Ko XN UE“”
Solution: U whose columns are determined as the first J) leading eigenvectors of
M e T
i (G- Csu)J

J I Set UL, = UM
I 5 . 5
2 imize ' = TM || ¢ 0, UAT |2 ¢ m T g )T
o Maximize §'= 3,7, | G x2 US|, 6= Aia Uy s Uy sowy Uy
(1 Solution: U®) whose columns are determined as the first J» leading eigenvectors of
L oy 1 A A T
" Opt e Y1 (Cigy - i)
set U, = U@

Maimize 5 = £ 1€ o UOT I, € = doa U0, oty U6 i
Fig.2 lllustration of reconstructing a 3 order tensor Ul ey U]
Solution: 1) whose columns are determined as the first J, leading eigenvectors of
Yl (Cigmy C;].;,,;‘)
The optimal orthogonal matrices U™ can be Set UL, = Ut

determined by minimizing a cost function as Eq.(6).

- M T 2 - T (v-17
Maximize § = Y00 || €, xy UMY |12, 0= 4, x, Uiy % eoxn U

Solution: UM™) whose eolumns are determined as the first Jy leading eigenvectors of

M ~ |12 Dy (Cigy C‘T.:J\;)J
S= zizl“ﬂi = A H set UM = Ui
_yM Wy y@ Ol Foke
- Zi=1”ﬂi = Bix U Uiy U (6) 3. set Ul =0, UG =0, .. Uy = o

In Eq.(6), only the samples ., e R'W'2<>In,
(i=12,---,M ) are known, M is the number of
samples.

Theorem 1: Given fixed N matrices U™, the
tensors @; that minimize the cost function of.(6) are
given by

4. Experimental Results

The proposed GND-PCA is applied to medical MR
volumes. We use eighteen MR T1-weighted 3D
. . ; images (volumes) of Vanderbilt database [11]. These

B, = A, U x, 0P x..c UM (7) eighteen volumes are collected from different
Since the proof of Theory 1 is simple, it is omitted patients, and their dimensions are 256x256x26. We

here. From Theorem 1. we can obtain Theorem 2 choose one volume as the template and align the
[10] other seventeen volumes onto the template by
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similarity-transformation based rigid registration. A
3D similarity-transformation has seven parameters,
three for translations, three for rotation angles and
one for scaling factor [10]. Such a registration can
eliminate global difference but keep the local
differences for the modeling. Three registered MR
volumes are shown in Fig.3, which are used as
training samples.

Example 1

25" slice

St slice 15t slice

Fig.3 Examples of the registered MR volumes

The medical volumes are treated as a series of the
3" order tensors. The leave-one-out experiment is
done to test the generalization ability of GND-PCA.
We use seventeen volumes as samples to learn the
optimal subspaces and the left-untrained one is used
as a test. In training process, the iteration is
terminated when there is no dramatic change of the
cost function in two consecutive times. The
convergence of the training for 50x50x15
mode-subspace bases is shown in Fig.4. It can be
seen that the convergence is fast. Usually two times
of iteration is enough.

One typical result is shown in Fig.5. The test volume is
50x50x15 and
respectively. The
corresponding compressing and 6.6%,
It can be seen that the quality of the
better
increasing the mode-subspace bases, especially for the

reconstructed from

75x75x20 mode-subspace bases,
rates are 2.2%
respectively.
reconstructed images become and better as
tumor region (the bright region in lower right). It should
be noted that the training samples do not have similar
tumors around that position.

In order to make a comparison, the same experiments
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Fig.4 Convergence of GND-PCA

Original
Slices

Mode-
subspace
50X50X18

Compressing
Rate : 2.2%

Mode —
subspace
TEXTSX20

Compressing
Rate : 6.6%

13t slice

171 slice

7th slice

Fig.5 Reconstructed results with GND-PCA bases

are also done with classical PCA (1D-PAC) and ND-PCA.
In classical 1D-PAC, the volume image should be first
unfolded into a vector with a huge dimension of 1703936.
So only the eigenface method [2] can be used to calculate
the PCA subspace. The reconstructed result is shown in
Fig.6. Since in the eigenface method, only 16 bases are
available which are too few compared to the dimension of
1703936, the test volume can not be reconstructed well as
shown in Fig.6. So it is clear that if the samples for
training are limited, the classical PCA can not used for
modeling or efficient representation of  the
multi-dimensional data because of its bad performance on
generalization.

