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A study on using the Kernel Mutual Subspace Method in speaker

recognition

Masatsugu ICHINOT, Hitoshi SAKANOTT, and Naohisa KOMATSUT

T Department of Science and Engineering, Waseda University Okubo 3-4-1, Shinjuku-ku, Tokyo,169-8555
Japan
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Abstract We propose a method of speaker recognition based on voice by using the kernel mutual subspace method.
The Gaussian Mixture Model has already been developed as an algorithm for person authentication using voice.
However, it is not sufficiently discussed the verification of the algorithm using the distribution of voice data. When
the distributions are nonlinear properties like curved structures, it is possible that using the nonlinear algorithms
like the kernel machines is effectiveness. So, we have investigated the distributions of voice data in feature space
and experimentally obtained their nonlinear properties. We experimentally demonstrate the proposed method’s
effectiveness with simulation results and show that the method achieved higher accuracy than that of using the

Gaussian Mixture Model.
Key words voice, text prompted speaker recognition, LPC cepstrum, kernel mutual subspace method
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Abstract In this paper, we discuss on Multi-port Eigenspace Method [1], [2], an supervised manifold learning of

pose parameters. This method is based on BPLP [3], [4], a method of intensity interpolation, and operates a linear

mapping of projection to a subspace as a regression to a group. First we describe the method, and show that the

important part of it is a least norm solution of a system of equations. Then we illustrate the projection by the

system, and the effect of the number of learning samples.
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Abstract An planar area in the world is called a dominant plane, which corresponds to the largest part in an

image. Dominant plane detection is an essential task for autonomous navigation of a mobile robot equipped with

a vision system, since it is possible to assume that a mobile robot moves on the ground plane which corresponds

to the dominant plane. In this paper, we develop an algorithm to detect the dominant plane from a sequence of

images using optical flow and Independent Component Analysis. Optical flow is observed through an uncalibrated

camera mounted on a mobile robot. We show that optical flow is a linear combination of flows of a dominant plane

and obstacle areas. Therefore, ICA allows us to separate optical flow on the dominant plane and obstacle areas

from the observed optical flow. We present some experiments for dominant plane detection using a synthetic image

sequence and a real image sequence obtained by a mobile robot.

Key words Independent Component Analysis, Optical flow, Obstacle detection, Robot vision

1. Introduction

In this paper, we aim to develop an algorithm for obstacle
detection by applying Independent Component Analysis [7]
to optical flow observed by means of a vision sensor mounted
on a mobile robot.

Independent Component Analysis(ICA) is a statistical
technique for separating mixture signals. The mixture sig-
nals are observed as a linear combination of blind source
signals. It is assumed that the source signals are statistical
independent. Recently, ICA is used in the fields of image
analysis, such as texture analysis[8][11][17], face recogni-
tion [2] [13], natural image analysis (3] [6], and medical image
analysis [12] [18]. However, ICA is not so much used in time-
varying image processing, such as optical flow computed from
an image sequence.

Optical flow [1][9] [14] is an apparent motion of the scene.
Additionally, optical flow can be obtained as a fundamen-
tal feature in the scene[19] comparing with a gray or color
value of an image. Therefore, the use of optical flow is
an appropriate method from the viewpoint of the affinity
between the robot and human being. Using optical flow,
algorithms for obstacle detection for robot navigation are
proposed [15] [5] [16].

detection method using the model vectors from motion pa-

Enkelmann [5] proposed an obstacle-
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rameters. Santos-Victor and Sandini [16] also proposed an
obstacle-detection algorithm for a mobile robot using the in-
verse projection of optical flow to ground floor, assuming
that the motion of the camera system mounted on a robot is
pure translation with a uniform velocity. However, even if a
camera is mounted on a wheel-driven robot, the vision sen-
sor does not move with uniform velocity due to mechanical
errors of the robot and unevenness of the floor.

Optical flow can be assumed to be the mixture pattern ob-
served through a moving camera in an environment. There-
fore, ICA is suitable for the separation of optical flow. Our
algorithm detects obstacles and a ground plane from opti-
cal flow observed through a uncalibrated camera mounted
on a mobile robot by using ICA. First, optical flow is com-
puted from a pair of successive images observe through a
camera mounted on a mobile robot without any obstacles.
This optical flow is called planar flow. Next, optical flow in
the environment where obstacles exist and the planar flow is
used for input signals of ICA. Then, ICA outputs two opti-
cal flows as independent components. Our algorithm detects
obstacles and ground plane from these output optical flows.

In Section 2, we briefly present ICA, and we show that
separation of pixels in a scene applies ICA to flow vectors of
pixels. Section 3 presents an algorithm for the detection of

obstacles and a ground plane from optical flow. In Section



4, we show experiments for the detection of obstacles using
a real image sequence observed by the camera mounted on
a mobile robot. we show the validity of own method for a

robot navigation.

2. Application of ICA to optical flow

ICA [7] is a statistical technique for the separation of orig-
inal signals from mixture signals. Assume that the mixture
signals x1(t) and z2(t) are expressed as a linear combination

of the original signals s1(t) and s2(t), that is,

z1(t) = a1151(t) + a1252(t), (1)
(2)

where a11, a12, a21, and azs are weight parameters of the lin-

22(t) = a2151(t) + az2s2(t),

ear combination. Using only the recorded signals z1(t) and
x2(t) as an input, ICA can estimate the original signals s1(t)
and s2(t) based on the statistical properties of these signals.

We apply ICA to optical flow observed by a camera
mounted on a mobile robot for detection of the feasible region
on which the robot can move. The optical-flow fields are suit-
able for the input signals to ICA, since optical flow observed
by the moving camera is expressed as the linear combina-
tion of the motion field of the ground plane and the other
objects, as shown in Figl. Assuming that the motion field
of the ground plane and the other objects are spatially inde-
pendent components, ICA enables us to detect the ground
plane on which robot can moves. For each image in a se-
quence, we assume that optical flow vectors in the ground
plane corresponds to an independent component. as shown

in Fig.2.

3. Algorithm for obstacle detection from
image sequence

In this section, we develop an algorithm for the detection
of obstacles from the image sequence observed by a cam-
era mounted on a mobile robot. When the camera mounted
on the mobile robot moves on the ground plane, we obtain
successive images which include a ground plane area and
obstacles. Assuming that the camera is mounted on a mo-
bile robot, the camera moves parallel to the ground plane.
Since the computed optical flow from the successive images
describes the motion of the ground plane and obstacles on
the basis of the camera displacement, the difference between
these optical flow vectors enables us to detect the ground
plane area. The difference of optical flow is shown in Fig.3.

3.1 Learning supervisor signal

First, we capture image sequence f(a;, y,t) at time ¢ with-
out obstacles as shown in Fig.4 and compute optical flow
u(t) = (‘fi—’t‘, %) as

a(t)"VI(z,y,t)+ I, =0, (3)
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Fig. 1 Top-left: Example of camera displacement and the envi-
ronment with obstacles. Top-right: Optical flow observed
through the moving camera. Bottom-left: The motion

field of the ground plane. Bottom-right: The motion field

of the other objects. Optical flow(top-right) is expressed

as the linear combination of bottom motion fields.

to\ tl\ tz\ ta{téﬁ:;?»ts., £
> u(t4) u(ts)

Fig. 2 Dominant vector detection in a sequence of images. u(t;)

corresponds to the dominant vector which defines the

ground plane at time ¢;.

where x and y are the pixel coordinates of a image. For the
detail of the computation of this equation, see [1] [9] [14].
After we compute optical flow 4(t), frame t = 0...n, we
create the supervisor signal 4,
n

a— %Z'&(t).

t=0

(4)

3.2 Ground plane detection using ICA

Next, we capture image sequence I(z,y,t) with obstacles
as shown in Fig.5 and compute optical flow w(t) in the same
way.

Optical flow u(t) and the supervisor signal @ are used as
an input signal for ICA. Setting v; and vz to be the output
signals of ICA, v, and v are ambiguity of the order of the
each components. We solve this problem using the difference

between the variance of the length of v1 and wvs.
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B

mage Plane

Camera .
Optical flow Obstacle
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Fig. 3 The difference of optical flow between the ground plane
and obstacles. If the camera moves in the distance T' par-
allel to the ground plane, optical flow vector at the obsta-
cles area in the image plane shows that the obstacle moves
in the distance T, or optical flow vector at the ground
plane area in the image plane shows that the ground plane
moves in the distance T'. Therefore, the camera observes
difference optical flow vector between the ground plane

and obstacles.
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Fig. 4 Captured image sequence without obstacles. Top: Exam-
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ple of camera displacement and the environment without
obstacles. Bottom-left: An image of the ground plane

I(z,y,t). Bottom-right: Computed optical flow @ (t).

Setting I; and l2 to be the length of v; and wva,

L= /vi+v, (=12

where v,; and v,; are arrays of  and y axis components of

. . 2
output vy, respectively, the variance o5

()

are

, 1 o 1
j x—yiezy(() L)%,
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Fig. 5 Optical flow of the image sequence. Top: Example of
camera displacement and the environment with obstacles.
Bottom-left: An image of the ground plane and obstacles
I(z,y,t).

a top-middle area, where exists the obstacle, the lengths

Bottom-right: Computed optical flow w(t). In

of optical flow vectors are longer than the flow vectors in

the other area.

where [;(7) is the ith data of the array l;. Since the motions
of the ground plane and obstacles in the image is different,
the output which expresses the obstacle-motion has larger
variance than the output which expresses the ground plane
motion. Therefore, if o2 > o2, we detect ground plane using
output signal I as I = [, else we use output signal I = [s.

Since the ground plane occupies the largest domain in the
image, we compute the distance between I and the median
of I. Setting m to be the median value of the elements in the

vector 1, the distance d = (d(1),d(2),...,d(zy))" is

(7)

We detect the area on which d(i) = 0, as the ground plane.

3.3 Procedure for obstacle detection

Our algorithm is summarized as follows. Learning phase
is,

0 10 Robot moves on the ground plane in the small dis-
tance.

O 20 Robot captures a image I (u,v,t) of ground plane.

0 30 Compute optical flow (t) between the images
I(u,v,t) and I(u,v,t —1).

0 40 If time t > n, compute the supervisor signal @ using



Eq.(4). Else go to step 1.

Next, ground plane recognition phase is,

0 10 Robot moves in the environment with obstacles in
the small distance.

0 20 Robot captures a image I(u,v,t).

0 30 Compute optical flow w(t) between the images
I(u,v,t) and I(u,v,t —1).

0 40 Input optical flow u(t) and the supervisor signal @
to ICA, and output the signal v; and wvs.

0O 50 Detect the ground plane using the algorithm Section
3.2.

Figure 6 shows the procedure for ground plane detection

using optical flow and ICA.

—

S "Learning phase" ey

A 'Recognition phase' e

—

‘ Robot moves ¢=t+1 ‘ ‘ Robot moves t=t+1 ‘

! !

A
‘ Capture image I(x,y,t) ‘ ‘ Capture image I(x,y,t) ‘

l !

‘ Compute optical flow ﬁ(t#

‘ Compute optical flow u(t)‘

no lInput 4 and u(t)
‘ Fast ICA ‘
yes lOutput vl and v2
Create supervisor signal Y ‘ ‘ Detect ground plane ‘
I

Fig. 6 Procedure for ground plane detection using optical flow
and ICA.

4. Experiment

We show experiment for the ground plane detection using
the procedure in Section 3.

First, the robot equipped with a single camera moves for-
ward with uniform velocity on the ground plane and capture
20. For

the computation of optical flow, we use the Lucas-Kanade

the image sequence without obstacles until n

method with pyramids [4]. Using Eq.(4), we compute the su-
pervisor signal @. Figure 7 shows the captured image and
the computed supervisor signal .

Next, the mobile robot moves on the ground plane toward
the obstacle, as shown in Fig.8. The captured image se-
quence and computed optical flow w(t) is shown in the first
and second rows in Fig.9, respectively. Optical flow w(t) and
supervisor signal @ are used as an input signal for fast ICA.
We use the Fast ICA package for MATLAB[10] for the com-
putation of ICA. The result of ICA is shown in the third row
in Fig.9.

Figures10-12 show other experiment results. In Fig.10,
the mobile robot rotates in front of the obstacle. In Figs.11

and 12, we experiment using synthetic image sequence in a
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Fig. 7 Left: Image sequence I (z,y,t) of the ground plane. Right:

Optical flow @ used for the supervisor signal.

Fig. 8 Experimental environment. The obstacle exists in front
of the mobile robot. The mobile robot moves toward the

obstacle.

simulated environment for the translational and rotational

motion.

5. Conclusion

We developed an algorithm for obstacle detection from a
sequence of images observed through a moving uncalibrated
camera. The use of the ICA for optical flow enables the
robot to detect a feasible region in which robot can move
without requiring camera calibration. These experimental
results support the application of our method to the nav-
igation and path planning of a mobile robot with a vision
system. For each image in a sequence, the ground plane
corresponds to an independent component. This relation
provides us a statistical definition of the ground plane.

The future work is autonomous robot navigation using
our algorithm of ground plane detection. If we project the
ground plane of the image plane onto the ground plane using
a camera configuration, the robot detects the movable region

in front of the robot in an environment. Since we can ob-



Fig. 9 The first, second, third, and forth rows show observed image I(z,y,t), computed

optical flow w(t), output signal v(¢), and image of the ground plane D(z,y,t),

respectively. In the image of the ground plane, the white areas are the ground

planes and the black areas are the obstacle areas.

t = 340, 359, 374, and 393.

Starting from the left column,

- =
3 s
3 r
y

b -

—_ =

Fig. 10 Rotational motion. Image sequence(left column), computed optical flow(middle

column), and detected obstacles(right column).

tain the sequence of the ground plane from optical flow, the

robot can move the ground plane in a space without collision

to obstacles.
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In this paper, we proposed the hierarchical self-localization method for an autonomous robot which has an

omni-directional camera. Our proposal hierarchical architecture consists of two hierarchs. Upper one is designed to estimate a
global position. In this hierarch, the accuracy of self-localization estimation is improved by using a probabilistic automaton
based on a topological map. Lower one is designed to estimate a more detail position. In this hierarch, a probabilistic
automaton is also applied to increase the capability of estimating a robot’s position. The experiment was carried out with a real

robot - KITARO.
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Network-based Noise Reduction for Microarray Data
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Abstract Prediction of human cell response to anti-cancer drugs (compounds) from microarray data is a chal-

lenging problem, due to the noise properties of microarrays as well as the high variance of living cell responses to

drugs. Hence there is a strong need for more practical and robust methods than standard methods for real-value

prediction. We devised an extended version of the off-subspace noise-reduction (de-noising) method to incorporate

heterogeneous network data such as sequence similarity or protein protein interactions into a single framework.

Experimental results show that prediction performance is improved by combining a prediction method with our

de-noising method.

Key words

1. Introduction

Cancer diagnosis based on gene expression data has been
widely and extensively explored in the clinical research field
since the earlier papers on gene expression arrays were pub-
lished. Early studies mainly focused on the classification of
cancer types, for example, discrimination of leukemia classes,
a field in which powerful classifiers such as support vector
machines are applied and the predictions are largely success-
ful [6].

Recent cancer phenotype analysis is shifting from predict-
ing a class to predicting a real-valued response. For example,
predicting the effects of anti-cancer drug§ " '"is an important
problem in cancer therapy, since a careful choice of proper
not only drug but also dosage is required for different cancer
cells and patients to maximize effectiveness and minimize
deleterious side-effects. Although the drug response itself
is a continuous quantity, this problem has often been sim-
plified to the binary classification problem of drug sensitive
vs. drug resistant [9], [12], [13]. Among the drug sensitivity
classification studies, Staunton et al. [13] selected 232 out of
5,084 compounds or drugs to classify 60 cell§ “*” by a sum
of vote type classifier. According to their results, the rate

of correct classification is significantly better than random

0 0 1M In this paper, compounds are referred to as drugs.

0 0 200 To be exact, the term ‘cell’ should be called a cell line.
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microarray data, anti-cancer drugs, network-based de-noising, off-subspace de-noising method

classification.

In constrast to the simplified problem of classification, di-
rect prediction of real-valued responses of a cancer drug from
microarray data is not an easy task due to the noisy prop-
erties of both microarray technology and living cell experi-
ments. Despite the limitation of available data, Mariadason
et al[11] attempted to predict the cell apoptosis response
against a chemotherapeutic agent (5-FU) by principal com-
ponent regression (PCR). The leave-one-out test for 30 dif-
ferent cells in their analysis gives correlation coefficients of
predicted and observed responses as low as 0.46. Gruvberger-
Saal et al [7] also tried to predict the real-valued response of
an estrogen receptor from gene expressions using artificial
neural networks used in their earlier study.

In this paper, we focus on the noise and errors in microar-
ray data that potentially degrade prediction performance.
De-noising is similar to missing value estimation. Both in-
fer the true values. Typical methods for missing value im-
putation (e.g. [4], [15]) capture the important dimensions by
principal component analysis (PCA). However, they do not
exploit the side information about genes, such as sequence
similarity, GO classification, or protein-protein interactions,
though those heterogeneous data sources are expected to be
useful for identifying related genes, and furthermore to effec-
tively correct noisy data.

We devise a new de-noising method using the side informa-

tion represented as a network, where the nodes correspond to



d-dim. gene expression space

Network derived from side information

Fig. 1 De-noising based on a network. In the top figure, the

target expression vector to be de-noised is depicted as a
red point. Black points are the neighbors in the network
(below) derived from side information; gray points are vec-
tors which are not directly connected (i.e. related) to the
target vector in the network. The edge of the network is
depicted by a solid line. A dashed curve indicates the cor-
respondence between data in a network and the expression
vector. De-noising is done by robust projection onto the
principal subspace made from only the neighbors. In this

case, the subspace (gray line) is obtained by PCA of the
target and the four neighbors.

the genes, and the edges represent relations among the genes.
In de-noising the expression data of a certain gene, we only
look at its neighborhood genes in the network. A princi-
pal subspace is made only from the neighborhood expression
data, and the target vector is de-noised by robust projection
(Figure 1). Here, we use a so-called “off-subspace” projec-
tion method [16] to prevent over-de-noising. This projection
algorithm is formulated as a linear program, which can be
efficiently solved even for a large number of neighborhood
genes. The basic idea of our method is similar to local PCA
approaches [14], where de-noising is done by projection to lo-
cal subspaces. However, the novelty of our method is that
the neighborhood relation is determined by the network.
Typically we have multiple data sources as the side infor-
mation, which are represented as multiple networks. When
a principal subspace is derived from each network, we have
a set of subspaces for each expression vector. A simple way
is to take the sum of all subspaces, and project each tar-

get expression vector onto the combined subspace. However,
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since some of the networks might not be useful for de-noising,
it is preferable to select important subspaces automatically,
and then take the sum of those subspaces. To this end, we
extend the off-subspace projection method to deal with mul-
tiple networks. Network selection is implemented by giving
a non-negative weight parameter to each network, optimiz-
ing the weight vector, and removing the networks with zero

weights. The de-noising problem for multiple networks is

also formulated as a linear program.

In predicting drug responses, it is often the case that the
responses for many drugs are predicted from a microarray
gene expression dataset. In this case, our problem is to learn
a vector-to-vector mapping, where the output vector is com-
posed of drug responses. Since the output vector provided for
training is also noisy, our network-based de-noising method
can also be applied to the output vector. As we have no side
information about drugs, the correlation coefficients among
the output vectors are used to construct a network.

In numerical prediction experiments using the drug re-
sponse data by Staunton et al. [13], our method with multiple
networks outperformed standard prediction method, PCR,
significantly. Note that the output de-noising was also ef-
fective to enhance the accuracy of prediction. The improve-
ment of correlation between true responses and predictions
was observed for 930 drugs out of 1,427 drugs. The num-
ber (930/1,427=0.65) is statistically significant (p < 1072)
in a cumulative binomial distribution model under the null

hypothesis that half of the drugs (714) are chosen by chance.

2. De-Noising with a Single Network

The dataset we analyzed contains one microarray hy-
bridization experiment [1] for each cell sample. Let d denote
the number of hybridizations and N denote the number genes
used in the analysis. We consider the d dimensional space of
hybridizations populated by N points representing individ-
ual genes. In our drug response case, which has expressions
of 60 cell samples for each gene, d = 60. Unfortunately in our
application, the N points are generally quite noisy. Thus our

goal is to “correct” the N points in a way which effectively

reduces noise while maintaining signal.