The reconstructed volumes by ND-PCA[5] in the
leave-one-out testing experiments are shown in Fig.7.
The compression rate is about 11.7%, which is
corresponding to 100x100x20in GND-PCA. It can
be seen that the results of ND-PCA are better than
the results of classical 1D-PCA (Fig.6). But they are
more blurred compared to the results of our
GND-PCA (the case of 75x75x20in Fig.5).



Original Slices

Reconstructed
Slices

Tth-Shee 13th-Slice 17th-Shice

Fig.6 Reconstructed results with classical 1D-PCA bases

Mode-1 ND-PCA
Bases: J0x256x26

Mode-2 ND-PCA
Bases: 256x30x26

Mode-3 ND-PCA
Bases: 256x256x3

13" slice

17™ slice

7t slice

Fig.7 Reconstructed results with ND-PCA basis

In order to make a quantitative comparison,
normalized correlation (NC) of the original volume

I(x,y,z) and the reconstructed volume f(x,y,z),

which is defined as EQ.(9) and is used as a
quantitative measure, are shown in Fig.8. The

compressing rate in each method is the same (11.7%).

It can be seen that the normalized correlation for
GND-PCA is higher than ND-PCA and conventional
PCA.

Dy (6,2 T(x,y,2)

NC = ,
\/ZX!V!Z : i (X’ Y Z) .\/zx,y,z I ? (X7 Y, Z)

©)

5. Conclusion

We proposed a novel approach called generalized

N-dimensional  principal component analysis
(GND-PCA) for efficient multi-dimensional data
representation and modeling. ND-PCA can be

considered as a special case of GND-PCA. The
effectiveness and representation ability of GND-PCA
have been demonstrated by experiments on medical
MR volume dataset.
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Fig.8 Comparison of results for PCA, ND-PCA, GND-PCA
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Abstract This paper proposes novel methods for learning subspaces using dimension-incremental SVD and ran-
dom sampling. The most intensive computation in the linear subspace methods is the reduction of dimensionality
of the feature space by the eigen decomposition or singular value decomposition. In the present methods, the sub-
spaces are learned by updating their orthonormal basis sets with random increment of the dimension of the feature
space. The subspace learning progresses with the similarity measurement of test samples until their classification is
completed. This strategy can reduce the computational expense without critical loss of recognition rate especially
for the high-dimensional data, and the classification results can be assessed by observing the convergence of the
similarity measures. The performance of the present methods was experimentally verified using face recognition

datasets.
Key words CLAFIC, SVD, EVD, PCA, feature selection, Monte Carlo, random projection

. subspace learning due to the high dimensionality is incre-
1. Introduction i ) ] ] ) )
mental learning with respect to the dimension. An iterative

I present a substantial improvement in computation of the algorithm that updates the principal components referring
subspace methods by an incremental approach to the dimen- to the feature vectors of the training samples from low to
sion of the feature space. The subspace methods [8], [12] have high dimensionality can be computationally cost-effective if
provided us effective techniques for applications such as op- it can be terminated at an early iterative stage for the clas-
tical character recognition, face recognition, and so on. The sification of the queries. The subspace learning with the
reduction in the computational costs of the subspace meth- dimensional increment of the feature space can be achieved
ods contributes to their applicable advances in the technol- by application of the incremental singular value decomposi-
ogy for large-scale and high-dimensional data. tion (SVD) [1],[3], [4],[10], [11]. If randomly chosen dimen-

In the linear subspace methods, the classes of given train- sions are appended to the low-dimensional feature space, the
ing samples are basically represented as linear subspaces (dis)similarity measures between the learned subspaces and
spanned by the principal components of the samples in the queries in a low-dimensional feature space are expected
the Euclidean feature space. After learning the subspaces, to approximate those between them in the high-dimensional
test samples, i.e., queries, are classified into the classes ac- feature space due to the same principle as the random pro-

cording to (dis)similarity measures between the classes and  jection [2], [5].

the queries calculated with the principal components of the In this paper, I first review the traditional linear subspace
learned subspaces. The subspace learning by the principal methods performed in a low-dimensional feature space. Sec-
component analysis is known as the reduction of dimension- ond, I propose classification methods that measure the sim-
ality, of which computational expense is quite significant due ilarity in low-dimensional feature spaces constructed by di-
to high dimensionality of the feature space. In particular, mension increment. I call the subspace methods with ran-
appearance-based vision techniques sometimes have to treat dom increment of the dimension the Monte Carlo subspace

images as intolerably high-dimensional feature vectors with methods. Finally, 1 apply the Monte Carlo subspace meth-
the pixel values in practice. ods to the appearance-based face recognition to show the

A possible solution to reduce the computational cost of the cost effectivity.
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2. Linear Subspace Methods in Low-

Dimensional Feature Space

Let {Ci}i_, be a collection of classes, from each of which
n; training samples are given as d-dimensional feature vec-
tors. A data matrix of the class C; is defined as the matrix
with the n; feature vectors in its columns.