2.1 Derivation of Subspaces

Let us define x; as the d-dimensional gene expression vec-
tor of the i-th gene. Our task is to de-noise x; using other
vectors and a network which is represented by the N x N
symmetric matrix W. The (i,j) element w;; represents the
strength of the edge between two nodes i and j. If there is
no edge, wi; = 0. The principal subspace for the i-th gene is
computed using the neighborhood nodes only, i.e., the nodes
with w;; F 0. The basis vectors of the subspace are ob-

tained as the principal eigenvectors z;s,s = 1,...,n;, of the



following covariance matrix,
N T
D iy Wi TG
>
j=1

The weighting covariance matrix represents the distribution

S; = (1)

Wij

of neighbors, and thereby yields the subspace by taking ma-
jor eigenvectors as the basis vectors. We determine the num-
ber of basis vectors, n; according to the Kaiser-Guttman
rule [8]: the number of basis vectors is set as the number
of eigenvalues greater than one in the normalized covariance

Silki/A/[Silrw[Silu-

2.2 Oﬁ'—subspace PrOJectlon

matrix S; in which [S;

Most simply, de-noising is done by projecting x; to the
subspace in terms of the least squares error. However, when
the number of neighborhood nodes is small, or the non-zero
weights w;; are concentrated in only a few neighbors, the di-
mensionality of the local subspace can be too small. In that
case, simple projection may result in an unacceptably large
loss of signal, called over-de-noising.

Tsuda and Rétsch [16] addressed this by devising an off-
subspace projection method (Figure 2) which corrects the
data to a point generally closer to, but not necessarily in the
subspace. Let & denote the de-noised result of x;, which is

obtained by solving the following optimization problem,

mind||& = vs2is||oo + Boll@s — |1,
T,Vg

s=1

(2)

where (3p is a non-negative constant parameter. Multiply-
ing the first term by d is a convenient normalization which
reduces the dependence of the numerical value of By on d.
With a suitable transformation in Eq. 2 can be efficiently
minimized with standard linear programming.

As can be seen, the objective function in Eq. 2 is the sum
of two distances; the distance between the subspace and the
off-subspace point &, and the distance between & and the in-
put vector ;. The two distances are measured with different
norms; the former with ¢, the later with /¢;.

If Bo — oo and if Ao

becomes a least square method and the resulting off-subspace

-norm is replaced with ¢2-norm, this
solution Z is equal to x;. As (o decreases, T becomes close
to the subspace.

Now let us describe the ¢1-norm and fo, norm. Since the
f1-norm regularizer yields a sparse vector as the optimal so-
lution, this algorithm almost corrects only the contaminated
elements in x; without change of the non-contaminated el-
ements. The {o, norm has similar behavior to the ¢2-norm.
Indeed, experiments in [16] show that the ¢ and ¢2 achieve
similar de-noising performance. If {5 is used, the optimiza-
tion problem can be transformed into a quadratic program-
ming problem. If /- is used, the problem is a linear pro-

gram, which can be solved more quickly and more stably
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{ norm
Off-Subspace
Solution

PN

/ ;norm

On-Subspace
Solution

P

Fig. 2 Off-subspace de-noising method. This figure illustrates
how to de-noise an expression vector using a principal
subspace. Instead of simple projection, we simultaneously
find two points (off-subspace solution and on-subspace so-
lution) which minimize the sum of ¢1-norm distance and

foso-norm distance given in Eq. 2.

than quadratic programs.
3. De-Noising with Multiple Networks

We further introduce a way to incorporate heterogeneous
data sources into the noise reduction process by weighting
the multiple networks Wy, k = 1,...,m. The advantage
of this method is its ability to incorporate various kinds of
biological knowledge into a single framework.

Denote the s-th basis vector obtained from the k-th net-
work by zgf). To put it more precisely, each network yields
the weighted covariance matrix Sgk) and we take ngk) ba-
,ngk)) from Si(k). To use all the

subspaces galned from the networks, one can take the sum of

sis vectors z ( ) J(s=1,---

the subspaces and apply the off-subspace projection method.

Then, the optimization problem can be described as
n{®

o 20| + Bollwi — 21

3)

Wis k=1 s=1

m
min d||& — Z
(k)

Note that any point in the sum of the subspaces can be rep-

resented as » " Zsl ) U(k)z@.
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To automatically select
important subspaces, we need to introduce a regularization
term to the above optimization problem so that all the coef-
ficients v of unnecessary networks degenerate to zero.

For that, we introduce the upper bound of the absolute

values of the coefficients of the k-th subspace as
k
< o) =1 v e

max
and penalize the f1-norm of the vector of upper bounds

1<s<
t=(t1,--- ,tm)T

(k)

i1 )

o)

z’rL

tr

as follows,

min d|z - ZZ 22 oo+ Bollwi—2 [ +Bult] (4)

vis k=1 s=1

)

Due to the regularizer, some elements of ¢ are exactly zero at



the optimal solution Moreover one can control the number of
nonzero elements with the constant parameter ;. If ¢, = 0,
all the coefficients of the k-th network are zero, implying that
that network is not used at all in deriving the de-noised re-
sult £. This optimization problem can also be transformed
into a linear program which can be solved efficiently (details

not shown).
4. Experimental Settings

In the following experiments, our task is to predict the drug
resistance levels of cells based on their gene expression data.
By combining our novel de-noising methods and a standard
prediction method, we wish to predict the resistance levels
of the test cells accurately by learning from the input-output
relations of the training cells.

The drug resistance dataset by Staunton et al. [13] con-
tains the expression level of 6,817 genes from 60 human can-
cer cells. Among them, we pre-selected 2,067 highly variant
genes (details not shown). For each cell, the drug resistance
levels for 5,084 drugs are available as well. Those resistance
levels are measured on a continuous scale by growth inhibi-
tion score (GI50). Prediction would be too easy, when the
drug resistance levels are almost constant among cells. So
we chose 1,427 drugs whose gap between the maximum and
minimum levels was more than 0.5 after log-normalization.

We applied our network-based de-noising method in two
ways. First, the expression profiles, i.e., the input of predic-
tion, are de-noised with various networks. In the following
experiments, we built three networks based on the correla-
tion coefficients of the profiles, the gene ontology (GO), and
the protein-protein interactions. Here, the vector being the
de-noised x; is the 60-dimensional expression vector of the
i-th gene. Second, we also de-noised the vector of drug resis-
tance levels, i.e., the output of prediction. Here, the vector
x; is composed of resistance levels of training cells for the
i-th drug, and apply Eq. 4 to de-noise ;. In this case, we
used only one network based on the correlation coefficients
of the resistance level vectors. Namely, m = 1.

A schematic representation of the entire process is shown
in Figure 3.

For predicting drug responses from the de-noised expres-
sion data, we tested a standard prediction algorithm, princi-
pal component regression (PCR). PCR is also used in Mari-
adason et al. [11]. For training cells, the Pearson correlation
between the de-noised expression data of each of the 3,725
genes and (de-noised) responses of a drug of interest were
calculated, and the 50 highest absolute value correlations
(i-e., corresponding to 50 genes) were selected. To reduce
the number of genes to a smaller set of variables, PCA was

performed. From the PCA, the principal components (PCs)
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having the dpca largest eigenvalues were selected. Next we
get the parameters, a € %< and b € R, of a linear regres-
sion function g(z|a,b) = a'z + b by least square manner,
where z € R%< is the dpca PCs of a cell. Namely, we find
the values of {a,b} which minimize the sum-of-square er-
rors: » . (g(zila,b) — yi)® where z; € R%<= and y; are the
PCs and the drug response of i-th training cell, respectively.
Once the regression function g(z|a,b) was derived, the dpca
PCs corresponding to the test cell were computed and sub-
stituted into the derived regression function to yield a pre-
diction of response of the test cell.

4.1 Building Networks

Here we describe the details of network construction,
namely, the computation of matrix W. The first four net-
works are used for de-noising the input (i.e., expression data),
and the last one is for the output (i.e., drug resistance levels).

a) Expression correlation

Presumably, as seen in missing value estimation, the most
informative relations between genes for noise reduction can
be obtained from co-expression. Thus, we use the Pearson
correlation coefficient of expression as one of the heteroge-
neous data sources. The correlation is converted to proba-
bility under the hypothesis of HO : 7 = 0 using one sample
t-test, and the probability value is assigned to the weight w;;.
Notice that the expression data are not only the input of pre-
diction, but also used for de-noising themselves.

b)

To build a network based on the sequence similarity, the

Sequence similarity

RNA sequences corresponding to the genes were extracted
via GenBank accession numbers [3] described in the annota-
tion fields of the gene expression data. The sequence sim-
ilarity was computed by FASTA. Only the highest e-value
between two sequences was used when there were multiple
local alignment candidates. If the e-value was more than
107°, wi; was set to zero, otherwise w;; was set to the nega-
tive logarithm of the e-value. Among the 2,046 highly variant
genes, only 550 were found to have edges to other genes.

c)

Gene ontology data were downloaded from the GO an-
notation project (GOA)[5].

were translated to protein IDs and checked for any GO-

Gene ontology

The GenBank accessions [3]

relationships for gene pairs at the protein level. The edge
strength w;; was determined as the number of GO categories
into which both proteins of a pair are classified. We obtained
a total of 141,402 GO relations for 1,371 highly variant genes.
d)
We obtained the protein-protein interaction data from

the Biomolecular Interaction Network Database (BIND) [2].

Protein-protein interaction

This network has binary edges, i.e., w;; is 0 or 1.
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Fig. 3 Method overview

e)

For de-noising drug responses, we calculated the p-values

Drug response correlation

of the correlation coefficients of compound pairs with respect
to their drug response data to generate the matrix W.
4.2 Parameter Selection

Bo

Our de-noising method has the two parameters,

and (1. In addition, PCR has one constant pa-
rameter, dpca. For this purpose, we performed a
joint grid search over the following values: (o =

0.1,0.2,0.5,1.0, 2.0, 3.0,4.0, 81 = 0.00,0.02,0.05,0.1,0.2, 0.5,
dpea = 1,2,3,4,5,7,10, 20, 30, 40, 50, and chose the parame-

ter values yielding the best regression performance.
5. Results

Prediction performances of PCR with and without off-
subspace noise reductions for different combinations of net-
works are shown in Figure 4. The accuracy of prediction is
measured by the mean correlation coefficients in 12-fold cross
validation. The leftmost bar ‘None’ corresponds to the per-
formance without any de-noising. As anticipated, integra-
tion of both input and output de-noising yields the highest
mean correlation coefficient (‘All&Drug’: 0.439). Among the
other cases where only the input is de-noised, we obtained
the best result when all networks are combined with weights
(‘All’: 0.428). The weightless combination (w;; = 1 forVi, j)
was significantly poorer (‘Unweighted’). In the case of de-
noising only the input, noise reduction without using side-
information degrades the prediction performance, but the use
of side-information improves prediction. We also counted the
drugs achieving statistically-significant predictions (Table 1).

Further experimental results are detailed in our journal

paper [10].
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Fig. 4 Improvement of prediction by noise reduction with vari-

ous combinations of networks. The mean correlation co-
efficients of prediction for 1,427 drugs before and after
the off-subspace noise reduction are shown. Abbreviations
are Corr: correlation coefficient for gene expressions; Sim:
sequence similarity; GO: gene ontology; PPi:
All:

input de-noising only via Corr and output

protein-
protein Corr+Similarity+GO+PPi;
Corr&Drug;:

de-noising; and All&Drug: input de-noising using All and

interaction;

output de-noising.

6. Concluding Remarks

The prediction of drug response data is critical for the
field of cancer therapeutics, which demands improved diag-
nostics for determining the appropriate choice and dosage
of anti-cancer drugs. Combining gene relations from various
biological resources to adjust values of gene expressions or
drug response data is a new approach in this field. This ap-
proach requires effective methods, such as the one presented
here, for utilizing heterogeneous data.

This algorithm is invariant if the network weights are mul-
tiplied by a constant, as shown in Eq. 1.

However, the

change of the ratio among weights may have an influence



Table 1 The number of drugs given statistically-significant prediction of the responses.

Here we define a drug that achieves the correlation coefficient more than 0.33

as a successfully predicted, which is derived from one sample t-test with the

probability less than 0.01 examining the null hypothesis of “no correlation.”

None Corr

Corr+Sim Corr+GO Corr+PPi

All  Unweighted Corr&Drug All&Drug

PCR | 983

1,027 1,043 1,018

995

1,037 988 1,065 1,085

on the de-noising performance. Although various weighting
schemes could be considered, we did not systematically inves-
tigate that issue in this work. However we did confirm that
off-subspace noise reduction with the continuous weights de-
fined above for sequence similarity, expression correlation,
and GO heterogeneous data sources was more effective than
using a 0-1 weighting scheme based on some threshold. The
current weighting scheme might not yet be optimal and tun-
ing would yield improvement to some extent.

We extended the off-subspace noise reduction method of
Tsuda and Rétsch [16] and applied it to the noise reduction
of gene expression data in the context of real-value prediction
to drug response data. Our results show the method to be
robust to noisy data and more effective than the traditional
principal component regression, improving the prediction of
868 out of 1,427 drugs. We expect it will prove generally
useful for correcting the values of noisy microarray data.
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Abstract This paper describes subspace-related methods based on deformations of image patterns and sequential
patterns. One of the merits of using subspace of deformations instead of conventional subspaces of appearance
features i1s that the subspace of deformations will compactly represent the variation of deformed patterns. This
paper also describes the roles of elastic matching techniques for establishing the subspace of deformations.

Key words subspace, elastic matching, eigen-deformation, image pattern, sequential pattern

2D-2D mapping F
(2D warping)

Re( 1) E={ &)
j (/\\ y

1. Introduction

Conventional subspace methods are often based on appear-

ance features of image patterns. For example, the eigenface

—

method [1] construct a subspace of intensity-level features of \ T
face images. In contrast, the methods described in this paper T
are based on deformations instead of appearance features. i X

The aim of this paper is the formalization of the procedure Fig. 1 Elastic matching between two image patterns.

to establish subspaces of those deformations and to introduce

the applications of the subspaces. tial patterns often undergo heavy nonlinear temporal/spatial

The first half of this paper focuses on subspace-related fluctuation. Elastic matching to extract the deformation
methods based on deformations of image patterns. The sub- between two sequential patterns solves these problems and
space of the deformations can represent deformed image pat- helps to establish the subspace of the deformations of se-
terns in a compact manner. For example, a set of translated quential patterns.

image patterns can be tackled with only two basis vectors;

2. Subspace-Related Methods Based on

i.e., , horizontal displacement vector and vertical displace- .
Deformations of Image Patterns

ment vector. In contrast, it is hard to represent the set of

those images compactly by a subspace of their appearance 2.1 Extraction of Deformations by Elastic Match-
feature space. ing

The deformations of image patterns can be extracted au- The deformation of an image pattern can be extracted
tomatically by elastic matching, which is formulated as an by elastic matching, which is formulated as the following
optimization problem of the pixel-to-pixel correspondence optimization problem. Consider two I X I image patterns
between two image patterns. Since the resulting pixel-to- R = {r,;} and E = {e,,}, where 7, ; and e, , are pixel
pixel correspondence represents the displacement of individ- feature vectors at pixel (i,7) on R and (z,y) on E, respec-

ual pixels, i.e., the deformation of one image pattern from the tively. Let F denote a 2D-2D mapping from R to E, i.e.,
other. The subspace of the deformations can be obtained by F: (i,5) = (v,y). As shown in Figure 1, the mapping F

applying principal component analysis (PCA) to the defor- determines the pixel-to-pixel correspondence from R to E.

mations extracted by elastic matching. FElastic matching between R and FE is formulated as the min-
The latter halfl of this paper focuses on subspace-related imization problem of the following objective function with
methods based on deformations of sequential patterns. The respect to F':

deformations of sequential patterns often appear as the dif-

. . J F)=||R-FE 1
ference of pattern length. Due to this deformations, sequen- rE(F) = el (1)
tial patterns have rarely been handled in the framework of where Ep is the image pattern obtained by fitting E to R,

the conventional subspace methods. In addition, sequen- ie., Ep = {es, ;4. ,;}, and (xi;,y:;) denotes the pixel of
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E corresponding to the (i, j)th pixel of R under F. On
the minimization, several constraints (such as a smoothness
constraint and boundary constraints) are often assumed to
regularize F.

Let F denote the mapping F which minimizes Jr.E(F)
of (1). This mapping F represents the relative deformation
of E from R. Specifically, the deformation of E is extracted
as the following 2/2-dimensional vector, called deformation

vector,

v = ((1_1'1,171_y1,1)7~~~7(i_1‘i,]7j_yi,])7

o =z I —yr)). (2)

The constrained minimization of (1) with respect to F
(i.e., the extraction of v) is done by various optimization
strategies. If the mapping F is defined as a parametric func-
tion, iterative strategies and exhaustive strategies are often
employed for optimizing the parameters of F. In contrast,
if the mapping F is a non-parametric function, combinato-
rial optimization strategies, such as dynamic programming
and local perturbation, and deterministic relaxation strate-
gies are employed. The relation of the formulation of the
elastic matching problem and its optimization strategy is
summarized in [2].

2.2 Estimations of Eigen-Deformations by PCA

2.2.1 The Procedure of Estimation

Figen-deformations of image patterns belonging to a cat-
egory are intrinsic deformations of the category and de-
fined as principal axes spanning a subspace of deforma-
tions. Thus, eigen-deformations can be estimated statisti-
cally from the actual deformations of N training samples
{Ei,...,En,...,Ex}. Let v, denote the deformation of
E,,, which is obtained through the elastic matching between
R and E,. Then the eigen-deformations {u,,} of the cat-
egory can be estimated by applying PCA to the collected
deformation vectors. Specifically, the eigen-deformations
are obtained as the eigen-vectors of the covariance matrix
Y= Zn('un —v)(vn — F)T/N7 where © is the mean vector
of {v,}.

2.2.2 Example: FEigen-Deformations of Handwritten

Characters

Figure 2 shows the first three eigen-deformations estimated
from 500 handwritten characters of the category “A”. The
most frequent deformation of “A” (i.e., u1) was the global
slant transformation. Figure 3 shows the patterns R de-
formed by the first three eigen-deformations i, w2, and
uz with the amplification with kv/A, (k = —2,-1,0,1,2).
These figures show that frequent deformations were ex-
tracted as the eigen-deformation at each category.

Figure 4 shows the cumulative proportion of each cate-

gory. In all categories, the cumulative proportion exceeded
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Fig. 4 Cumulative proportion of eigen-deformations.

50% with the top 3 ~ 5 eigen-deformations and 80% with
the top 10 ~ 20 eigen-deformations. Thus, the distribution
of deformation vectors was not isotropic and can be approx-
imated by a small number of eigen-deformations. In other
words, there existed a low-dimensional and efficient subspace
of deformations.

2.3 Recognition with Eigen-Deformations

The simplest way to utilize the eigen-deformations for rec-
ognizing image patterns will be the subspace method where
the similarity of an unknown input pattern E to a ref-

erence pattern R is evaluated by the norm of the vector



v = Zi\::l(v — W, U YU, where M(L 21%) is a positive
constant. The vector v is the deformation vector between R
and E and the vector v’ is its projection onto the subspace
spanned by the M principal eigen-deformations w1,...,unm
of the category of R. The similarity ||v’|| becomes small
when the deformation vector v is rare one in the category.

The recognition performance by this similarity alone, how-
ever, will not be satisfactory. This is because this the simi-
larity ||v'|| completely neglects the similarity of appearance
features (e.g., gray-level). The remaining part of this section
describes two image pattern recognition methods where the
eigen-deformations are utilized together with the appearance
features.