Xy

dxXng

(1)

=| x1 xnl}, l=1,...,c

The linear subspace S; := span XlgIEd of the class C; is the
image space of the data matrix X; in the d-dimensional Eu-
clidean feature space E¢. A fundamental approach to de-
termine the basis of the subspace S; is the SVD" of the
data matrix as X; = UZKZVZT. Here, K; is a ki x k; di-
agonal matrix with nonnegative diagonal elements, i.e., the
singular values, arranged in decreasing order. U; and V; are
respectively d X k; and n; X k; matrices with orthonormal
column vectors spanning the k;-dimensional subspace S; and
a k;-dimensional subspace S;° := span X;—gE"l, satisfying
U/u =v,/v, =1L

Given the feature vector q € E? of a query whose class is
to be identified, most of the subspace methods geometrically
evaluate the (dis)similarity between the subspaces {Si}i_;

The CLAFIC

method [12], for example, measures the similarity as the

and the query q in the feature space E?.

squared l2-norm of the orthogonal projection of the normal-

ized query q/||q|| onto a subspace span U.

2 B qTUUTq
q'q

a

L T
CLAFIC(U, q) := HU o 2)

Here, U is composed of the t¢; first column vectors in Uj.
One can find antecedent work, such as[9], to fix the trun-
cated dimension ¢; of the subspace S;. The (dis)similarity
measurement, however, requires the computation with the
high-dimensional vectors in E%.

I approach this problem by choosing the basis of the fea-
A

row of the data matrix X; corresponds to a coordinate of

ture space itself instead of the bases of the subspaces.

the feature space. Let 5(1 be a low-dimensional data matrix
consisting of r row vectors chosen from the row vectors in
the data matrix X;, and let @ € E" be a low-dimensional
feature vector of the query with r components chosen from
q in the same manner. Then, the subspace defined as the
image space of Xy, i.e., S; = span XlgE’", is the orthogonal
projection of the subspace S; = span XlgIEd onto the chosen
r-dimensional feature space E". The basis of Sl is obtained
by SVD of 5(1 as 5(1 = lef(lVlT Here, le and \71 are re-

spectively r x /~€l and n; X /~€l matrices if the dimension of S‘l is

1) : The compact SVD is mainly used to illustrate my method although

the eigen decomposition is also available in the same way.

26

k; := dim S; = rank X;. The (dis)similarity between S; and q
in the low-dimensional feature space E” can be measured, for
example, by the CLAFIC method as CLAFIC(fI7 q). Here,
U is composed of the #; first column vectors in U;. If the
similarity measured in the low-dimensional feature space ap-
proximates that measured in the d-dimensional feature space,
the query can be classified without referring to all features

of the training samples.

3. Dimension Incremental Subspace Meth-
ods

3.1 Framework

Assuming this row-incremental update algorithm, i.e., the
row-incremental SVD (RiSVD), I describe a common frame-
work of the dimension-incremental subspace methods in Al-

gorithm 1.

Algorithm 1 Classification by dimension-incremental sub-

space learning

Input: the row-accessible training data matrices { X; }¢_,,
dxXmn;

and the query q € E%;
Output: the similarity measures {g;}{_;, and the learned singu-
lar value components { U, }le, { K, }ZC:l and { \7 }16:1;

rxk; ky xk; ny Xk
1: set q to be a zero-dimensional vector;
2: for alll =1 to ¢ do
3:  set U, K; and V; to be 0 x 0 matrices;
4: end for
5: repeat
6:  choose the i-th dimension (disallow duplication);
7 append the i-th component of q to q;
8: foralll=1tocdo
9: set €7 to be the i-th row of X;
10: update U;, K; and V; by RiSVD using &;
11: measure the similarity §; of q using U;, K; and V/;
12:  end for
13:

,,,,,

We can avoid restoring the low-dimensional data matrix
X, because its SVD matrices U;, K;, and V; are directly
updated with the chosen row vector &' from X;. The low-
dimensional data matrix of the class C is implicitly stored as
Xz = INJZKIVZT although the chosen row vector £T is expired
after the RiSVD.