2.3.1 Recognition Method 1 [3]

The first method is based on the combination of similarities
(or distances) in the appearance feature space and the de-
formation subspace spanned by the eigen-deformations, that

18,
Dhybrid(R, E) = (1 — O{)Dfeat(R7 E) =+ ’LUDdisp(I'I7 E),(3)

where Dieat(R, E) is the elastic matching distance in the

appearance feature space, i.e.,

Dfeat(R7 E) = JR,E(F)7 (4)

Dyisp (R, E) is the distance in the deformation space, and w
is a constant (0 £ w £ 1). The distance Dyjsp is defined as
the following Mahalanobis distance,

Daisp(R,E) = (v—5)"S7 (v — )

a2 (v =T, um)’
= SUMp—g ————
Am

(5)

In practice, the following modified Mahalanobis distance
[16] is employed instead of (5). Specifically, the higher-order
eigenvalues Ap, (m = M +2,...,2N?) are replaced by Aars1,
to suppress the estimation errors of higher-order eigenvalues

in (5). According to this replacement, (5) is reduced to

DdiSP(R7 E)

M
1 _ 1 1
v—v| + ——
AM41 I I Z_:l (Am )\M+1) {

The parameter M is to be determined experimentally con-

~

v — T, um)°. (6)

sidering the cumulative proportion.

2.3.2 Recognition Method 2 [4]

The above recognition method has a weak-point that two
heterogeneous distances Dieay and Dgisp are added naively
to create the single distance Dyybria. In contrast, the second
method can avoid this situation by embedding the eigen-
deformations into an elastic matching procedure.

Consider that the mapping F is defined as a linear combi-

nation of eigen-deformations, i.e.,
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Fig. 5 Manifold R, its tangent plane T, and tangent distance
Drp (R, E).
Fig. 6 Tangent vectors of the category “A”, derived from R and

eigen-deformations %1, 42, and us.

Fla) =) amtm, (7)

where a = {a1,...,am,...,an}. Then an elastic matching
problem with F(a) can be formulated as the minimization

problem of the following objective function:

JrE(@) = ||RFa) — B, (®)

where R, is the reference pattern deformed by the map-
ping F(a).

The set of deformed reference patterns, {Rpq)|Ya}, will
form M-dimensional manifold in an I*-dimensional appear-
ance feature space. Thus the minimum value of Jg p(a)
is equivalent to the shortest distance between the M-
dimensional manifold and E.

The minimization problem (8) with respect to « is hard to
solve directly. This is because the M-dimensional parameter
vector « to be optimized are involved in the nonlinear 2D-1D
function R. Thus, some approximation is required to solve
the optimization problem.

In [4], the approximation scheme used in the tangent dis-
tance method [5] has been employed for the above minimiza-
tion problem. As shown in Fig. 5, the minimum distance
min, Jp p(a) can be approximated by the following tangent

distance,

Drp(R,E)=min||T+ — E|, 9)

where T, is the tangent plane of the manifold at & = 0. The
tangent plane is an M-dimensional hyperplane in the fea-

ture space and linear with respect to . Thus the minimiza-
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tion problem of (9) has a closed-form solution. Intuitively
speaking, the distance Drp (R, E) is the Euclidean distance
between the input E and its closest point on the tangent
plane. Figure 6 shows three tangent vectors which span the
tangent plane of the category “A”. For more details, see [4].

2.3.3 Example: Recognition of Handwritten Characters

Figure 7 shows results of a handwritten character recogni-
tion experiment using 26 (categories) x 1100 (samples) iso-
lated handwritten English uppercase character images from
the standard character image database ETL6. The first 100
samples of each category were simply averaged to create one
reference pattern R and the next 500 samples were used as
training samples E,, to estimate the eigen-deformations. The
remaining 500 samples (13000 = 26 x 500 samples in total)
were used as test samples F.

The highest recognition rate (99.47%) was attained by
Dhyyvria. The recognition rate by Dagisp, 1.e., the recognition
rate by evaluating only the deformation v, was not sufficient.
Thus, for the (dis)similarity of two image patterns, their ap-
pearance features should not be neglected. The recognition
rates by Drp were saturated around M = 3. This result is
supported by the fast saturation of the cumulative propor-
tion of Fig. 4.

2.4 Why the subspace of deformations?

One of the superiority of the eigen-deformations (i.e., the
subspace of deformations) over the eigen-vectors in the fea-
ture space (i.e., conventional subspace of appearance fea-
tures) is that the eigen-deformations will represent a set of
deformed patterns in a compact manner. Consider an image
pattern R and the set of image patterns created by trans-
lating R. The number of the eigen-deformations estimated
from the image pattern set is two; one will represent hor-

izontal shift and the others vertical shift. In contrast, the

1000
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time

Fig. 8 Elastic matching between two sequential patterns.

number of the principal eigen-vectors in the feature space
will be far larger than two. This superiority will hold for
other deformations whenever they can be represented by a
linear combination of few eigen-deformations. Thus, the sub-
space of deformations can be a more efficient representation
of a pattern distribution than the subspace of the appearance
features.

2.5 Related Work

The original idea of the eigen-deformations, i.e., PCA of
deformations, can be found in the point distribution models
(PDM) proposed by Cootes et al. [6]. Shen and Davatzikos [7]
have introduce an automatic deformation collection scheme
into the PDM. PDM for curvilinear patterns has been ap-
plied to face recognition [8], Chinese character recognition [9],
and hand posture recognition [10]. Uchida et al. [3] have ex-
tended the PDM to deal with fully 2D deformations and have
applied to an elastic matching-based handwritten character
recognition system.

Iwai et al. [11] have applied PCA to interframe motion vec-
tor fields obtained by block matching, which can be consid-
ered as the simplest elastic matching. Bing et al.[12] have
proposed a face expression recognition method based on a
subspace of face deformations. Naster et al.[13] have ana-
lyzed a deformation vector extended to deal with the distor-
tion of appearance features. (Specifically, they have extended

XY displacement to XY displacement.)

3. Subspace-Related Methods Based on

Deformations of Sequential Patterns

3.1 Extraction of Deformations by Elastic Match-

ing
Consider two sequential patterns, R = r1,7r2,...,7;,
...,rrand E =ej,es,...,€e;,...,e;. Their elements ; and

e; are d-dimensional feature vectors representing the features
at 1 and 3. For handwriting patterns, the feature vector r;
may be a 3-dimensional vector comprised of z-coordinate,
y-coordinate, and local direction at time z.

Let F denote a 1D-1D mapping from R to E, i.e., F:1+—



3. Figure 8 depicts F. Elastic matching between R and E
is formulated as the minimization of the following objective

function with respect to F,
JrEe(F)=|R— Ep|, (10)

where Ep is the sequential pattern obtained by fitting E

to R, i.e.,, Ep = ej,,...,€j,,...,€;,, where j; represents
the ¢+ — 7 correspondence under F. On the minimization,
several constraints (such as the monotonicity and continu-
ity constraint defined as 7, — 7i—1 € {0, 1,2} and boundary
constraints j; = 1 and 355 = J) are often assumed to regular-
ize F. This constrained minimization problem can be solved
effectively by a DP algorithm and its detail are omitted here.

The deformation of E from R is represented by the fol-

lowing [ - d-dimensional deformation vector,

v=(€j, —T1,...,€5, —Ti,..., €, — 7). (11)

It should be noted that the dimension of the above deforma-

tion vector v is fixed at [-d and independent of the length of

E, i.e., J. This property is very important to apply various

statistical methods, such as PCA, to sequential patterns.
Also note that it is possible to define v as

v=(h—1,....5i—d,...,50 —D7".

Although this definition is a straightforward modification of
the deformation vector of (2), we will use v of (11) as a defor-
mation vector here. This is because for sequential patterns
(e.g., online character patterns) r; and e; are often spatial
features and thus their difference represents a deformation.

3.2 Estimation of Eigen-Deformations

3.2.1 The Procedure of Estimation

Figen-deformations of sequential patterns are also esti-
mated by the procedure of 2.2.1; that is, they can be es-
timated by applying PCA to the covariance matrix of v.

3.2.2 Example: Eigen-Deformations of Online Charac-

ter Patterns

Figure 9 shows online character patterns generated as
R+ 7+ 2V X ntm (m = 0,1,2)[14]. Those patterns are
reference patterns deformed by their mean deformation vec-
tor ¥ and the first two eigen-deformations ,,. At each of
10 categories, the eigen-deformations were estimated by us-
ing about 1,000 online digit samples from UNIPEN Train-
R01/V07 database (1a)[15]. Note that the effect of T was
not significant because R was set around the center of the set
of the training samples by a clustering technique and thus
the norm of ¥ was small.

This figure shows that deformations frequently observed
in actual characters were detected as principal eigen-
deformations. For example, the first eigen-deformation of

“6” represents the vertical variation of its loop part, and the

reference +
eigen-de{.

.- reference

reference -
eig?n-c‘ief.

1st eigen-deformation 2nd eigen-deformation

Fig. 9 Reference pattern deformed by the first two eigen-

deformations of “2” and “6”.
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Fig. 10 Accuracy of online character recognition based on eigen-

deformations.

second one represents the horizontal variation of the loop
part.

3.3 Recognition with Eigen-Deformations [14]

3.3.1 Methodology

For sequential pattern recognition based on the eigen-
deformations, the following quadratic discrimination func-
tion (QDF) is a possible choice. The QDF is the Bayes
discrimination function under the assumption that the de-
formation vectors have a Gaussian distribution and defined

as

Door(R, E)
= (v—9)"S (v —7) +1log|Z|+ I - dlog 27

Id 2 Id

(v —7,um)
ZT+logHAm+l~dlog2ﬂ. (12)

m=1 m=1

The last term, I - dlog 2w, cannot be omitted here because
each category has a different dimension of v (i.e., I - d).
Asmnoted 2. 3. 1, the estimation errors of higher-order eigen-

values are amplified in (12). Thus, the modified quadratic



discriminant function (MQDF) [16] was employed, where the
(m=M+41,...,1-d) are re-

higher-order eigenvalues A,

placed by Anr41, €.,

Duvqor(R., E)
1 M 1

M
+log § (o) M I A

~

) (v— F,um>2

(13)

AM41
+ I -dlog 2=.

The parameter M is to be determined experimentally.
3.3.2 Example: Recognition of Online Characters [14]
Figure 10 shows the results of an online character recog-

nition experiment using digit samples from the UNIPEN

database. Recognition rates attained by Dmqpr are plotted
as a function of the number of total reference patterns. The
recognition rates attained by the conventional DP-matching

distance (Dpp), which equals to the minimum value of (10),

are also plotted.

As shown in Fig. 10, MQDF with the eigen-deformations
outperformed the DP-matching distance. This will be be-
cause elastic matching results F which were deviated from
the distribution of the deformations of the category were pe-
nalized by the eigen-deformations in MQDF. Thus, the above
recognition method can avoid misrecognitions due to overfit-
ting, which is the phenomenon that the distance between E
and R of a wrong category is underestimated by unnatural
mapping F.

This result also proves that Dvgpr outperforms that sta-
tistical dynamic time warping (SDTW) [17], which is a recent
and sophisticated online character recognition technique. In
fact, it has been reported in [17] that SDTW attained 97.10%
on the same UNIPEN data set by 150 reference patterns.

3.4 Prediction with Eigen-Deformations

Assume that the current frame j of an input sequential
pattern E corresponds to the ¢th frame of the reference pat-
tern R of a certain category. Then, we can predict that the
future input frame €,4 - (t > 0) will be similar to r;;,. Fig-
ure 11 (a) illustrates this prediction technique based on this
simple extrapolation. The prediction accuracy depends on
the similarity between R and E. In other words, the predic-
tion accuracy will be degraded severely if the input gesture
E deviates from R.

Figure 11(b) shows an alternative prediction technique us-
ing the eigen-deformations. Since the eigen-deformations
span the subspace of frequent variations, the derivation of
the nput pattern from the reference pattern can be ap-
proximated by a weighted linear combination of the eigen-
deformations. Using the eigen-deformations, the future input

frame €;4, is predicted by
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M
EJ+-,— =7itr + E AmUm 47, (14)
m=1

where uyy, ; 1s the ¢th frame of the eigen-deformation u.,.
) to
the observed part of the input, that is, by minimizing the

The weight ay is estimated by fitting the model (14
following criterion,

M
Tt + g AmUm, t
m=1

Figure 12 shows averaged prediction errors (at j = 0.5/.J)

“hurrah”,

B

2.

t=1

(15)

— €5

and “

for three gesture patterns, “bye”, point”.
The prediction errors are plotted as a function of M, the
number of the eigen-deformations used for the prediction.
The highest accuracy was attained with about 6~7 eigen-
deformations for each category. This result indicates that
each gesture category has a low-dimensional subspace suit-
able for predicting subsequent postures.

The prediction rule of (14) assumes that the speeds of the



input pattern and the reference pattern are the same. This
assumption will not be acceptable for many cases. Future
work will focus on the guess and the utilization of the differ-
ence of the speeds to reduce the prediction errors.

3.5 Related Work

Sequential patterns are often re-sampled to have the same
dimension in advance to applying PCA or other statistical
analysis techniques. For example, Deepu et al. [18] have pro-
posed an online character recognition technique based on a
subspace method where all online character patterns are re-
sampled to have a constant number of data points. The
online character recognition technique by Zheng et al. [19] is
more radical because they used only two points (i.e., the start
point and the end point) for each character stroke segment.
In the handwriting synthesis technique by Wang et al.[20],
online cursive handwritings are firstly aligned to be the same
dimension and then PCA is applied to them. PCA-based
gesture/motion analysis techniques [21]~[23] also re-sampled
gesture patterns to have the same dimension. An exception
is Martens and Claesen [24], which employed elastic match-
ing to extract a fixed-dimensional deformation vector from
online signatures.

The prediction schemes based on PCA can be found image

interpolation techniques [13], [25].
4. Conclusion

Subspace-related methods based on the deformations of
image patterns and sequential patterns have been discussed.
In those methods, elastic matching techniques are fully uti-
lized not only to extract deformations of target patterns but
also to adjust dimensional differences of (especially sequen-
tial) patterns.

It has been shown experimentally that estimated princi-
pal deformations, called eigen-deformations, represent fre-
quently observed deformations. The eigen-deformations of
image patterns can be used for recognizing the image pat-
terns, while the help of appearance features is inevitable. In
contrast, the eigen-deformations of sequential patterns can
be used for recognizing the sequential patterns by them-

selves.
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Abstract Subspace method is one of the most popular recognition methods in pattern recognition because of its
simplicity and some desirable properties. Many varieties of the subspace methods have been proposed. Though most
of them implicitly depend on the origin of feature vectors, the effect of the position of the origin to the recognition
performance have not analyzed enough. In this paper, we discuss and address this problem by introducing the
concepts of core affine subspace and misclassification hole. We also mention the similarity between the CLAFIC
method and the projection distance in a sense under an assumption.
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O 1 Core affine subspace in the CLAFIC method in the orthog-

onal case.
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Misclassification Hole
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0 2 The region that a test sample is misclassified only with the

core affine subspace in the orthogonal case.
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Core Affine Subspace

Py & Py

0 3 Core affine subspace in the CLAFIC method in the general

case.

Core Affine Subspace

Misclassification Hole

Py & Py

0 4 The region that a test sample is misclassified only with the

core affine subspace.
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(a) Feature vectors are not normalized.
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(b) Feature vectors are normalized so that their

norms to be 1 .

O 5 The position of the origin that the distributions overlap.

(a) Feature vectors are not normalized.

(b) Feature vectors are normalized so

that their norms to be 1.

0 6 The position of the origin that the distributions do not overlap.
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Algorithm 1 Appropriate position of the origin Fisher's Linear
1: Calculate the midpoint of two mean vectors (denoted as Discriminator
mmid)' :

2: Execute Fisher’s linear discriminant analysis.

3: Calculate a vector orthonormal to Fisher’s linear discriminator

(denoted as n).

4: An appropriate origin O’ is given by
Orthogonal Vector to
O’ = Dn +myq, (27) Fisher's Linear Discriminator

where D is the distance.

Midpoint of Mean Vectors

Dicision Bod;{dary
420000000 (2)000000 000000000
0000000000 10000000000000000 100 0 9 Appropriate position of the origin for subspace method (the
00000000000 000000000 1000000000 proposed method).
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0 1 Examinations of recognition problems whether “condition A” is satisfied. The angle
between 1), and g shown in (a) is calculated as cos™! ("/’1 . ﬁ) . Each cell consists
of two smaller cells: the upper cell is the average and the lower one is the standard

deviation.
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[7]
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[9]

(10]

(11]
(12]

(13]

14]

0 2 Recognition rates of handwritten numerals in NIST Special Database 19. Each

recognition result consists of three cells. The top cell is recognition rate without

changing the origin (the conventional method). The middle one is that of changing

the origin (the proposed method). The bottom one is the difference of these two

recognition rates.

“1” «“27 “3” “47 “5” “6” «“rr “g8” “9”

Conv. | 99.37 | 99.15 | 99.74 | 99.69 | 99.45 | 99.07 | 99.24 | 99.56 | 99.65

“0” | Prop. | 99.40 | 99.15 | 99.72 | 99.74 | 99.47 | 99.05 | 99.45 | 99.53 | 99.66
Diff. | 0.03 0 -0.02 | 0.05 | 0.02 | -0.02 | 0.21 | -0.03 | 0.01
Conv. 99.15 1 99.62 | 99.17 | 99.52 | 99.39 | 98.71 | 98.96 | 99.19

“1” | Prop. 99.08 | 99.64 | 99.29 | 99.56 | 99.42 | 99.13 | 98.97 | 99.50
Diff. -0.07 | 0.02 | 0.12 | 0.04 | 0.03 | 0.42 | 0.01 | 0.31
Conv. 98.06 | 99.46 | 99.40 | 99.42 | 98.61 | 98.22 | 99.18

“2” | Prop. 98.07 | 99.50 | 99.39 | 99.39 | 98.56 | 98.23 | 99.15
Diff. 0.01 | 0.04 | -0.01 | -0.03 | -0.05 | 0.01 | -0.03
Conv. 99.72 | 97.90 | 99.59 | 99.14 | 97.73 | 99.09

“3” | Prop. 99.77 | 97.86 | 99.58 | 99.29 | 97.67 | 99.13
Diff. 0.05 | -0.04 | -0.01 | 0.15 | -0.06 | 0.04
Conv. 99.65 | 99.55 | 98.79 | 99.23 | 97.94

“4” | Prop. 99.63 | 99.65 | 98.97 | 99.24 | 98.60
Diff. -0.02 | 0.10 | 0.18 | 0.01 | 0.66
Conv. 97.58 | 99.73 | 97.95 | 99.55
“5” | Prop. 97.65 | 99.78 | 98.04 | 99.53
Diff. 0.07 | 0.05 | 0.09 | -0.02
Conv. 99.84 | 99.06 | 99.81
“6” | Prop. 99.85 | 99.07 | 99.84
Diff. 0.01 | 0.01 | 0.03
Conv. 98.88 | 97.97
“7” | Prop. 98.84 | 98.12
Diff. -0.04 | 0.15
Conv. 98.28
“8” | Prop. 98.18
Diff. 0.10

19850 [15] P. J. Grother, NIST special database 19 — handprinted
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Recognition rates of handwritten numerals in NIST Special Database 19 with nor-
malized feature vectors. Each recognition result consists of three cells. The top
cell is recognition rate without changing the origin (the conventional method). The
middle one is that of changing the origin (the proposed method). The bottom one

is the difference of these two recognition rates.