The iteration between Step 5 and Step 13 is terminated
when the class with the highest similarity is settled by the
similarity measurement such as the CLAFIC in the low-
dimensional feature space. In case of multiple queries, the
similarity measures between the classes and the queries can
be calculated simultaneously in the iteration, which is ter-

minated when the classes of all queries are identified.



The number of rows of Uy, i.e., the dimension 7 of the low-
dimensional feature space, is incremented by one after the
RiSVD while the number of its columns, i.e., the dimension
k; of the subspace S'lg]ET, is incremented if the degeneration
of S is relieved by the dimension increment of the feature
space. The subspace dimension k; can be increased up to
rank X; < n; maintaining S’l = E", which results in V§; = 1
for any queries at the early stages. Therefore, the similarity
measurement at Step 11 may be enabled after n; iterations
or after #; iterations in the case using the CLAFIC method.

3.2 Feature Selection

To perform effectively the subspace method in a low-
dimensional feature space, we need a rule for choosing the
basis of the feature space, or choosing i-th row from the data
matrix X; at Step 6 in Algorithm 1. The choice of the di-
mension is nothing more than the selection of the features.
A few types of dimension-incremental subspace methods are
derived by different rules of the feature selection.

a) Type-I: Monte Carlo Subspace Method by Equally

Random Choice

If we do not have a priori knowledge about which rows
store the important features for the similarity measures, ran-
dom choice may provide us with likely measures. This strat-
egy is well known as the Monte Carlo method. One of the
advantages of the random choice is that the reliability of the
classification can be tested by repeated trials using random
sequences.

b) Type-II: Monte Carlo Subspace Method by Query-

Dependent Random Choice

Since large components of the query contributes to the
similarity measures, one would expect their faster conver-
gence when the feature is chosen depending on the query. I
design such a fast method regarding the magnitude of the
query component as relative frequency of the choice. The
larger query components are more likely to be chosen by this
method.

)

One can also consider the non-random choice of the di-

Type-1II: Query-Dependent Deterministic Choice

mension. For the same reason of the type-II, the dimension
is chosen in decreasing order of the magnitude of the query
component. Since this method does not take advantage of
the random choice, the classification results cannot be as-
sessed by repeated trials.

3.3 Row-Incremental SVD

Algorithm 2 describes the RiSVD for the dimension incre-
ment of the feature space. The RiSVD is dual to the column-
incremental SVD [1], [3], [4], [10], [11] used for the data incre-

ment. Algorithm 2 ensures reconstructivity
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OKVT ] . . o
€T - UnewKneanew7

and inductive orthonormality
GIeWﬁDeW = V}Tewvnew - I lf IijJ = VTV - I

3.4 Flop Count

In the usual linear subspace methods, the cost of comput-
ing the subspace basis for a class C; by the SVD of the d x n;
training data matrix X; is O((d 4 n;) min?(d, n;)) ~ O(dn})
(d > n;) flops[4],[7], and the similarity measurement, by
the CLAFIC for example, costs O(dt;) a class. On the other
hand, if Algorithm 1 requires Tmax iterations, the SVD of
B in Algorithm 2 costs O(rmaxk;), and the matrix mul-
tiplication at Step 12 or 18 and at Step 14 or 20 costs

Algorithm 2 Row-incremental SVD
Input: U, K, V_ (r=k)and ¢ € E"

rxk kxk nxk
Output: Upew, Knew and Viyew;
1: if » =0 then

2: ﬂnew — [ 1 };
1x1
3 Kuew — [ llell J5
1x1
- £ i|
4: \% — |: _— ;
nx1 €]l
5: end if
6: m— Ve
7. p—&—Vn
8: p—|Ipll;
9: if p £ 0 then
K o
10: B« { T ];
(k41) x (k+1) n p
11:  do singular value decomposition of B to obtain
Ugp , Kg and Vg such that
(k+1)x(k+1) (k+1)x (k+1) (k+1)x (k+1)
UgKgV] =Band UlUg=VIVg= I ;
(k+1)x (k+1)
. U o
12: Unew — |: T :| Usg;
(r+1)x (k+1) 0 1
13: I~<new — KB;
(k4+1) x (k+1)
14 View — [ v P }VB;
nx (k+1) p
15: else
K
16: B <« + I
(k+1)xk n
17: do singular value decomposition of B to obtain
U , Kp and Vg such that
(k+1)xk kxk kxk
UgKgV] =Band UlUg=V]IVg= 1 ;
Exk
. U o
18: Upew |: T :| Usg;
(r+1)xk 0 1
19: Knew — KB;
Exk
20: vncw — \7_ VB;
nxk nxk kxk
21: end if
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Fig. 1 Similarity measures vs dimension of feature space by the type-I Monte Carlo sub-

space method. In all three graphs, the horizontal axis is the iteration count r, or

the reduced dimension of the feature space. (a) An example of the progress of the

similarity measures. (b) Average progress of the similarity measures. The error

bar indicates the standard deviation o. (c) Evolution of o with respect to r shows

1
the r~ 2-asymptotics (the oblique dashed lines).

O(Tfnaxfclz + rmaxnliclz). The similarity measure can be done
in O(rZ.xt;) flops. Since the total cost is approximately
O(rﬁ,ax), the dimension-incremental subspace methods can
reduce the computation time if it completes the classifica-
tion in rmax ~ O(d%) iterations. Besides, Algorithm 1 can
save memory space by out-of-core computation because the

input data matrices may be row-accessible.
4. Experiments

The cost-effectiveness for high-dimensional data classifica-
tion is demonstrated by the appearance-based image recogni-
tion using a pre-cropped version of the UMIST face database
[6]. A partial set of face images consisting of n; = 8 images
each of 20 individuals is used as the training dataset of a
class, and the remaining images are used as the queries. The
dimension of the feature space is d = 112 x 92 = 10304.

Figure 1(a) shows an example of the progress of the simi-
larity measures §; = CLAFIC(U;, q) between the 20 classes
and a query by the type-I method. The significance of the
similarity between the correct class and the query becomes
apparent as the dimension of the low-dimensional feature
space grows. Figure 1(b) shows the average progress with
over 500 trials. Remarkably, only a few dozen times of di-
mension increment are sufficient to clarify the correct class
for the query. The computation time is reduced to 18% of
the usual CLAFIC method in case of max = 50 and to 56%
in case of rmax = 100. Although calculating the precise sim-
ilarity requires numerous iterations because the similarity
measures slowly converge with order 1/2 as shown in Fig.
1(c), the class with the highest similarity can be determined
by the measurement in the low-dimensional feature spaces.

The appearance-based image recognition without any nor-
malisation can be highly dependent on the positions of target
objects in the images. It is well-known that the Fourier am-

plitude, or the power spectrum, is invariant under any spatial
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shift of the images. I have tested the dimension-incremental
subspace methods for the Fourier transform of the UMIST
images. As shown in Fig. 2(a), the type-I method could
find a correct class in average. However, the similarity mea-
sures have large deviations, indicating low reliablity of the
classification results at low dimensions. Since every simi-
larity §; is greater than about 0.92, the differences between
the similarity measures are relatively small. Nevertheless,
the type-II method could identify the correct class at a few
tens of dimensions as shown in Fig. 2(b). This implies that
the query-dependent random choice is effective for improving
the precision of the similarity measures at low dimensions.
Among the present methods, the type-III method shows the

fastest convergence as shown in Fig. 2(c).

5. Concluding Remarks

The dimension-incremental approach to the subspace
learning allows us to measure the similarity between the
classes and queries in low-dimensional feature spaces. The
present methods achieve considerable reduction in compu-
tation time of the classification, which makes tractable the
pattern recognition for large dimensional data. Another dis-
tinctive feature of the present methods is that we can observe
the progress of the similarity measures with respect to the
dimension, and evaluate the reliability of the classification
results. The further research on the Monte Carlo scheme
for the dimensionality reduction should be pursued from the
viewpoint of the random projection [2], [5].
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v, 22T, A7 TADRY—VDEERE U LBE, DT
O LEEE 2 5.

. 3 2 B )
Jmin, B e Yelt -8 E - vy
subject to rank(Y) < r

H GBSO 2 A 7 5 2 2 IS 2T H 5

woffuiiE (3) DEMBEZ Js LB L,

Js = E ||z —-Yz|?
xeQ;

%;Hmmth—QYw¢T+Y%wTYW
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LR BDICNL, RELHE (6) DHIE%Z Js LB LM
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