“1” «2” “3” “4” “5” “6” “r “g” “9”

Conv. | 99.30 | 99.05 | 99.60 | 99.52 | 99.09 | 99.02 | 98.91 | 99.35 | 99.51
“0” | Prop. | 99.40 | 99.15 | 99.72 | 99.73 | 99.48 | 99.04 | 99.46 | 99.54 | 99.66
Diff. | 0.10 | 0.10 | 0.12 | 0.21 | 0.39 | 0.02 | 0.55 | 0.19 | 0.15
Conv. 98.96 | 99.54 | 98.90 | 99.26 | 99.31 | 98.89 | 98.72 | 98.95
“1” | Prop. 99.08 | 99.64 | 99.29 | 99.56 | 99.40 | 99.11 | 98.97 | 99.50
Diff. 0.12 | 0.10 | 0.39 | 0.30 | 0.09 | 0.22 | 0.25 | 0.55
Conv. 97.81 [ 99.31 | 99.22 | 99.03 | 97.90 | 97.78 | 98.96
“2” | Prop. 98.08 | 99.49 | 99.40 | 99.39 | 98.58 | 98.22 | 99.15
Diff. 0.27 | 0.18 | 0.18 | 0.36 | 0.68 | 0.44 | 0.19
Conv. 99.58 | 97.35 | 99.37 | 98.92 | 97.26 | 98.78
“3” | Prop. 99.77 | 97.88 |1 99.58 | 99.30 | 97.71 | 99.13
Diff. 0.19 | 0.53 | 0.21 | 0.38 | 0.45 | 0.35
Conv. 99.55 | 99.33 | 98.28 | 98.89 | 97.09
“4” | Prop. 99.63 | 99.65 | 98.96 | 99.24 | 98.59
Diff. 0.08 | 0.32 | 0.68 | 0.35 | 1.50
Conv. 97.33 | 99.67 | 97.35 | 99.18
“5” | Prop. 97.63 | 99.77 | 98.08 | 99.53
Diff. 0.30 | 0.10 | 0.73 | 0.35
Conv. 99.73 | 98.70 | 99.63
“6” | Prop. 99.85 | 99.09 | 99.85
Diff. 0.12 | 0.39 | 0.22
Conv. 98.58 | 96.79
“7” | Prop. 98.83 | 98.12
Diff. 0.25 | 0.33
Conv. 97.86
“8” | Prop. 98.19
Diff. 0.33
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A Study of Compound Mahalanobis Function Using Difference Subspace
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Abstract In order to distingish similar characters, it is necessary to project feature vector to a feature space which
includes difference between two similar categories. Compound Mahalanobis Function (CMF) has been proposed for
high accuracy similar character identification, and modification of the Mahalanobis Distance projecting feature
vector to eigenvectors with smaller eigenvalues. However, CMF uses single difference vector of two mean vectors
as difference information between two similar categories, and handwritten character distribution is complicated
multidimensional distribution. As a result, it is hard to recognize similar character with only this difference vector.
In this paper, we propose a new CMF method using difference subspace, and verify effectiveness of the proposed
method through experiment using ETLIB.

Key words Handwritten Recognition,Similar Character,Compound Mahalanobis Function,Difference Subspace
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Face Recognition by Multiple Orthogonal Mutual Subspace Method
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Abstract We previously proposed the Orthogonal Mutual Subspace Method (OMSM). OMSM can extract effec-
tive features for identification by means of an orthogonalization matrix. To achieve high performance the matrix
extraction method is critical. Additionally we previously proposed another method, the Multiple Constrained Mu-
tual Subspace Method (MCMSM). MCMSM is a Constrained Mutual Subspace Method applied on the framework
provided by ensemble learning. In this paper, we propose a new method based on these, the Multiple Orthogonal
Mutual Subspace Method (MOMSM), for learning multiple orthogonalization matrices using ensemble learning.
Through experimental results, we show the effectiveness of this method for face identification.

Key words Orthogonal Mutual Subspace Method, Ensemble Learning, Face Recognition
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Fig.5 Examples of captured image in each lighting condition.
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Comparison between constrained mutual subspace method and

orthogonal mutual subspace method
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Abstract In this paper, we compare the performances of the constrained mutual subspace method (CMSM) and
the orthogonal mutual subspace method (OMSM), which were proposed to improve the performance of the mutual
subspace method (MSM). Since the recognition performances of them vary depending on a shape of pattern dis-
tribution and a quality of learning patterns, they should be used properly according to a problem, considering the
computing times.
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Fig.2 Concept of generalized difference subspace
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Table 1 Recognition rate of each method (%)

ooo sy | sl | s | s
MSM 72.7 73.7 76.3 74.3
CMSM-215 75.7 81.3 76.3 73.7
CMSM-200 73.3 81.0 79.3 7.7
CMSM-190 71.0 73.0 73.0 75.0

OMSM 51.3 54.0 | 56.0 | 54.0
KOMSM 85.3 87.3 88.0 | 88.0
KMSM 84.7 | 87.0 | 82.0 81.7

KCMSM-550 | 83.0 85.3 85.7 86.3
KCMSM-500 | 79.3 85.0 87.0 87.0
KCMSM-450 | 82.0 88.0 89.3 | 89.7
KCMSM-400 | 83.3 87.7 88.3 89.7
KCMSM-300 | 81.0 87.7 88.7 89.0
KCMSM-200 | 81.7 81.7 83.3 83.3
KCMSM-100 | 57.7 62.7 68.0 65.3
KCMSM-50 36.0 35.7 29.0 29.0
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Table 2 Separability of each method

ooo siy | s | os@l | s
MSM 0.055 | 0.074 | 0.082 | 0.080
CMSM-215 0.203 | 0.236 | 0.242 | 0.236
CMSM-200 0.215 | 0.257 | 0.254 | 0.245
CMSM-190 0.229 | 0.255 | 0.249 | 0.244
OMSM 0.039 | 0.095 | 0.116 | 0.116
KOMSM 0.537 | 0.612 | 0.620 | 0.621
KMSM 0.375 | 0.420 | 0.420 | 0.429
KCMSM-550 | 0.538 | 0.581 | 0.584 | 0.538
KCMSM-500 | 0.556 | 0.607 | 0.616 | 0.612
KCMSM-450 | 0.549 | 0.618 | 0.621 | 0.621
KCMSM-400 | 0.529 | 0.601 | 0.607 | 0.609
KCMSM-300 | 0.483 | 0.536 | 0.545 | 0.545
KCMSM-200 | 0.340 | 0.385 | 0.403 | 0.408
KCMSM-100 | 0.141 | 0.194 | 0.212 | 0.213
KCMSM-50 | 0.057 | 0.080 | 0.085 | 0.089
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Table 3 Recognition rate of each method (%)

Linear methods | MSM CMSM OMSM
EER(%) 12.0 9.5 25.0

Kernel methods | KMSM | KCMSM | KOMSM
EER(%) 6.0 4.0 4.0
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Table 4 Recognition rate of each method (%)

Linear MSM | CMSM-200 | OMSM
Recognition rate (%) | 91.74 91.3 97.09
EER(%) 12.0 7.5 6.3
Nonlinear KMSM | KCMSM-450 | KOMSM
Recognition rate (%) | 91.15 97.40 97.42
EER(%) 11.0 43 3.5
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Approximation of spherical PCA by Euclideanization

Jun FUJIKI' and Shotaro AKAHOf

1 National Institute of Advanced Industrial Science and Technology, Tsukuba-Central 2, 1-1-1 Umezono,
Tsukuba-shi, Ibaraki 3050035 Japan

Abstract To measure the similarity between two high dimensional vector data, correlation coefficient is often used
instead of Euclidean distance. In this case, the high dimensional vectors are normalized as hyperspherical points
and the distance between two hyperspherical data is measured as the length along geodesic. On hypersphere, the
Pythagorean theorem does not hold and it makes difficult to apply data analysis methods defined in Euclidean
space, such as principal component analysis, to hyperspherical data. In this paper, we propose spherical principal
component analysis to analyze hyperspherical data on the criterion of spherical least squares. Spherical principal
component analysis is defined as low dimensional great hypersphere fitting to the high dimensional hyperspherical
data. We also propose the approximation of spherical principal component analysis because spherical principal

component analysis is a kind of non-linear minimization.

Key words
equi-directional projection

1. Introduction

Recently, data analysis on hypersphere is getting of great
significance.

In computer vision, omnidirectional camera such as cata-
dioptric camera and fish-eye camera is widely used for robot
navigation, surveillance system and so on. To understand
and to unify omnidirectional cameras, spherical camera is de-
fined [2], [4], [8], [10], [13], [15], [17], [18]. On spherical camera,
feature points are represented as the points on 2-dimensional
sphere, and feasure lines are represented as the great circle
of 2-dimensional sphere, which are “lines” in spherical geom-
etry.

In computer vision, camera motions are also identified as a
sequence of spherical points which are corresponding to the
front directions of cameras. Since we do not need to consider
the horizontal directions of cameras and the distances from
cameras to an object by rotating and scaling of the size of
images. Therefore, smoothing the camera motion is realized
by fitting a small or great circle to an sequence of spherical
points [6], [7], [14].

In finance engineering, the BGM model [3] plays impor-
The model is a kind of LI-
BOR market model, which applies the London interbank
offered rate (LIBOR) in reality. In the BGM model uses

the multi-dimensional Brownian motion derived from multi-

tant roles in interest model.

dimensional normal distribution, and the correlation matrix

spherical data, hypersphere fitting, least squares, Euclideanization, principal component analysis,

plays important role to describe Brownian motion. We re-
gard each component of correlation matrix as the inner prod-
uct of two hyperspherical data. To reduce the computational
cost of simulating the multi-dimensional Brownian motion,
dimension reduction of the correlation matrix is an impor-
tant process[12]. Dimension reduction of correlation matrix
is equivalent to the fitting a great hypersphere to the data
on the unit hypersphere.

In the fields of bioinformatics and data mining, when ana-
lyzing gene expression profile data and processing text data,
we can regard the data as hyperspherical points[16]. These
examples show that data analysis on hypersphere is getting
of great significance recently.

In this paper, we propose spherical principal component
analysis to analyze hyperspherical data on the criterion of
spherical least squares. Spherical principal component anal-
ysis is defined as low dimensional great hypersphere fitting to
the high dimensional hyperspherical data. We also propose
the approximation of spherical principal component analysis
because spherical principal component analysis is a kind of
non-linear minimization.

We also refer two methods to reduce the dimension of
data space, that is, extracting a low-dimensional small hy-
perspherical structure embedded in high-dimensional hyper-
sphere. The former method is called Spherical Least Squares
by Euclideanization for StereoGraphic projection [9], and the

latter method is called Sequential Dimension Reduction [9].
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2. Spherical PCA (SPCA)

One of the purpose of Principal component analysis
(PCA) is compressing of data dimension to remove the noise
on the data. Then spherical PCA (SPCA) should be de-
fined as the data compression method for the hyperspherical
data. From this point of view, SPCA is the low dimensional
fitting to the high dimensional hyperspherical data.

2.1 Spherical Least Squares (SLS)

Because the data are on the hypersphere, the fitting error
should be defined by the function of not the Euclidean dis-
tance but the distance along geodesic, which is equivalent to
the angle, between the data and fitting space.

The distance between the hyperspherical data x; and some
specific subset of hypersphere S is defined as

dist(x;, S) = min cos™ ' (z; ). (1)
yes

When the best fitting is defined as the minimizer of the

sum of square distance, the fitting error is defined as

> A{dist(@:, 9} (2)

We call the minimization of sum of square of not the Eu-
clidean distance but the distance along geodesic of hyper-
sphere as Spherical Least Squares(SLS).

2.2 Spherical PCA (SPCA)

In spherical geometry, a line on the sphere is equivalent to
a great circle of the sphere. Then Spherical PCA (SPCA)
is defined as low dimensional great hypersphere fitting to the
hyperspherical data.

In the low dimensional great hypersphere fitting, we should
pay attention to the fact as follows:

Fact: Let S* and S7 (i < j) be the best i-dimensional great
hypersphere fitting and j-dimensional great hypersphere fit-

ting, respectively. Generally,
S¢S (3)

holds.

Figure 1 is the example of SPCA, that is great hyper-
sphere fitting of the data and the blue circle is the result
of 1-dimensional great hypersphere fitting. Red point is the
result of 0-dimensional great hypersphere fitting, that is, the
center of the data which minimizes the square distance along
geodesic between data.

It is easy to find that the center is not on the best S*
fitting, that is

$°g s, (4)

On usual PCA in the Euclidean space, The Pythagorean
theorem ensures the best i-dimensional hyperplane fitting is

always belongs to the best j-dimensional hyperplane fitting

o o o o

HFN O N OB O 0o N

-0.

Fig. 1 Sy fitting (red) does not belongs to Sp fitting (blue).

when ¢ < j by using the criterion of least squares. However,
the Pythagorean theorem does not holds on the sphere by
using the distance along geodesic, then the fact holds.

3. Hypersphere fitting

For SPCA, it is enough to consider the great hypersphere
fitting, but also consider the small hypersphere fitting in the
paper. Of course the great hypersphere fitting is the special
case of the small hypersphere fitting.

3.1 Representation of small hypersphere

Let R"*! be an n+ 1-dimensional Euclidean space, and O
be its origin. We define the n-dimensional unit hypersphere

as
S"={X|OX = ||lz]| =1, z € R**'}. (5)

We consider a d-dimensional small hypersphere on the unit
hypersphere S™. Generally, hypersphere is represented as the
intersection between S™ and a d + 1-dimensional Euclidean
space E*

Let C be the center of the small hypersphere, OC is per-
pendicular to E¥*? (when O € E4*!, C = 0).

Let OC = ¢, the radius of the small hypersphere is com-

puted as

a=/1— . (6)

Let one of the orthonormal basis of associated linear space

d+1
E* be (r1,...,7441), and

=(m Ta+1) (1)

R =
(n41xd+1)

be the matrix arraying the orthonormal basis (Generally, or-
thonormal coordinate matrix R is not unique to represent
the same Euclidean space).

Euclidean space E4*! is parameterized as
E™ ={X|X=C+Rt te R""}. (8)
Therefore, the d-dimensional small hypersphere, which is the
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intersection between the unit hypersphere S™ and Et! s

parameterized as
{X|X=C+Rt,te R ||t] = a}. (9)

The small hypersphere is described only by the C and R, but
we also use radius « to represent the small hypersphere as
aS?(C, R) for convenience. When we consider only its radius
«, we abbreviate the representation to a.S?.

Since aS?*(C, R) is a d-dimensional small hypersphere with
radius a and its center is /1 — o2 far from the origin O,
aS?%(C, R) is represented as

et +ad 4+l =
xd+2:-~-:xn:07 (10)

Tnt1 = V1 —a?

when we choose an appropriate coordinate system. We call
this representation as the normal form of small hyper-
sphere.

3.2 Representation of great hypersphere

We consider a d-dimensional great hypersphere 15¢ = §¢
on the unit hypersphere S™.

The same as previous subsection, the d-dimensional great

hypersphere is parameterized as
{X|X=0+Rt,te R |jt]| =1}, (11)

which is described only by the R.
The normal form of great hypersphere is

sitai+ g =1 (12)

Tdg2 =+ "+ =Tp =Tpt1 =0
when we choose an appropriate coordinate system.

3.3 Hypersphere fitting under SLS

The aim of the paper is dimension reduction of the data
distributed on the unit hypersphere S™ on R"*', and com-
press the data to the data on the great and/or small hyper-
sphere aS%(C, R).

On small hypersphere fitting, C (,a) and R are chosen so
as to minimize the square distance along geodesic. And on
great hypersphere fitting, only R is chosen so as to minimize
the square distance along geodesic.

Let zy (f =1,...,F) be data on S™, there hold ||z;|| =1
(f=1,...,F).

Let r; be the distance from z; to aS?(C,R) along the
geodesic on S™, there holds

ry= cos_l(z;c—l— aHRTsz), (13)
because
T T T
cosry = max z;x = max (z;c+ zrRt
5T ety = i (et 2 )
= zjc+a||R 2| (14)

. « T
(The maximum holds when t = ———— R zy).
lRT 2|
To estimate the best small and/or great hypersphere under
least squares along geodesic is to minimize

F

J—EZT‘JI, (15)

f=1
which is a function of C (,a) and R. This is the hypersphere
fitting under SLS.

However, it is not easy to solve the hypersphere fitting un-
der SLS because the differentiation of |R" z;|| with respect
to R is needed to apply the Newton’s method for minimizing
the equation (15) or some other minimizing technique com-
puting gradient of the cost function. Therefore, we propose

the approximations of SLS.
4. Euclideanization

In this paper, we propose a method to compute an approx-
imation of SLS, called Euclideanizatoin of hypersphere.
Euclideanization is the adjustment of the metric of projected
space to keep the metric of the original space as well as pos-
sible.

4.1 Example to understand Euclideanization

In this subsection, we present an example to understand
the general case of Euclideanization, we discuss the case
n = 2 and d = 1, that is, fitting small circle to the data
on the sphere. We use stereographic projection to map the
surface of the sphere to Euclidean space.

The characteristics of the data are as follows: we regard
the true small circle as latitude of the globe. We determine
the arc of the small circle by setting some longitude range
(the angle unit is radian) on the latitude. We generate 100-
data from uniform distribution on the arc of the small circle
and adding the Gauss noise of 0.01-radian standard deviation
along meridional direction. We determine z; as rotating the
100-data by three-dimensional rotation matrix. We estimate
the best small circle from the 100-data under some criterion.

The results are shown as the true small circle as an lat-
itude for convenience. the dotted line represents the true
small circle and the solid line represents the estimated small
circle.

4.2 Hyperplane fitting

The easiest way to estimate small hypersphere is as follows:
Fitting d + 1-dimensional hyperplane to z; by least square
criterion, and the estimated small hypersphere is the inter-
section between the hyperplane and the unit hypersphere
(Gray et al.[11] uses this estimation as the initial value of
their algorithm).

Figure 2 shows the estimation of the small circle by plane
fitting. When a longitude range is small, the estimation

tends toward the tangent plane of the unit sphere because
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Fig. 2 Hyperplane fitting: latitude /3, longitude range /3.

the sphere itself is approximated by the tangent plane.

4.3 Estimation by stereographic projection

To overcome the problem that an estimation tends to-
ward a tangent hyperplane, we try to estimate a small circle
by stereographic projection. Stereographic projection has a
property that the small circle on the unit sphere is projected
to the circle on the projective plane. Therefore, we estimate
the small circle by fitting the circle on the projective plane
under least square criterion and project the circle to the unit

sphere by stereographic projection. Figure 3 shows the es-

Fig. 3 Estimation by stereographic projection: latitude 7 /3, lon-
gitude range 7/3

timation by stereographic projection for the same data as
Figure 2. By stereographic projection, the tendency toward
a tangent hyperplane is reduced.

Let N(n) be a fixed point chosen from n-dimensional hy-
persphere S™ and S(—n) be its antipode. Stereographic pro-
jection is a mapping from n-dimensional hypersphere S™ onto
" : n"« = —1 which is a tangent n-dimensional hyperplane
at S(—n). By Stereographic projection, a point Z(z) € S™
on the n-dimensional hypersphere S™ is projected to a point
Z'(2') which is the intersection between line NZ and II".

Let y = 2z —n and ¥ = 2’ — n, the stereographic pro-
jection is simply represented as y’ = 4y/||y||?, which is the

inversion with respect to inversion hypersphere with center

N and radius 2 in the n + 1-dimensional Euclidean space.
By this inversion, d-dimensional hypersphere on the unit hy-
persphere S™ is mapped to d-dimensional hypersphere or d-
dimensional hyperplane (see appendix A) on the tangent
hyperplane II".

The estimation referred in this subsection is as fol-
lows: first, fitting d-dimensional small hypersphere or d-
dimensional hyperplane on the n-dimensional projective hy-
perplane under least square criterion. Next, mapping the
fitted d-dimensional small hypersphere or d-dimensional hy-
perplane onto the n-dimensional hypersphere S™ by the in-
version.

4.4 Euclideanization for Stereographic projec-

tion(ESG)

The estimation referred in the previous subsection some-
times gives a poor estimation. Then, we propose the
weighted least squares where the weights are determined by
the changing of metric under stereographic projection. Sim-
ply speaking, the enlargement rate of some point on the hy-
persphere by stereographic projection is k, the weights are
determined as k2. Like this, the geodesic distances are ap-
proximately replaced with weighted Euclidean distance. And
the weights are determined by changing of metric[1]. We call
the replacing as Euclideanization.

In this subsection, we propose a method to estimate the
approximation of SLS by Euclideanization for Stereo-
graphic projection (ESG). We call the method the SLS-
ESG.

First, Figure 4 shows the estimation by ESG for the same
data as Figure 2. For the data, the estimation by ESG is
almost the same as the least squares without weights on the

projective plane (Figure 3).

Fig. 4 Estimation by ESG: latitude 7 /3, longitude range 7/3

However, Figure 5 shows a poor estimation by least squares
on the projective plane without weights. The reason of such a
poor estimation is that the existence of data around the north
pole. The enlargement rate of the area by stereographic pro-

jection is getting higher when the area is getting closer to
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Fig. 5 Estimation by stereographic projection and usual least

squares, latitude 0, longitude range 27

the north pole from the south pole. When we apply ordi-
nary least squares to the data on the projective plane, the
estimation tends to the data far from the origin of the pro-

jective plane (the image of the south pole).

300 T T T

2501 1

200 + 1

1501 1

100 q

50

0

-50

-100 !
-300 -200 -100 0 100

Fig. 6 Representation of ordinary least squares estimation on the

projective plane, latitude 0, longitude range 27

Figure 6 shows the data on the projective plane and esti-
mated circle by ordinary least squares. we can see that the
estimation is tends to the data far from the origin of the
projective plane.

To overcome this problem, we set weights to revise the
metric (enlargement by stereographic projection).

Let r be the distance from the origin of the projective plane
to the datum, the weight of the datum are determined by
(1 4+ r?/4)"2 because there holds dr = (1 + r?/4)dd from
figure 7.

Figure 8 and 9 show that the estimation by SLS-ESG is
improved.

This is why we propose the Euclideanization to adjust the

metric.

Fig. 7 Changing of metric by stereographic projection

Fig. 8 Estimation by SLS-ESG, latitude 0, longitude range 27
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Fig. 9 Representation of SLS-ESG estimation on the projective

plane, latitude 0, longitude range 27

5. Equi-directional projection

Many of the projection from hypersphere surface to its Eu-
clidean tangent space are unified by equi-directional pro-

Jection of hypersphere.
~ - 0.
Let o+ be defined as o4+ = <:|:1>’ that is north and/or

~ T
south pole of S™, and let © = ( )
xn+1

Let E” be the n dimensional Euclidean tangent space at
o_.

The map from S — {04} to E™ is called equi-directional
projection of hypersphere if and only if the map is repre-

sented as
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T f(@ns))® = f(@ns)y/1— 72, - ﬁ (16)

where f(z) satisfies

f(=1)=1, f(x)>0 (17)

and

d 5y @0 —2%) —zf(2)
f@V1-2%) = Vi >0, (18)

that is,

f'@)(1 —a?)

— > 19
7@ 19

Let r be the distance between south Pole and the projec-

tion point, there holds

r= f(l‘nH)\/ 1- 173-;—1 (20)

and the condition Eq.19 is the monotonous increasing of r.
5.1 Volume element
To compute the weights of Euclideanization, we should pay
attention to the changing of volume element by the equi-
directional projection of the hypersphere. The ratio of vol-
ume element is equivalent to the Jaccobian of the mapping.
On the hypersphere, the n-dimensional volume element V;

is computed as the n-dimensional volume of parallel pipe
organized by {%} .
tJ)i=1

There hold

ox I,

puladgp 21

oz ( _x;lqw—r > =
and

0% z e’
oxr — n+1
det (6:1: p) ( ) > P, (22)

for any vector p, V1 is computed as

-1
T, T _
= (7 -

On the projection space by the equi-directional projec-
tion, the n-dimensional volume element V5 is computed

as the m-dimensional volume of parallel pipe organized by
Of(zng )T
oz; .

There holds

Of @ns)® _ f(@ng1)ln — Mﬂ;m: (24)

ox Tril

then the volume element V5 is computed as

Vo = ‘det Of(@n+1)z

ox
VT PR A C72 50 BT
- {f( ’ﬂ+1)} ‘1 $n+1f(33n+1)” ||
(e nly f@agn)(1—27y0)
= (flniy” 1 - L= 0 (25)

By considering the Vi and V>, the Jaccobian of the projec-

tion is computed as

Va
J = VI
— (e o f(@ar) (1 —2h)
- {f( n+1)} n+1 f(mn+l)
e e [F )2t
= ey { L0 o}

(because of Eq.19). Then the length is expected to enlarged

f(nt1)

times by the equi-directional projection.

TE = fann) { ne )0 = ) m+} (27)

This means the
weight of Euclideanization for the equi-directional projection

is

1 1 f(@n1)(1— 25 y)) 0 =
T = s { e n+1} (28)

5.2 Orthographic projection

By orthographic projection, there hold

fley=1, f(z)=0, (29)

then the range to satisfy Eq.17 and Eq.19 is z,4+1 < 0 and
the weights are computed by

_1 _1
J n = (—Zn+1) n., (30)
Rewriting J - by

r= f(mnﬂ)\/l — Ty = \/1 —Th

= g = —(1-17)3, (31)

the representation of weights by r are
Jw = (1—r) 7. (32)
5.3 Stereographic projection
By stereographic projection, there hold

@) =15 f@= =

(33)
then the range to satisfy Eq.17 and Eq.19 hold any zn41,

and the weights are computed by

_1 11—z
J n = . 34
D) (34)

Rewriting J~ 0 by

1+l'n+l
r = f@ap)y/1-2py, =2 F——
1+r2/4
= o= %)

the representation of weights by r are

Jw = <Z + 1) : (36)
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5.4 Azimuthal equidistant projection
By azimuthal equidistant projection, there hold
m—cos 'z
Vi—a? '
1 z(m — cos™' )

1—22 " T

then the range to satisfy Eq.17 and Eq.19 hold any z.,41,

f(=) (37)

f'(z) (38)

and the weights are computed by

n—1

_1 m—cosTtz\ ™
Jn=— 39
( V1 —z? (39)

Rewriting J~ 0 by

r = f(zn41)/1—22  =m—cos 'w

< Tp41 = —COST (40)

the representation of weights by r are

J_%:(sinr)Tl' (41)

T

5.5 Gnomic projection

By gnomic projection, there hold

f@) =1, f@=; (42

then the range to satisfy Eq.17 and Eq.19 is z,+1 < 0 and

the weights are computed by
_1 ntl
) N (43)

Rewriting J ™~ 0 by

/A _ 2
r = f(@nt1) /1_%“:&

—Tn+1

= g = —(1+77)72 (44)
the representation of weights by r are
B n41
JTw = (1) (45)

5.6 Equisolidangle projection

Equisolidangle projection does not change the volume el-
ement, there holds J = 1, then weights are constant 1. The
representation of equisolidangle projection is computed in

Appendix B.

6. Euclideanization for equi-directional

projection

In this subsection, we compare the estimation of SPCA
with Euclideanization to without Euclideanization. we dis-
cuss the case n = 2 and d = 1, that is, fitting great circle to
the data on the sphere.

The characteristics of the data are as follows: we regard

the true great circle as equator of the globe. We generate

100-data from the great circle as their longitudes are dis-
tributed from Gauss distribution of its mean and standard
deviation are 0 and w-radian, respectively. We add the Gauss
noise of og-radian standard deviation along x, y and z-axes,
and normalize the data as their norm are equal to 1. We
determine z; as rotating the 100-data by three-dimensional
rotation matrix. We estimate the best great circle fitting
(S* fitting) and the best point fitting (S° fitting) from the
100-data under some criterion.

Figure 10~17 show the S° and S' fitting error. Fitting
error is the average of 100-trial. In the graphs, “1” denotes
orthographic projection, “2” denotes orthographic projection
cut of at w/3, “3” denotes stereographic projection, “4” de-
notes azimuthal equidistant projection, “5” denotes gnomic
projection and “6” denotes equisolidangle projection. Or-
thographic projection cut of at w/3 means using only each
datum of its colatitude is less than 7/3, that is, using only
each datum of its latitude is greater than /6.

Blue bar in the graphs represents error of estimation with
Euclideanization and red bar in the graphs represents error
of estimation without Euclideanization.

When the data are distributed short range of equator (Fig.
10~ Fig. 13), Euclideanization yields worse S° fitting than
without Euclideanization (Fig. 10 and Fig. 11).

3
x 10

Fig. 10 SO fitting error; w = 0.25, o = 0.05.
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0.008

0.006 [
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0.002 |

Fig. 11 S° fitting error; w = 0.25, o = 0.2.

However, the S° fitting errors are sufficiently small and we

can say the estimation with Euclideanization and without
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Euclideanization are almost the same.
Figure 12 and Fig. 13 show that it makes little difference
between the estimation with Euclideanization and without

Euclideanization in S* fitting.
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Fig. 12 S fitting error; w = 0.25, ¢ = 0.05.
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Fig. 13 S! fitting error; w = 0.25, o = 0.2.

When the data are distributed wide range of equator, (Fig.
14~ Fig. 17),

Euclideanization yields better S° fitting than without Eu-
clideanization except orthogonal projection (Fig. 14 and Fig.
15).
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Fig. 14 SO fitting error; w = 1, o = 0.05.

Especially, Euclideanization for stereographic projection
and for gnomic projection yield good performance. The fea-
ture of these two projection is the enlargement rate Jw is
getting to infinity when the point is getting far from the
south pole. This means the slight noise of the points far

from the south pole is enlarged to large noise and it yields
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Fig. 15 S fitting error; w = 1, 0 = 0.2.

worse estimation without Euclideanization. In this case, Eu-
clideanization is very important for estimation.

For orthogonal projection, Euclideanization yields worse
S° fitting than without Euclideanization. The feature of the
orthogonal projection is the enlargement rate Jw is getting
to 0 when the point is getting far from the south pole. This
means the large noise of the points far from the south pole is
neglected and it yields worse estimation with Euclideaniza-
tion. In this case, Euclideanization is not suitable for esti-
mation.

Figure 16 and Fig. 17 show that it makes little difference
between the estimation with Euclideanization and without
Euclideanization in S' fitting except without Euclideaniza-
tion for stereographic projection. The reason of the worse
estimation is not sure, but Euclideanization gives better per-

formance for stereographic projection.
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Fig. 16 S! fitting error; w = 1, o = 0.05.
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Fig. 17 S! fitting error; w = 1, 0 = 0.2.
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From Fig. 18 to Fig. 23 show the S° estimation and S*
estimation of the data when the data are distributed wide
range of equator. In these figure, red lines denote estimation
of SLS by Newton’s method, green lines denote estimation
of equi-directional projection without Euclideanization, and
blue lines denote estimation of equi-directional projection
with Euclideanization. From these figures, Euclideanization

derives stable estimation for all equi-directional projection.

1 ‘ s ‘
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Fig. 18 Orthographic; w =1, ¢ =0.2.
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Fig. 19 Orthographic with cutoff at 7/3; w =1, 0 = 0.2.

7. Euclideanization for Stereographic pro-
jection (ESG)

In this section, we highlight to Euclideanization for
Stereographic projection (ESG) because stereographic
projection has a property that the small hypersphere on
the unit hypersphere is projected to the hypersphere on the
projective hyperplane. Euclidean space is regarded as hy-
persphere of its radius is infinity, then many data analysis
method for Euclidean space is applicable for hypersphere by
applying these data analysis method to the projective hyper-

plane.
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Fig. 20 Stereographic; w =1, 0 = 0.2.

1'57 B ‘ . ' ]
1t 1
.0
/]
]
05’ o 0 o o 1
oo [ 00
0 0,00 0
0 ® onoo,.og 20 0088 e
0
R A T
? 8
050 ° L
0
AF 1
157 1

-5 -1 05 0 05 1 15

Fig. 22 Gnomic; w=1,0 =0.2.

Then, the approximation of SPCA is realized by using
Euclidean PCA to the projective hyperplane. we call the
method spherical principal component analysis by Eu-
clideanization for stereographic projection (SPCA-

ESG).
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Fig. 23 Equisolidangle; w =1, 0 = 0.2.

7.1 The algorithm of SPCA-ESG

The algorithm of SPCA-ESG under the criterion of SLS
(SPCA-ESG-SLS) is as follows:
(1) Define the fitting dimension d.
(2) Map the data on the unit hypersphere S™ onto the data
on the projective plane II" by stereographic projection.
(3) Fit d+1-dimensional Euclidean space E**' to the data
on the projective plane II" by weighted least squares.
(4) Project the data on II™ onto E**' by orthographic pro-
jection.
(5) Fit d-dimensional hypersphere for the data on E“*! by
weighted least squares.
(6) Map the d-dimensional hypersphere on II" onto S™ by
stereographic projection, which is the estimated small hyper-
sphere aS?.
(7) Compute the estimation of z; by projecting the data
z; onto aS%.

Note that the projection of z; onto aS? is the mapping

«

——~ _RRT
TR Tz

zf d

that is the replacing 2y to a point on aS? which minimizes

the distance along geodesic between z; and the point.
8. Sequential Dimension Reduction (SDR)

8.1 One-dimension reduction
The dimension of the orthogonal complement of R of n—1-
dimensional hypersphere a.S™ ' (C, R) on S™ is one.

Let the normal basis of the orthogonal complement be A

and

by =cosT (2] N), = cos™ el (46)
there holds

T =1f — . (47)

Then the cost function J is minimized by Newton’s method.

8.2 Newton’s method

In this subsection, we consider the minimization of non-
negative function J parameterized by a.

Let the values of J and « at the n-th iteration as J, and
o, respectively.

The second order Taylor expansion of J around .J,, yields

J(Aa) = Jn +q,Aa + %AaTHnAa, (48)
aJ o%J
4, = 5= v Hn= —5—= ,  (49)
oa la=a, Jdada a-a,

where Aa = a — an,.

We minimize J under constraint g = 0. Let the values of
g at the n-th iteration as g,.

The first order Taylor expansion of g around g, yields

b, _ 00

Aa) =g, +blAa=0 = )
9(Aa) = gn + b, A = 0, i .

(50)

Then we apply the Lagrange multiplier method for J with

Lagrange multiplier k as E = J + kg, that is, we solve the

equations
OF
= H,A n =0, 1
3(Aa) q, + a+ kb 0 (51)
OF T

— =gn+b,Aa=0. 52
o = I thn A (52)

From these equations, there hold

_ — b H7'q

Aa=—H;* 4 Mbn 53
{qn 5TH. b, (53)

and the parameter « is updated by

_ w— bl H !
Cnit = o = Hi! {"” + %”} - 69

We minimize eq.(15) by Newton’s method with constraint
~ A
g =ATA—1in the parameter space X = ( )

n
The updates of parameters are computed by the following

values: (Gray et al.[11] gave the case n =2 and d = 1)

F F
oJ _ Ty oJ _
X ;Sindzfzf’ ou ;rf’

) F
9*J sints — rscos
Z Yy —rycosty 252)

INONT — sin® 1 o
0%J 027 \' i L
axopu OuONT 4 sinyy "
- F
9%J dg A
Opdp Z [N (0 59)

8.3 Sequential Dimension Reduction (SDR)

We consider the sequence of small hyperspheres as
8" D a1S" ! DS T D D S, (56)
and we estimate als"_l, aQS"_Z, . ap_aS? sequentially.
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In each estimation, we use Newton’s method referred in pre-
vious subsection. We compute the initial value of Newton’s
method by SLS-ESG [7]. We call this estimation as the Se-
quential Dimension Reduction (SDR).

To avoid the cumulative errors by a sequential proce-
dure, z;y are directly projected onto arS™ " to estimate

ak+lsnfk71.

9. Experiment for small hypersphere fit-
ting

We generated 100 data from 5-dimensional hypersphere
on the 20-dimensional unit hypersphere S?°. The data are
sampled from uniform distribution on the 5-dimensional hy-
persphere. We add the 0-mean Gauss noise of its variance
0.01 for each axis and normalize data by divided by its norm.
The hyperspherical data z; which we use in experiments are
the rotation of the normalized data by some 20-dimensional
rotation matrix.

Figure24 shows the dimension of estimated small hyper-
sphere against the mean square error along geodesic. The
solid line denotes the mean square error for SDR, and dot-
ted line denotes the mean square error for SLS-ESG.

From 20-dimension to 5-dimension which is the true di-
mension, both methods give good performance.

However, below the true dimension, that is over compres-
sion of the data, the error raised rapidly. In this case, SLS-
ESG gives a better estimation than SDR. We can compute

mean square error

dimension

Fig. 24 Training error against dimension reduction: solid line is
for SDR and dotted line is for SLS-ESG

the mean square error only by the observed data, we can
estimate the “true” dimension of data only by the observed
data.

We test the estimation by 10000-test data. Figure 25 shows
the square error per test datum for 100 trials. Both methods

give good performance for test data.
10. Future

From the proposed methods, we can suggest following two

mean square error

dimension

Fig. 25 Test error against dimension reduction: solid line is for
SDR and dotted line is for SLS-ESG

points:

(1) Least squares along geodesic for n-dimensional metric
manifold is resolved to the weighted least squares in Eu-
clidean space when we can define the continuous and dif-
ferentiable bijection from the manifold to Euclidean space.
That is, Euclideanization is applicable.

(2) The clustering on n-dimensional hypersphere is resolved
to the clustering on n-dimensional Euclidean space by Eu-
clideanization.

(3) In this paper, Euclideanization is the putting weights
for data points. However, we should consider the weights
not only for data points but also the geodesic from the data
points to the low dimensional structure for fitting. From
this point of view, the proposed Euclideanization should be
called 0-th order Euclideanization, and we should inves-

tigate 1-st order Euclideanization.

Appendix A: Image of hypersphere by
stereographic projection

In n + 1-dimensional Euclidean space R"*!, the image
of the d-dimensional hypersphere on the n-dimensional hy-
persphere is also the d-dimensional hypersphere on the n-
dimensional hyperplane II, which is the tangent hyperplane
at the antipode of N by the stereographic projection of the
n-dimensional hypersphere S™ from the point N.

In this appendix, d-dimensional Euclidean space is re-
garded as the d-dimensional hypersphere with radius infinity.

Let a diameter of the n-dimensional hypersphere as 2r.
When we set the origin of the n+ 1 Euclidean space as N on
the n-dimensional hypersphere, the stereographic projection
from N, named f, is represented as

472

flx) = TzlP x.

This is the inversion with respect to inversion hypersphere
with center N and radius 2r. By this inversion, any n-

dimensional hypersphere is mapped to m-dimensional hy-
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persphere because the image of n-dimensional hypersphere

alle]]> +b x+c=0is
clz||* +r*b e +r'a =0,

which is also n-dimensional hypersphere.

Generally, a d-dimensional hypersphere is represented as
the intersection of n — d + 1 pieces of n-dimensional hyper-
sphere, then the image of the d-dimensional hypersphere is
also an intersection of n — d + 1 pieces of n-dimensional hy-
persphere, that is a d-dimensional hypersphere.

Especially, d-dimensional hypersphere on the n-dimensional
hypersphere S™, is a d-dimensional hypersphere on the n-

dimensional hyperplane II, which is the image of S™.

Appendix B: Representation of equisoli-
dangle projection

Because equisolidangle projection does not change the vol-

ume element, there holds J = 1, that is,
(@1 (@)1 - 0?) - o f(@)}" = 1. (57)
Because there holds
A=)t {f))
dx
= n(1 - 2% [(1 = )@} 1 (@) - o {f(@)}]

the differential Eq.57 is rewritten as

d 2\ 2 n 2\ =2

d—(l—wz)“’{f(x)} =n(l—-2")"7 . (58)
T

Let x = cos 6 and f(x) = g(0), there holds

dx = —sin 6df (59)

and the differential equation of x is rewritten as the differ-

ential equation of § as

4 Gin™ 9{g(6))"

(S0 -2 @))%

dé
2 n—2 .
=n(l—2z")"2 -(—sinb)
= —nsin""' 6. (60)
By integrating from 7 to €, there holds
)
sin” 0{g(0)}" = —n/ sin" ! ¢ de (61)
because there holds
sin™ 0{g(0)}" =0. (62)
O=m
Let
0
Jn(0) = —/ sin” ¢ do, (63)

there holds

6
J.(0) :/ sin"*1¢d‘;i‘j;¢d¢

= |sin" tpcosg i + (n—1)(Jn=2(6) — Jn(0))

= sin"" " fcos O+ (n— 1)(Jn_2(0) — Ja(6)),

that is,
n—1 1 . .1
Jn(0) = ——Jn_2(0) + —sin" " G cos 64
() - z()+nsm cos (64)
for n > 2.
For n = 0,1, the J,, are computed as
0
Jo(F) = —/ dp =m—6, (65)
0
J1(0) = —/ sin pdp = cosf + 1, (66)

J»(0) are computed recursively by using recurrent Eq.64.
By using J,(6), there holds

sin” 6{g(6)}" = nJ1(6), (67)
and the solution of the differential Eq.60 is
1
_ {ndu (9}
g(g) = T (65)
Then the solution of the differential Eq.57 is
1
{nl—i(2)}*
x) = 69
o) = P (69)
where J,(0) = I,(z).
The recurrent equation of I,,(z) is
Ip(z) = m—cos™ 'z, (70)
Lz) = 144, (71)
n—1 1 9 21
I, = — 1, —x(1 — 2 2
(0) = "o + (1= 2 (72)
and the representation of I,,(z) for n = 2,3 are
_ -1 o2\ :
Iz(.’L’)ZTr cos z—zf—a:(l a:)2, (73)
_ .3
Is(z) = 24'3# (74)
For n = 1, the solution of the differential Eq.57 is
m—cos 'z
flo)= T2 (75)
1—=x

which is azimuthal equidistant projection. Then the relation

between r and z,41 is

F=m—0c08" ' Tnt1 <= Tnp1 = —COST. (76)

For n = 2, the solution of the differential Eq.57 is

f@) =/ ()
“Vi-=z

which is well known result of equisolid projection of S*. The
relation between r and x,41 is

2

r=+2(142) < xn+1=%—1
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For n = 3, the solution of the differential Eq.57 is

fa )_\[{w 1o +a(l—2?)2 }a 79)

V1—2z2

In this case, x,41 is difficult to represent by r, then the

inverse mapping from projected space to hypersphere S° is

difficult to compute.

(1]

(2]

(3]

(7]

(8]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

(18]
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Local Fisher Discriminant Analysis
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Abstract Dimensionality reduction is one of the important preprocessing steps in high-dimensional data analysis.
In this paper, we consider the supervised dimensionality reduction problem where samples are accompanied with
class labels. Fisher discriminant analysis (FDA) for linear dimensionality reduction is a traditional but yet powerful
technique for this purpose. However, it tends to give undesired results if samples in some class are multimodal.
Multimodal data samples may be embedded appropriately by the method of locality-preserving projection (LPP),
which aims at preserving local structure of the data. However, it is an unsupervised method so is not necessar-
ily effective for supervised dimensionality reduction. In this paper, we propose a new method called local Fisher
discriminant analysis (LFDA), which effectively combines the ideas of FDA and LPP so is useful for embedding
multimodal labeled samples. Recently, novel dimensionality reduction methods such as neighborhood component
analysis (NCA) and maximally collapsing metric learning (MCML) have been proposed, which are shown to work
better than FDA. An advantage of LEFDA over these state-of-the-art methods is that LEDA has an analytic form of
the embedding transformation matrix which can be easily computed by solving a generalized eigenvalue problem,
while NCA and MCML rely on gradient-based iterative procedures which are computationally inefficient. Numerical
examples show that LFDA compares favorably to existing methods in both embedding quality and scalability. We
also show that LFDA can be extended to non-linear dimensionality reduction scenarios by the kernel trick.

Key words Dimensionality Reduction, Fisher Discriminant Analysis, Locality Preserving Projection, Multimodal-
ity, Kernel Trick

. between-class scatter is maximized and within-class scatter
1. Introduction o ) o
is minimized. FDA is a traditional but yet useful method

The goal of dimensionality reduction is to embed high- for dimensionality reduction. However, it tends to give un-
dimensional data samples in a low-dimensional space while desired results if samples in some class form several separate
most of ‘intrinsic information’ contained in the data is pre- clusters (i.e., multimodal) (see e.g., Fukunaga, 1990).
served (e.g., Roweis and Saul, 2000; Tenenbaum et al., 2000). Within-class multimodality can be observed in many prac-
Once dimensionality reduction is carried out appropriately, tical applications. For example, in disease diagnosis, the dis-

one can utilize the compact representation of the data for tribution of medial checkup samples of sick patients could

various succeeding tasks such as visualization, classification, be multimodal since there may be several different causes
etc. In this paper, we consider the supervised dimensional- even for a single disease. Even in a traditional task of hand-
ity reduction problem where samples are accompanied with written digit recognition, within-class multimodality appears
class labels. if digits are classified into, e.g., even and odd numbers. More

Fisher discriminant analysis (FDA) (Fisher, 1936; Fuku- generally, within-class multimodality can naturally appear if
naga, 1990) is a popular method for linear supervised dimen- multi-class classification problems are solved by a set of two-
sionality reductio™*”. FDA embeds the data samples so that class ‘one-versus-rest’ problems. For this reason, there is a

universal need for reducing the dimensionality of multimodal

0*10 FDA may refer to a classification method which first projects

the data samples onto a one-dimensional space and then classifies the for dimensionality reduction onto a subspace with dimension more
samples by thresholding (Fisher, 1936; Duda et al., 2001). The one- than one (Fukunaga, 1990). With some abuse, we refer to the dimen-
dimensional embedding space used here is obtained as the maximizer sionality reduction method based on the Fisher criterion as FDA (see
of the so-called Fisher criterion. This Fisher criterion can be used Section 2.2 for detail).
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data.

In order to embed multimodal data appropriately, it is
important to preserve ‘local structure’ of the data. Locality-
preserving projection (LPP) (He and Niyogi, 2004) meets this
requirement. LPP keeps nearby data pairs in the original
space close in the embedding space, by which multimodal
data can be embedded without losing its local structure.
However, LPP is an unsupervised dimensionality reduction
method which does not take the label information into ac-
count. Therefore, it does not necessarily work appropriately
in supervised dimensionality reduction scenarios.

In this paper, we propose a new dimensionality reduction
method called local Fisher discriminant analysis (LFDA).
LFDA effectively combines the ideas of FDA and LPP:
between-class separability is maximized while within-class
local structure is preserved.

Thanks to the local structure preservation property, mul-
timodal labeled data can be embedded appropriately by
LFDA. Furthermore, LFDA can give more separate embed-
ding than FDA. To explain the reason intuitively, we first
note that FDA can be regarded as maximizing between-class
scatter under the constraint of keeping within-class scatter
to a certain level (Fukunaga, 1990, see also Section 3.3).
When samples in some class are multimodal, keeping within-
class scatter to a certain level appears to be quite hard since
multimodal samples should be typically merged into a single
cluster. Due to this strong constraint, less degree of free-
dom is left for increasing separability, and thus FDA results
in less separate embedding. On the other hand, LFDA does
not require multimodal samples to collapse into a single clus-
ter. As a result, more degree of freedom is left for increasing
separability and thus highly separate embedding can be ob-
tained.

If the locality is chosen to be global in LFDA, it is reduced
to the original FDA. Therefore, LFDA may be regarded as
a natural extension of FDA to incorporate local structure of
the data.

By the so-called kernel trick (Scholkopf and Smola, 2002),
FDA and LPP can be extended to non-linear dimensionality
reduction scenarios (Baudat and Anouar, 2000; Mika et al.,
2003; Belkin and Niyogi, 2003; He and Niyogi, 2004). We
show that LFDA can also be non-linearized by the kernel
trick.

Although non-linear dimensionality reduction is in princi-
ple more flexible than linear dimensionality reduction, a lot
of attention are still paid to linear dimensionality reduction
since linear methods often have more exploratory power than
non-linear methods. Recently, novel methods have been pro-
posed for linear supervised dimensionality reduction.

The method called neighborhood component analysis

(NCA) (Goldberger et al., 2005) embeds the data samples so
that the number of correctly classified samples by a stochas-
tic variant of nearest neighbor classifiers is maximized. By
definition, NCA well separates samples of different classes
from each other. Moreover, our experiments (see Section 4.)
show that NCA is useful even when multimodal data sam-
ples are embedded, although NCA does not explicitly take
the multimodality of the data into account. However, the
optimization problem which needs to be solved in NCA is
non-convex so there is no guarantee that one can obtain the
globally optimal solution. Furthermore, a gradient-based
iterative procedure is employed for optimization, which is
rather demanding in computation.

The method called mazimally collapsing metric learning
(MCML) (Globerson and Roweis, 2006) tries to make sam-
ples in the same class collapse into a single point and samples
in other classes map to other locations. Since this require-
ment may not be rigorously achieved by linear dimensional-
ity reduction, MCML instead minimizes the approximation
By definition, MCML does

not take the multimodality of the data into account since

error to the optimal collapse.

samples in the same class are required to collapse into a sin-
gle point. However, MCML appears to be still useful even
when it is used for embedding multimodal data (see exper-
iments in Section 4.). A drawback of MCML is again the
non-convexity of the optimization problem: the MCML al-
gorithm only gives an approximate solution in general "2,
Furthermore, the algorithm employs an iterative updating
scheme for optimization, which appears to be computation-
ally expensive.

On the other hand, LFDA has an analytic form of the
embedding transformation matrix which can be easily com-
puted by solving a generalized eigenvalue problem. There-
fore, LFDA is more efficient in computation and more reliable
than NCA and MCML.

The rest of this paper is organized as follows. In Section 2.,
we formulate the problem of linear dimensionality reduction,
review the definitions of FDA and LPP, and illustrate how
they typically behave. In Section 3., we derive LFDA, show
its properties, and discuss its relation to existing methods.
In Section 4., numerical examples are shown where LFDA
is experimentally compared with existing methods. Finally,
in Section 5., concluding remarks and future prospects are

given.

0 *2[0 Note that, if dimensionality of the embedding space is the same
as the entire space (i.e., the dimensionality is not reduced but the only
the metric of the original space is changed), the optimization prob-
lem of MCML is convex, thus the globally optimal solution can be

obtained.
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2. Linear Dimensionality Reduction

In this section, we formulate the problem of linear dimen-
sionality reduction and review typical existing methods.

2.1 Formulation

Let ; € RP (i = 1,2,...

and y; € {1,2,...,C} be associated class labels, where n is

,n) be D-dimensional samples

the number of samples and C' is the number of classes. Let

ne be the number of samples in the class c:

C

E Ne = N

c=1

(1)

In the following, we use i, j, and k for the index of sam-
ple number, ¢ for the index of class, and d for the index of
dimension.

Let X be the matrix of all samples:

(2)

X = (@i]@s]- - |@n).

Let z; € R® (1 £ R < D) be embedded samples, where R is
the reduced dimension (i,.e., the dimension of the embedding
space). Effectively we consider D to be large and R to be
small, but not limited to such cases.

For the moment, we focus on linear dimensionality reduc-
tion, i.e., using a D X R transformation matrix T, z; is given
by

T
23 =T XT;.

()
Later in Section 3.6, we discuss non-linear dimensionality
reduction scenarios.

2.2 Fisher Discriminant Analysis

Here we briefly review the definition of Fisher discriminant
analysis (FDA) (Fisher, 1936; Fukunaga, 1990; Duda et al.,
2001) for dimensionality reduction.

Let 8™ and S® be the within-class scatter matriz and

the between-class scatter matriz defined by

C
S =33 (@ - u)@i—n)

c=11i:y;=c

(4)

C
SO = "ne(p, — ). —p)", (5)

where ) denotes the summation over ¢ such that

y; = ¢, | denotes the transpose, p. is the mean of samples

iy =cC

in the class ¢, and p is the mean of all samples:

1
l‘l‘c_;c. T, (6)
iy;=c
1 1
- = P e 7
w n;w n;nuc (7)

Using ™) and 8® | the FDA transformation matrix Trpa

is defined as follows:
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Trpa = argmax
TERD X R

[tr ((TTSW)T)’lTTS(b)T)] . 8)
That is, FDA determines T so that between-class scatter is
maximized while within-class scatter is minimized.

It is known that T'rp 4 is given by

Trpa = (p1leal R, 9)

where {p,}5_; are the generalized eigenvectors associated
to the generalized eigenvalues 1 =2 o = --- 2 p of the

following generalized eigenvalue problem:

§Pp= 8§y (10)

2.3 Locality-Preserving Projection

Here we briefly review the definition of locality-preserving
projection (LPP) (He and Niyogi, 2004). Let A be the affin-
ity matriz, i.e., the n-dimensional matrix with the (4, j)-th
element being the affinity between x; and x;. We suppose
that elements of A are in [0,1] and take larger values if x;
and «; are ‘close’. There are several different manners in
defining A. We give a brief review of typical definitions in
Appendix 1..

Using the affinity matrix A, the LPP transformation ma-

trix T'r.pp is defined as follows.

1 n
(2 > AT @ - TTfBj||2>

ij=1

Trpp = argmin
TGRDXR
subject to T'XDX T =1, (11)

where I is the identity matrix and D is the n-dimensional

diagonal matrix with i-th diagonal element being

D;; = zn:Azj
j=1

Eq.(11) implies that LPP determines T so that nearby data

(12)

pairs in the original space RP are kept close in the embed-
ding space. Note that T XDX T = I is a constraint to
avoid a trivial solution T' = O.

It is known that the LPP transformation matrix T 1pp is

given by

Trpp = (Yp_p1l¥o_pial - |[¥p), (13)

where {a,}5_; are the eigenvectors associated to the eigen-
values v1 2 2 2 --- 2 yp of the following eigenvalue prob-
lem:

XLX "¢ =~vXDX "9, (14)

where

L=D- A. (15)

Note that L is called the graph-Laplacian matrix in the spec-
tral graph theory (Chung, 1997), where A is seen as the ad-

jacency matriz of a graph.



2.4 Typical Behavior

In Figure 1, dimensionality reduction results obtained by
FDA and LPP are illustrated, where two-dimensional two-
class data samples are embedded in a one-dimensional sub-
space *”. In LPP, the affinity matrix A is determined by
the local scaling method (Zelnik-Manor and Perona, 2005,
see also Appendix 1.).

For the simplest data set depicted in Figure 1(a), both
FDA and LPP give reasonable results where samples of dif-
ferent classes are nicely separated. For the data set depicted
in Figure 1(b), FDA still works well. However, LPP mixes
samples of different classes into one cluster, which is caused
by the unsupervised nature of LPP. On the other hand, for
the data set depicted in Figure 1(c), LPP works well but
FDA collapses samples of different classes into a single clus-
ter. The reason is that the levels of between-class scatter and
within-class scatter are not evaluated in an intuitively natu-
ral way because of the two separate clusters of the ‘x’-class

(see also Fukunaga, 1990).

3. Local Fisher Embedding

As illustrated above, FDA can perform poorly if samples in
some class form several separate clusters (i.e., multimodal).
In other words, the undesired behavior is caused by the glob-
ality when evaluating within-class scatter and between-class
scatter. On the other hand, LPP can make samples of differ-
ent classes overlapped if they are close in the original high-
dimensional space R”.

To overcome this problem, we propose combining the idea
of FDA and LPP. Namely, we evaluate the levels of within-
class scatter and between-class scatter in a local manner,
by which class separability and local structure preservation
could be attained at the same time. We call our new method
local Fisher discriminant analysis (LFDA).

3.1 Reformulating FDA

To introduce the new method, let us first reformulate FDA
in a pairwise manner.

0 Lemma 10 S™) and S§® defined by Egs.(4) and (5) are

expressed as

w1l L (w
gw) _ D> A (i — @) (@i — =) (16)
i j=1
SV =23 Al - w)@i-w) ()
ij=1

0 *3[0 In Figure 1, the range of the transformation matrix determined
by each method is depicted. Since FDA and LPP do not necessarily
give an orthogonal projection matriz (i.e., T? =T and T' =T are
not necessarily satisfied), the range of the transformation matrix may
not display the complete information of embedding results. However,

it is sufficient for the discussion here.
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Fig. 1 Examples of dimensionality reduction by FDA, LPP and
LFDA. Two-dimensional two-class samples are embedded
in a one-dimensional space. The line in the figure denotes

the embedding space obtained by each method.



where

() 1/n. ifyi=y; =c,
Aij = ) (18)
0 ify Fyj,
® 1/n—1/n. ifyi=y; =c,
AP = (19)
1/n if yi  y;.

(Proof) It follows from Eq.(4) that

S(w) Z Z mi—% Z T, mi—%

c=11i:y;=c Jjyj=c k:yp=c

T
= E wlwl E E T

€ i juyi=y;=c
— 9 <Xn:A(w)> Tz — z”: A(w):r, a:]

i=1 \j=1 i j=1

(w) T T T T
E A (i, + ey — xix;, — xyx; ),
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(20)

which yields Eq.(16). Let ™ be the mizture scatter matriz
(Fukunaga, 1990):

s®

= Z(w —p)(zi—p)'.

S(m) S(w)

Then we have

n 1 n
S(b) = E ml:r;r - — E wlw;— — S<w)
n
i=1

ij=1

=, <Z n) Tz, — Z —@i; ] — 8™
=1 Jj=1 1 j=1
1~ (1 (w) T T T T
=3 Z o= AV ) (i +xjxy —xixy; — Ty ),
ij=1
(22)
which yields Eq.(17). ]

Note that 1/n—1/n. in Eq.(19) is negative while 1/n. and
1/n in Eqgs.(18) and (19) are positive.

The above pairwise representation gives us a novel inter-
pretation of FDA: it tries to keep in-class data pairs close
(since AE?) is positive and Agb; is negative if y; = y;) and
between-class data pairs apart (since AEUJ’-) is zero and AE?
is positive if y; F y;).

3.2 Definition and Typical Behavior of LFDA

Based on the above pairwise expression, let us define the
and the local between-

local within-class scatter matrix g’(w)

~ (b
class scatter matrix S( )

as follows.
3 _
LY A @ e @), ()
1 =1
=B 1 = =0
57=3 A (@i —xy) (T —xy), (24)
ij=1

where
~ (w) Aij/nc ifyi:yj =¢
0 if yi + vy,
~®) A j(1/n=1/n.) fyi=y; =c,
Aij = (26)
1/n if yi + y;.

and S®

are weighted according the

Compared with the global matrices S
and S ®
affinity. This means that far-apart in-class pairs have less in-
and S ®
counterparts of matrices by symbols with tilde.

Using g(w) and g’(b),

matrix T, Frpa as

, the values
for in-class pairs in S ()

fluence in S'(w) . In the sequel, we denote the local

we define the LFDA transformation

Tirpa = argmax [tr ((TT.E’(w)T)’lTTS’(b)T)} . (@7)
TeRDXR

That is, we determine T so that nearby data pairs of the

same class are close and data pairs of different classes are

apart. Data pairs of the same class but far apart are not

imposed to be close.

If the affinity matrix A is taken to be one for all in-class
pairs (i.e., all in-class pairs are ‘equally close’ each other),
S’(w) and g’(b) are reduced to S and §® so LFDA agrees
with the original FDA. Therefore, LFDA may be regarded as
a natural localized variant of FDA. Since Eq.(27) is the same
form as Eq.(8), we can obtain an analytic form of Trrpa,
which can be computed by solving a generalized eigenvalue
problem. In Section 3.4, we show an efficient method for
computing T'rrpa.

Toy examples of dimensionality reduction by LFDA are il-
lustrated in Figure 1, where the affinity matrix A is again
determined by the local scaling method™*". The figures show
that LEDA gives desirable results for all three data sets, i.e.,
LFDA can compensate the drawbacks of FDA and LPP by
effectively combining the idea of FDA and LPP.

3.3 Why is LFDA good?

LFDA does not impose far-apart data pairs of the same
class to be close, by which local structure of the data tends
to be preserved. This itself is a useful property, e.g., in
data visualization tasks because ‘interesting’ structure such
as within-class multimodality is not lost by dimensionality
reduction (this is experimentally demonstrated in Section 4.).

In addition to that, LFDA can even provide more separate

embedding than the original FDA. To explain the reason, let

0 *4[0 For LFDA, the nearest neighbor search carried out in the lo-
cal scaling method is performed in a classwise manner since we do
not need the affinity value for between-class pairs (see Egs.(25) and
(26)).
Section 3.4).

This also contributes to reducing the computational cost (see
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us recall that the FDA transformation matrix T rpa can be

expressed as follows (Fukunaga, 1990).
Trpa = argmax

argmax [tr (TT.S‘(b)T)]

subject to T ST =TI. (28)

This representation implies that FDA maximizes between-
class scatter under the constraint of keeping within-class
scatter to a certain level.

When one of the classes is multimodal, the above con-
straint is actually quite restrictive since the multimodal data
samples should be typically merged into a single cluster.
Therefore, the remaining degree of freedom which is used
for maximizing between-class scatter may not be that much.
As a result, FDA can result in less separate embedding.

On the other hand,

Trrpa can also be expressed as

[r(T78"T)]

subject to TT§<w)T =1.

it is straightforward to show that

TLFDA = argmax
TGRDXR

(29)

The constraint in Eq.(29) is less restrictive than that in
Eq.(28) since faraway pairs of in-class samples are not im-
posed to be close. Due to this weaker constraint, the degree
of freedom which can be used for maximizing separability
between different classes remains more than FDA. For this
reason, LFDA can result in more separate embedding than
FDA. This qualitative discussion will be experimentally sub-
stantiated in Section 4..

3.4 Efficiently Computing LFDA Transformation

Matrix
Here, we provide an efficient method to compute the LFDA

transformation matrix T'r.rpa.

Let S m be the local mixture scatter matrix defined by
g(m) _ g(w) + g(b)
_Lgngm
=3 i (@i —xj) (@i — ;) (30)
1 j=1
where am is the n-dimensional matrix with (¢, j)-th ele-

ment being
if yi =y,

if yi + y;.

A,'j/n

A

> (M)

Al ~©®)

+ A

)

(31)

1/n

Then the same solution T'L,rpa can be still obtained if §<b>
in Eq.(27) is replaced by g'(m
tity (cf. Fukunaga, 1990):

tr ((

) because of the following iden-

o(w)

5"y~ 1TT§(m)T)

=tr ((TT§(w>T)*1TT§(“T) YR (32
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In the following, we employ the criterion with g'(m)

(i-e., the

left-hand side of Eq.(32)) since it gives a simpler expression.
The left-hand side of Eq.(32) is the same form as FDA.

Therefore, the solution T',rpa is analytically given as fol-

lows.

(33)

Trrpa = (@1|P2] - |@R);

where {®,}2_, are the generalized eigenvectors associated

to the generalized eigenvalues ~1 > ~2 > 2 ND of the
following generalized eigenvalue problem:

g,(m)¢ < COPS (34)
Given S m and S (w), the computational complexity required

for obtaining T'Lrpa is (’)(RDQ). Below, we show how .g’(m)

and S () can be computed efficiently.

Since
~ 1 & ~(m
5" = 3 Agj)(a:,-w;r +xjx, —xiw, —xiT,)
ij=1
[~ 5 ™) ) T
= ZA” Tz, ZAj:cm], (35)
i=1 \j=1
=(m) . .
S can be expressed in a matrix form as
s - xI™xT, (36)
where
i(m) _ b(m) _ Z(m)7 (37)
and ﬁ(m) is the n-dimensional diagonal matrix with i-th di-

agonal element being

(38)

Similarly, §(w> can be expressed in a matrix form as

(w)

s - xI™xT, (39)
where
i(w) _ E(w) _ :4(111)7 (40)
and IN)(w) is the n-dimensional diagonal matrix with i-th di-

agonal element being

D Z": A“”).

=1

(41)

i(m) nd i(w)

high dimensional. However, L

are n- dimensional matrices so could be very
) is block-diagonal if {x; }}-
are sorted according to the labels. Furthermore, diagonal
submatrices of i<w) can be sparse if the affinity matrix A
is sparsely defined (see Appendix 1. for detail). Therefore,
calculating 5 directly by Eq.(39) may be computation-

ally efficient. On the other hand, computing S () directly



by Eq.(36) is not so efficient since A" is dense.
This problem can be alleviated as follows. Z(m) can be
decomposed as
~ (m) T ~(m
A =11 /n+ A (42)

where 1 is the n-dimensional vector with all ones and A(m )

is the n-dimensional matrix with (4, j)-th element being

~ (") (Aij —1)/n ify =yj,
A - (43)
0 if yi + yj.
Then g‘(m) can be expressed as
5™ = xD"xT - (x1)(x1) /n-xA" X7, (44)
=(m) . . ~ (m")
where D is expressed by using A as
W”_1+§:~“”. (45)
~(m’)

A
cording to the labels, which implies that the third term in

is a block-diagonal matrix if {x;};—; are sorted ac-

the right-hand side of Eq.(44) may be computed efficiently.
Since the first two terms in the right-hand side of Eq.(44)
can also be computed efficiently, computing g’(m) by Eq.(44)
may be more efficient than directly by Eq.(36).

To further improve computational efficiency, the affinity
matrix A may be computed in a classwise manner since we
do not need the affinity value for between-class pairs (see
Eqgs.(25) and (26)).

search which is often carried out when defining A (see Ap-

This speeds up the nearest neighbor

pendix 1.).

3.5 Comparison with Related Methods

Recently, novel methods have been proposed for linear su-
pervised dimensionality reduction. Here, we qualitatively
compare the methods with LFDA.

3.5.1 Neighborhood Component Analysis

First, we review the definition of a method called neigh-
borhood component analysis (NCA) (Goldberger et al., 2005).

The NCA transformation matrix T yc 4 is defined as follows.

Tnca = argmax Z Z pi ;(TTT) |, (46)
TERDXE \ i1 j: Y=Y
where
exp {— (@i —z;) "U(zi —2)}
>opriexp{—(wi — @) TU (@i — @k) }

pij(U) = if i %+ 4,

0 if i = j.
(47)

The above definition corresponds to maximizing the expected

number of correctly classified samples by a stochastic variant
Therefore, NCA determines

T so that separability of data samples in different classes is

of nearest neighbor classifiers.

maximized. By definition, embedded samples obtained by
NCA are well separated from each other. Our simulations
in Section 4. show that NCA tends to preserve multimodal
structure of the data well, although NCA does not take the
multimodality of the data explicitly into account.

A crucial weakness of NCA is optimization: the optimiza-
tion problem (46) is non-conver. Therefore, there is no
guarantee that one can obtain the globally optimal solution.
Goldberger et al. (2005) proposed using a gradient method

for optimization:
T — T +eVinea(T), (48)
where € (> 0) is the step size and the gradient VJnca(T)

is given by
Vinca(T) = QTZ ({ > pij(TTT)}
3 =Yi

{ZPZJ T’ x; — ;) (T _mj)—r}

- > pii(TTT) (@i — z5)(wi — mj)T>-

(49)

3.5.2 Maximally Collapsing Metric Learning
We begin with reviewing the definition of a method called
mazimally collapsing metric learning (MCML) (Globerson
and Roweis, 2006). Let
Dij
J<U>>

subject to U € PSD(R),

> pijlog

UcRD XD =1

Uncpmr = argmin (

(50)

where PSD(R) is the set of all positive semidefinite matrix

of rank R (i.e., R eigenvalues are positive and others are

zero) and
1 if yi =y,
Pi j X (51)
0 ify +yj.
p; j is normalized so that
S opi =1 (52)

J¥i
Note that pj; is the ‘ideal’ value of p; ;, which is attained
if all samples in the same class collapse into a single point
while samples in other classes are mapped to other locations.
In reality, any U may not be able to attain p; ;(U) = p; ;,
so MCML tries to finds U ycmr which gives the optimal

approximation to p; ; under the Kullback-Leibler divergence



(Kullback and Leibler, 1951). Once U e is obtained, the

MCML transformation matrix T yprcarr is given by

Tryomr = (Py|ds| - |PR), (53)

where {¢,}; are the eigenvectors associated to the posi-
tive eigenvalues 1 = n2 = -+ 2 nr > 0 of the following

eigenvalue problem:

Unomrd =neé. (54)

MCML does not take the multimodality of the data into
account since it requires the samples in the same class to
collapse into a single point. Nevertheless, our simulations
in Section 4. show that it works reasonably well even for
multimodal data.

A drawback of MCML is also optimization: the optimiza-
tion problem (50) is convex only when R = D, i.e., the di-
mensionality is not reduced but the only the metric of the
original space is changed. This means that if R < D (which
is our primal focus in this paper), the unique optimal solu-
tion U preoarr does not exist. Therefore, there is no guarantee
that one can obtain the globally optimal solution T'arcnrr -

Globerson and Roweis (2006) proposed the following
heuristic algorithm to approzimate Tarcnrr: first, the op-

timization problem (50) with R = D is solved:

Zn: pi ;log P
el pi(U)

subject to U € PSD(D).

Uycvmr = argmin
UeRDxD

(55)

The algorithm for obtaining the solution ﬁMCML will be ex-
plained below. Then eigenvalue decomposition of U MCML
is carried out and eigenvalues 71 = 72 = --- = 1jp and asso-
ciated eigenvectors {ad}(?:l are obtained:

Uncnrd = . (56)
Then {¢,} 51 appeared in Eq.(53) are replaced by {$4}§:17
which yields

Tyemr = (8’1@2‘ e |$R)' (57)

This approximation is shown to be practically useful, al-
though there seems to be no theoretical analysis for this
approximation.

Even though U Mmc ML uniquely exists, its analytic form is
not known yet. Globerson and Roweis (2006) proposed us-
ing the following alternate iterative procedure for obtaining

Uncwmer.

U—U-eVIucmur(U), (58)

D

o~ AT

U — Zrnax(o7 N2)PaPa s
d=1

(59)
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where € (> 0) is the step size, 74 and (/j\)d are eigenvalues and

eigenvectors of U, and the gradient VJacar (U) is given by

n

Ve (U) = Y (pi; = pij(U)) (@i — ;) (@i — ;)"
ij=1 (50)

3.5.3 Discussion

NCA and MCML appear to work reasonably well for di-
mensionality reduction of multimodal data samples (see Sec-
tion 4.). However, they both involve non-convex optimiza-
tion problems so there is no guarantee that one can obtain
the optimal solution.

In NCA, the non-convex optimization problem (46) is
solved by the gradient ascent iteration (48), which is compu-
tationally rather inefficient and the quality of the obtained
solution depends on the initialization of the matrix U. Also,
the choice of the step size € is troublesome: if the step size
is small enough, convergence to one of the local optima is
guaranteed but such a choice makes convergence very slow;
if the step size is too large, gradient flow oscillates and con-
vergence may not be guaranteed anymore. Furthermore, the
choice of termination condition in the iterative algorithm is
often cumbersome in practice.

MCML has an advantage over NCA in computation: there
exists the analytic approximation (57) to the optimal solu-
tion, which can be computed using the solution of another
convex optimization problem (55). However, MCML still re-
lies on the gradient-based alternate iterative algorithm (58)—
(59) to solve the convex optimization problem (55), which
is expensive in computation since eigenvalue decomposition
should be carried out in each iteration (see Eq.(59)). Fur-
thermore, the difficulty of appropriately choosing the step
size and termination condition still remains.

On the other hand, in LFDA, an analytic form of the op-
timal solution is available (see Eq.(33)), which can be effi-
ciently computed by solving the generalized eigenvalue prob-
lem (34). Therefore, LFDA is computationally more efficient
and reliable than NCA and MCML.

3.6 Kernel LFDA for Non-Linear Dimensionality

Reduction

So far, we focused on linear dimensionality reduction. Here
we extend our discussion to non-linear dimensionality reduc-
tion scenarios.

From Egs.(36) and (39), the generalized eigenvalue prob-

lem (34) can be expressed as

xi"x"g="xL"Xx" . (61)

When the range of X spans the entire space RP, any vector

@ € RP can be expressed by using some vector & € R™ as

P = Xo. (62)



Then, multiplying Eq.(61) by X7 from the left-hand side
yields
- ki Ka,

KL Ka (63)

where K is the n-dimensional matrix with the (i, j)-th ele-
ment being

This implies that {@;}i—; appear only in terms of their inner
products. Therefore, we can obtain a non-linear variant of
LFDA by the kernel trick (Vapnik, 1998; Scholkopf et al.,
1998), which is explained below.

Let us consider a non-linear mapping () from R” to a
reproducing kernel Hilbert space H (Aronszajn, 1950). Let
K(x,x') be the reproducing kernel of H. A typical choice of

the kernel function would be the Gaussian kernel:

).

with o > 0. For other choices, see, e.g., Wahba (1990), Vap-
nik (1998), and Scholkopf and Smola (2002). Because of the

reproducing property of K(x,z'), K is now the kernel ma-

[l — ||

K(z,x') = exp (— 557 (65)

triz, i.e., the (7, j)-th element is given by

Kij=( (z:), (%)) = K(zi,x;), (66)

where (-,-) denotes the inner product in H. Then the em-
bedded image of (z’) by LFDA in H is given by

K(z1,z")
K(z2,z")
(aul@s|- - |ar) " . ;

K(xn,z')

where {ag}L_; is the generalized eigenvectors associated to
the generalized eigenvalues ~1 > ~2 =2 ~D of the gener-
alized eigenvalue problem (63). Note that, following the dis-
cussion in Section 3.4, we can compute Ki(m)K efficiently
by

K"K -=kD"K - (K1)(K1)" /n- KA™ K.
(68)

4. Numerical Results

In this section, we apply the proposed and existing di-
mensionality reduction methods to benchmark data sets for
visualization. In LPP and LFDA, the affinity matrix is de-
termined by the local scaling method. For LEDA| the affinity
matrix is computed in a classwise manner (see Section 3.4).

We use Letter recognition, Segment, Thyroid disease, and
Iris data sets available from the UCI machine learning repos-
itory (Blake and Merz, 1998). Table 1 describes the specifi-
cation of employed data sets. Each data set contains three

types of samples specified by ‘x’, ‘+’, and ‘o’. We treat ‘x’
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Table 1 List of employed data sets.

Data Set ‘ D ‘ ¢ ’-and-‘4’ class ‘o’ class
Letter recognition | 16 ‘A& O ‘B’
Segment 18 | ‘Brickface’ & ‘Sky’ ‘Foliage’
Thyroid disease 5 ‘Hyper’ & ‘Hypo’ ‘Normal’
Iris 4 | ‘Setosa’ & ‘Virginica’ | ‘Versicolour’

and ‘4’ as a single class, by which two-class problem is cre-
ated. That is, ‘x’ and ‘4’ are treated as hidden labels, and
for embedding, we only use the information whether each
sample belongs to the ‘x’-and-‘+’ class or the ‘o’ class. Our
interest is to evaluate separability between two classes (i.e.,
‘%’ and ‘+’ are well separated from ‘o’) and multimodal-
ity preservation within a class (i.e., ‘X’ and ‘4’ are well
grouped). Figure 2-5 show the embedded samples in two-
dimensional spaces obtained by LFDA, FDA, LPP, NCA,
and MCML.

First, we compare the results obtained by LFDA, FDA,
and LPP. For Letter recognition and Segment data sets (see
the top three graphs in Figure 2 and Figure 3), FDA achieves
good separability (i.e., ‘x’ and ‘+’ are well separated from
‘0’), but multimodality of the ‘x’-and-‘+’ class is lost (i.e.,
‘x” and ‘+’ are mixed). On the other hand, LFDA provides
well separate embedding, and at the same time, multimodal
structure of the data is well preserved. LPP clearly sepa-
rates the samples in two clusters, but labels are mixed in
one of the clusters. For Thyroid disease data set (see the top
three graphs in Figure 4), LFDA, FDA, and LPP separate
‘x”and ‘4’ from ‘o’ well. FDA collapses multimodal struc-
ture of the ‘x’-and-‘+’ class, while LFDA and LPP well pre-
serve the multimodality. For Iris data set (see the top three
graphs in Figure 5), FDA tends to mix samples of differ-
ent classes, while LFDA can achieve good separability. We
conjecture this difference is due to the fact that LFDA has
more degree of freedom for enhancing separability than FDA
(see Section 3. 3). In addition to the separability, LFDA also
clearly preserves the multimodal structure of the ‘x’-and-‘+’
class. LPP also works well for this data set because three
clusters are well separated from each other in the original
high-dimensional space. Overall, LEFDA is found to be more
appropriate for embedding labeled multimodal data samples
than FDA and LPP.

Next, we compare LFDA with NCA and MCML. For Let-
ter recognition data set (see the top and the bottom two
graphs in Figure 2), LFDA, NCA and MCML achieve good
separability (i.e., ‘x’ and ‘4’ are well separated from ‘o’).
However, MCML collapses ‘x’ and ‘+’ into a single cluster
(which is actually aimed in MCML) while LFDA and NCA
preserve multimodal structure of the ‘x’-and-‘+’ class quite

clearly. Note that the NCA result may vary if the initial



LFDA

5 o
+A
4t “C
oB
3,
2,
1r X
X
x X
O,
X X % +
X
-1+ % x
X XXX % +
-2 XXX X + 4
>§<X X
>><<><><>< ><>< J'_FJr
Sl % o« o
X « X &i} +
Ea
_al *i
+or
+
5 ‘ ‘ ‘ ‘ + ‘
8 -6 -4 -2 0 2 4 6
FDA LPP
57 15,
o
at
X
000 o 10 x %
3r (0T6) %@O% O%@% o K%
(6] X £
o 63@% o x
2 B BT 8 B
° © © Bob © 5 Mol % x
I o Lt C&* *%
+ © o
X o o) XXX Q(
o, HF e &, x{?%
or of + Q@@?
X % % #fj 4 &° LS
T 08" Re0 x5
1 x + 4 n ﬁf*i ox © @(%%x
-1t X + 00 %
x " x o o0& & Do
ot Xodk n -5 F— oOF &Rog
-2} x X4 EV + 8 ©
PR g
Foox Fohy ©
-3t + xt %ZF
x4 Tt -10F
+ X)g( % e)
_47 XX +
+ X
5 ‘ ‘ ‘ ‘ ‘ ‘ ‘ _15 ‘ ‘ ‘ ‘ ‘ ‘
2  -15 -1  -05 0 0.5 1 15 8 -6 -4 -2 0 2 4
NCA MCML
30r 20
X
15f
20t I
o
O N X
10t 0.5f 5 o X +
o+
X+ i@%#f ++
or R
X
o AR
-0.5F +
% X
S
10 1 © < T
- =1 X
AHf
X
X
-1.5¢ X
-20+ "
# 2 x
+
-30 4+ L L L L ' 25 L
=30 -20 -10 0 10 20 30 5 0
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value for the gradient ascent algorithm is changed. For Seg-
ment data set (see the top and the bottom two graphs in Fig-
ure 3), NCA mixes ‘+’ and ‘o’, which may be caused by local
optima. LFDA and MCML work quite well in both between-
class separation and within-class multimodality preservation.
For Thyroid disease and Iris data sets (see the top and the
bottom two graphs in Figure 4 and Figure 5), LFDA, NCA
and MCML all work very well in between-class separation
and within-class multimodality preservation. Overall, NCA
sometimes gives a slightly poor result due to local minima,
while MCML can lose within-class multimodal structure (al-
though it is the aim of MCML). On the other hand, LFDA
consistently gives suitable results for all four data sets. Fur-
thermore, LFDA is computationally more efficient and reli-
able than NCA and MCML, thanks to the analytic form of
the optimal solution. Therefore, LFDA would be a promising
alternative to the state-of-the-art NCA and MCML.

Based on the above simulation results, we conclude that

LFDA is useful in visualizing multimodal data samples.

5. Conclusions

We discussed the problem of supervised dimensionality re-
duction. FDA (Fisher, 1936; Fukunaga, 1990; Duda et al.,
2001) works well for this purpose, given data samples of each
class are unimodal Gaussian. On the other hand, samples in
some class can be multimodal, e.g., when multi-class classifi-
cation problems are solved by a set of two-class ‘one-versus-
rest’ problems. LPP (He and Niyogi, 2004) is suitable for
embedding multimodal data, although it is an unsupervised
method so it does not necessarily work appropriately in su-
pervised dimensionality reduction scenarios. In this paper,
we proposed LFDA, which effectively combines the ideas of
FDA and LPP: between-class separability is maximized while
within-class local structure is preserved. The derivation of
LFDA is based on the novel pairwise interpretation of the
original FDA (see Section 3.1): FDA keeps in-class data
pairs close and between-class data pairs apart. We experi-
mentally showed that LFDA can preserve multimodal struc-
ture of the data better than FDA (see Section 4.). Further-
more, we showed that LEFDA can even provide more separate
embedding than FDA since it has more degree of freedom for
achieving high separability than LFDA (see Section 3. 3).

We also compared LFDA with the state-of-the-art meth-
ods such as NCA and MCML (see Section 3.5). Although
NCA and MCML do not explicitly take the multimodality of
the data into account, our experiments showed that they are
reasonably useful in dimensionality reduction of multimodal
data samples. However, they involve non-convex optimiza-
tion problem so there is no guarantee that one can obtain

the globally optimal solution. Furthermore, they employ

98

gradient-based iterative algorithms for optimization, which
are rather inefficient and which require careful choice of the
On the other hand,

in LFDA, an analytic form of the optimal solution is avail-

step size and termination condition.

able, which can be reliably computed by solving a generalized
eigenvalue problem. We also provided an efficient computa-
tion method of the LFDA solution (see Section 3.4).

If between-class separability is the only issue and we do
not care local structure of the data, we may put the affin-
ity values for in-class pairs of samples very close to zero in
LFDA. However, we experimentally confirmed that this does
not give reasonable embedding. This implies that, in order to
obtain useful embedding, it is very important to have a rea-
sonable objective function for the in-class pairs of samples.
In LFDA, such an objective function is naturally derived as
an extension of FDA.

We showed in Section 3.6 that a non-linear variant of
LFDA can be obtained by employing the standard kernel
trick (Schélkopf and Smola, 2002). FDA, LPP, and MCML
can also be kernelized similarly (Baudat and Anouar, 2000;
Mika et al., 2003; Belkin and Niyogi, 2003; He and Niyogi,
2004; Globerson and Roweis, 2006). As shown in these pa-
pers, the performance of the kernelized methods heavily de-
pend on the choice of the family and parameters of kernel
functions. How to optimally determine the kernel function
for supervised dimensionality reduction seems to be an open
problem, which needs to be explored.

LFDA is an efficient dimensionality reduction method,
given an appropriate affinity matrix of the data samples. In
this paper, we simply employed the standard affinity matrix
(see Appendix 1.). Although the standard choice appeared
to be quite reasonable in experiments (see Section 4.), it is
important to find the optimal way to define the affinity ma-

trix in the context of supervised dimensionality reduction.
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Appendix

1. Definitions of Affinity Matrix
In this appendix, we briefly review typical choices of the

affinity matrix A.



1.1 Heat Kernel
Belkin and Niyogi (2003) proposed defining A; ; as

i —;|°
o2 ’

where ¢ (> 0) is a tuning parameter which determines the

A =exp <— (A1)

‘decay’ of the affinity.

1.2 Euclidean Neighbor

The heat kernel gives a non-sparse affinity matrix. It
would be computationally advantageous if the affinity ma-
trix is sparcified. A sparse affinity matrix may be obtained
as follows Tenenbaum et al. (2000). For e (> 0) which is a

tuning parameter, ; and x; are judged to be neighbors if

lle: — ;] < e. (A-2)

Then A, ; is defined by Eq.(A-1) for two neighboring samples
and A; ; = 0 for non-neighbors.

This definition includes two tuning parameters (e and o),
which are rather troublesome to be determined. To ease the
problem, we may simply let A; ; = 1 if &; and x; are neigh-
bors and A; ; = 0 otherwise. This corresponds to putting
o = o0.

1.3 Nearest Neighbor

Tuning the distance threshold e is practically rather cum-
bersome since the relation between the number of neighbors
and the value of € is not intuitively clear. Another option
to determine neighbors is to directly specify the number of
neighbors (Roweis and Saul, 2000; Tenenbaum et al., 2000).
Let kNN (z;) be the set of k nearest neighbor samples of x;
under the Euclidean distance, where k is a tuning parameter.
If x¢; € kNN(z;) or &¢; € kNN(x;), we regard x; and x;
as neighbors; otherwise they are regarded as non-neighbors.
Then the affinity matrix may be defined by the heat kernel
or in the simple zero-one manner.

1.4 Local Scaling

A drawback of the above definitions is that the affinity
is computed globally in the same way. The density of data
samples may be different depending on regions and it would
be more appropriate to take the local scaling of the data
into account. Following this idea, Zelnik-Manor and Perona

(2005) proposed defining the affinity matrix as

. — . 2
A;j =exp (77”:22 i | ) .

;0

(A-3)

o; represents the local scaling of the data samples around «;,
which is defined by

o = @i = &7l

(A-4)

~ (k)

where &;"’ is the k-th nearest neighbor of x;. The param-

eter k is a tuning parameter, but Zelnik-Manor and Perona
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(2005) demonstrated that k = 7 is a ‘universal’ value, by
which no tuning parameter remains. This would be a conve-
nient choice for those who do not have any subjective/prior
preference. We employed this definition all though the paper.
For computational efficiency, we may further sparsify the
above affinity matrix based on, e.g., the nearest neighbor
idea.
References
N. Aronszajn. Theory of reproducing kernels. Transactions
of the American Mathematical Society, 68:337-404, 1950.

G. Baudat and F. Anouar. Generalized discriminant analy-
sis using a kernel approach. Neural Computation, 12(10):
2385-2404, 2000.

M. Belkin and P. Niyogi. Laplacian eigenmaps for dimen-
sionality reduction and data representation. Neural Com-
putation, 15(6):1373-1396, 2003.

C.L. Blake and C.J. Merz. UCI repository of machine learn-
ing databases, 1998.

F. R. K. Chung. Spectral Graph Theory. American Mathe-
matical Society, Providence, R.I., 1997.

R. O. Duda, P. E. Hart, and D. G. Stor. Pattern Classifica-
tion. Wiley, New York, 2001.

R. A. Fisher. The use of multiple measurements in taxonomic

problems. Annals of Fugenics, 7:179-188, 1936.

K. Fukunaga. Introduction to Statistical Pattern Recognition.

Academic Press, Inc., Boston, second edition, 1990.

A. Globerson and S. Roweis. Metric learning by collaps-
ing classes. In Advances in Neural Information Processing
Systems 18, pages 451-458, Cambridge, MA, 2006. MIT

Press.

J. Goldberger, S. Roweis, G. Hinton, and R. Salakhutdi-
nov. Neighbourhood components analysis. In L. K. Saul,
Y. Weiss, and L. Bottou, editors, Advances in Neural
Information Processing Systems 17, pages 513-520. MIT
Press, Cambridge, MA, 2005.

X. He and P. Niyogi.
S. Thrun, L. Saul, and B. Schélkopf, editors, Advances
in Neural Information Processing Systems 16. MIT Press,
Cambridge, MA, 2004.

Locality preserving projections. In

S. Kullback and R. A. Leibler.
ciency. Annals of Mathematical Statistics, 22:79-86, 1951.

On information and suffi-

S. Mika, G. Ratsch, J. Weston, B. Schélkopf, A. Smola, and

K.-R. Miiller. Constructing descriptive and discriminative



nonlinear features: Rayleigh coefficients in kernel feature
spaces. IEEE Transactions on Pattern Analysis and Ma-
chine Intelligence, 25(5):623-628, 2003.

S. Roweis and L. Saul. Nonlinear dimensionality reduction by
locally linear embedding. Science, 290(5500):2323-2326,
2000.

B. Scholkopf, A. Smola, and K.-R. Miiller. Nonlinear com-
ponent analysis as a kernel eigenvalue problem. Neural

Computation, 10(5):1299-1319, 1998.

B. Scholkopf and A. J. Smola. Learning with Kernels. MIT
Press, Cambridge, MA, 2002.

J. B. Tenenbaum, V. de Silva, and J. C. Langford. A global
geometric framework for nonlinear dimensionality reduc-
tion. Science, 290(5500):2319-2323, 2000.

V. N. Vapnik. Statistical Learning Theory. Wiley, New York,
1998.

G. Wahba. Spline Model for Observational Data. Society
for Industrial and Applied Mathematics, Philadelphia and
Pennsylvania, 1990.

L. Zelnik-Manor and P. Perona. Self-tuning spectral clus-
tering. In L. K. Saul, Y. Weiss, and L. Bottou, editors,
Advances in Neural Information Processing Systems 17,
pages 1601-1608. MIT Press, Cambridge, MA, 2005.

100



00000000 Subspace2006

Equivalence of Non-Iterative Algorithms for Simultaneous Low Rank

Approximations of Matrices

Kohei INOUE', Kenji HARA', and Kiichi URAHAMA

T Department of Visual Communication Design, Faculty of Design, Kyushu University
4-9-1, Shiobaru, Minami-ku, Fukuoka, 815-8540, Japan

Abstract Recently four non-iterative algorithms for simultaneous low rank approximations of matrices (SLRAM)

have been presented by several researchers. In this paper, we show that those algorithms are equivalent to each

other because they are reduced to the eigenvalue problems of row-row and column-column covariance matrices of

given matrices. Also, we show a relationship between the non-iterative algorithms and another algorithm which is

claimed to be an analytical algorithm for the SLRAM. Experimental results show that the analytical algorithm does

not necessarily give the optimal solution of the SLRAM. Additionally, we show a relationship between the above

algorithms and non-iterative generalized low rank approximation of matrices which is also a non-iterative algorithm

for the SLRAM.

Key words dimensionality reduction, simultaneous low rank approximations of matrices, higher-order singular

value decomposition, two-dimensional PCA

1. Introduction

Dimensionality reduction is an important topic in com-
puter vision and pattern recognition researches. Traditional
methods for reducing the dimensionality of data, such as
principal component analysis (PCA) and singular value de-
composition (SVD) are based on the vector space model.
Therefore each datum must be represented as a vector. If the
original data are given as a set of matrices then each matrix
has to be transformed into a vector preliminarily. However,
these transformations do not preserve the spatial relation-
ships of neighboring elements in each matrix. So the correla-
tions between neighboring elements of matrices are not fully
used in the vector space model. Moreover, the dimension of
the vector space might become very high.

Recently, alternative methods for reducing the dimension-
ality of matrices have been presented by several researchers.
Those methods are classified into iterative or non-iterative
algorithms for the simultaneous low rank approximations of
matrices (SLRAM). In this paper, we discuss the relation-
ships of those methods and show the equivalence of four
non-iterative algorithms for the SLRAM.

The rest of this paper is organized as follows. Section
2 reviews related works. Section 3 formulates the SLRAM
and summarizes an iterative algorithm. Section 4 shows the

equivalence of four non-iterative algorithms, and shows the

relationships with two other non-iterative algorithms. Sec-

tion 5 shows experimental results. Section 6 concludes the

paper.

2. Related Work

The problem of low rank approximations of matrices has
recently received broad attention in areas such as computer
vision, machine learning and pattern recognition. Yang et
al. [1] proposed a two-dimensional PCA (2DPCA) which can
treat an image as a matrix without transformation into
a vector. However, the 2DPCA is approximately equiva-
lent to the traditional PCA operated on the row vectors
of matrices[2],[3]. Cai et al.[4] considered an image as a
second-order tensor and proposed tensor subspace learning
algorithms (tensor PCA, tensor LDA). Ding and Ye[5] pro-
posed a two-dimensional SVD (2dSVD) based on row-row
and column-column covariance matrices and studied the op-
timality properties of the 2dSVD. Zhang et al. [3] adopted a
natural representation for images using eigenimages. Inoue
and Urahama [6] proposed a dyadic SVD (DSVD) based on
the higher-order SVD (HOSVD) presented by Lathauwer et
al.[7]. In this paper, we show the equivalence of the tensor
PCA, 2dSVD, eigenimage method and DSVD. These meth-
ods give approximate solutions of the SLRAM. Ye 8], [9] pro-
posed an iterative algorithm for the SLRAM. His method

is called the generalized low rank approximations of matri-
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ces (GLRAM). Liang and Shi[10] proposed an analytical al-
gorithm for the SLRAM and proved its optimality. How-
ever, their analytical algorithm does not necessarily give
the optimal solution of the SLRAM. We show this with a
counterexample for their claim. Liu and Chen [13] proposed
non-iterative generalized low rank approximation of matri-
ces (NIGLRAM) which is also a non-iterative algorithm for
the SLRAM. We show a relationship between the above non-
iterative algorithms and the NIGLRAM.

3. Simultaneous Low Rank Approxima-
tions of Matrices

Let A; € R" x R° for 7 = 1,...,n, where " x R° denotes
the product space of real r- and c-dimensional spaces ®" and
R°. Ye[8],[9] considered the following optimization problem:

n
min Y [|4; — LM:R|[%
L,R,M;

i=1

subj.to LTL = I, RTR = I, (1)

where L € " x R, R € R° x R, M; € ® x R for
i =1,..,n I € R x R and I: € R x R® are the
identity matrices, where 7 < r and ¢ £ ¢. In this pa-
per, we call this problem the simultaneous low rank ap-
proximations of matrices (SLRAM). Let E be the objec-
tive function in Eq. (1). Then E can be transformed
into B = Y. tr(M;M; — 2LM;R" AT + A;AT). From
OE/OM; = 2MT — 2RTATL = 0, we obtain M; = LT A;R.

Substitution of this equation into Eq. (1) gives
L" A:R||7
max M I
i=1
subj.to LTL = Iz, RTR = I:. (2)

The solutions L™, R* of Eq.
Eq. (1) and the minimizer for M; in Eq. (1) is given by
M; = L*T A;R*. Yel8],[9] presented the following iterative

(2) are also the solutions of

algorithm:
[GLRAM]

Step 0: Initialize L as L'® = [I+,0]", ¢ = 0.

{{(EJrl) R(E+1) of

y ooy Qg

Step 1: Compute the ¢ eigenvectors ¢
Yoy A?L(s)L(g)TAi corresponding to the largest ¢ eigen-
values and form RETD) = [¢{{(E+l), e §(§+1)].

Step 2: Compute the 7 eigenvectors ¢

of Z?:l AiR(Hl)R(g“)TAiT corresponding to the largest 7
[¢IL(E+1) L(6+1)

)y Pé ]

L(&+1)

g oeny Qg

L(&+1)
1

eigenvalues and form L¢TYD =
Step 3: If LETY REFY are not convergent then increase &
by 1 and go to Step 1, otherwise proceed to Step 4.

Step 4: Let L* = LEYY R* = RE+Y and compute
M =LTA;R fori=1,...,n.

This algorithm is called the generalized low rank approxi-
mations of matrices (GLRAM). The GLRAM monotonically

non-increases E, hence it converges to a local optimum of
Eq. (1). Benito and Pefia[11] also presented a similar algo-
rithm and called it the alternating least squares (ALS) [12]

algorithm.
4. Non-Iterative Algorithms

The GLRAM described above is an iterative algorithm and
therefore is time-consuming. On the other hand, several non-
iterative algorithms for the SLRAM have also been presented
recently. Those algorithms give near-optimal solutions and
are computationally efficient. In this section, we summarize
those non-iterative algorithms and show their equivalence.

4.1 Tensor PCA

Let M; = LT A; R be the projection of A;. Then the Tensor
PCA presented by Cai et al. [4] is formulated as follows:

M; — M]3
max ; | 7
subj.to LYL =1., RTR=1., (3)
where M = Z?:l M;/n = LTAR, A = Z?:l A;/n. Note
that the constraints in Eq. (3) are different from those in Eq.
(1) or (2), that is, L and R in Eq. (3) are square matrices

of order r and ¢ respectively. Let ETPCA be the objective
function in Eq. (3). Then

ETPCA _ Zn:tr[(Mi — M)(M; — M)"] (4)
= i:tr(LTAiRRTA;‘FL) (5)

=1

= tr

L* (i: /L'RRT/LT> L], (6)

=1

where A; = A;—A. It follows from R'R = I, that RR” = I..
Consequently

ETPCA _ lLT (Z AA?) L
i=1

Hence, if ¢1, ..., ¢F are the eigenvectors of C, = Y " | A; AT

arranged in descending order of the corresponding eigenval-

: (7)

ues, then the optimal solution for L in Eq. (3) is given by
L =[¢f,...,#%]. Similarly we have the alternative expression

of ETPCA a5 follows:

ETPCA — ¢ [RT (i A,-Tzii> R] . (8)

Hence, if ¢7, ..., o are the eigenvectors of Cr = Y " AT A;
arranged in descending order of the corresponding eigenval-
ues, then the optimal solution for R in Eq.
by R = [¢F, ..., 6E].
M; = LYA;R:, where Ly = [¢T,...,¢F] for # < r and

(3) is given
The dimension of A; is reduced by
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R: = [¢%, .., ¢F] for ¢ < c. From Eq. (5), we have

ETPON =3 (LT ARRTAT L) = ) |ILTAR| )%, (9)
i=1 i=1
which implies that the Tensor PCA gives an approximate so-
lution of the SLRAM because the right-most side of Eq. (9)
coincides with the objective function of Eq. (2), except for
the subtraction of A, i.e., A; = A; — A.

4.2 Two-Dimensional SVD

Let the singular value decomposition (SVD) of a matrix S
be S =UXVT, where ¥ is a diagonal matrix whose diagonal
elements are the singular values of S, and U,V are matrices
whose columns are left and right singular vectors of S respec-
tively. Since SST = UXL2UT and STS = VE2VT, we also
have U and V from the spectral decompositions of $ST and
ST S respectively. Ding and Ye[5] extended this relationship
between the singular value decomposition and the spectral
decomposition of a single matrix to that of multiple matrices
as follows. Define the averaged row-row and column-column
covariance matrices as

Co=Y AAl, (10)
=1

Cr=Y_ AlA, (11)
i=1

where Al = A; — A as we stated in the previous subsection.
Let ¢F,...,¢% be the eigenvectors of C corresponding to
the largest 7 eigenvalues and let ¢, .., ¢F be the eigenvec-
tors of Cr corresponding to the largest ¢ eigenvalues. Then
the dimension of A; is reduced by M; = L?AiRg, where
Li: = [¢F, ..., ¢%] and R: = [¢F, .., #F]. Ding and Ye [5] called
this algorithm the two-dimensional SVD (2dSVD).

4.3 Eigenimage Method

The eigenimage method presented by Zhang et al.[3] is
related to the two-dimensional PCA (2DPCA) presented by
Yang et al. [1], so we briefly review the 2DPCA.

4.3.1 Two-Dimensional PCA

Let B; = A;R be the projection of A; onto a low dimen-
sional space. Then the optimal projection matrix R is the

solution of the following problem:

tI‘(CB)

max
R

subj.to RTR = I;, (12)

Where éB = E?:l(Bi —B)(Bl —B)T, B = Z?:l Bl/n The
matrix Cp is called the image covariance matrix[1]. The

objective function in Eq. (12) can be expressed as:

n

tr(Cp) = tr {Z [fL-R(AiR)T]}

=1

tr { [Al, ey An] R([Al, o An] R)T}

tr (BT [A1,. 4] [Ar, . 4] R)

= tr(R"CRrR). (13)

Therefore, the optimal solution of Eq. (12) is given by
R: = [¢%, ..., ¢F], where @7, ..., ¢F are the eigenvectors of
Cr corresponding to the largest ¢ eigenvalues.

4.3.2 Eigenimage Method

Let A. = [AT,..., AT]" be a concatenation of Ay, ..., A,.
Then we have Cr = ACTOIACM, which is equivalent to Eq. (11).
The eigenimage method also uses another concatenation, de-
noted as A,ow = [Al, ey An] Then we have Cz, = Avow AL
which is equivalent to Eq. (10). We compute the 7 eigenvec-

tors ¢F . ..., oL of Cyr corresponding to the largest 7 eigenval-

ues and form L; = [¢¥,...,¢%]. The eigenimage is defined
as
T
irir = 01, 61 (14)
and each A; is approximated as
A=) P, + 4, (15)

ip=1ig=1

where M, 0 = q’)iLlTAiqﬁfz is the (i1,i2) element of M; =
[iyini) = LT AiRs.

4.4 Dyadic SVD

The dyadic SVD (DSVD) presented by Inoue and Ura-
hama[6] is based on the higher-order SVD (HOSVD) pre-
sented by Lathauwer et al. [7].
HOSVD especially for the third-order tensors.

4.4.1 Higher-Order SVD

Let A = [aijigig] forii =1,..,r; 42 =1,...,¢; i3 =1,..,n

Here we briefly review the

be a third-order tensor comprising n matrices Ay, ..., Ay, i.e.,
@iy isig 1S the (i1,12) element of A;j,.

0 Definition 10 The 1-mode matrix unfolding Ay of A con-
tains the element a;,i,i; at the position with row number %;

and column number equal to

(i2 — 1)n +1s. (16)

The 2-mode matrix unfolding A3 of A contains the element
@iy iqi5 at the position with row number ¢ and column num-

ber equal to
(i3 — 1)7‘ + il. (17)

The 3-mode matrix unfolding A3y of A contains the element
Qi isiz at the position with row number ¢3 and column num-

ber equal to

(i1 — 1)c + i2. (18)
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O Definition 20 The 1-mode product of A by a matrix X =
[xizlil] e R x R", denoted by A x1 X, is an (r’ x ¢ x n)-tensor

of which the entries are given by

(A x1 X)i’li2i3 = Z @iyigigTil iy - (19)
i1=1
The 2-mode product of A by a matrix Y = [yiélé] € R x R,
denoted by A x5 Y, is an (r X ¢’ X n)-tensor of which the

entries are given by

(Ax2 V)i = > iyinigYigia- (20)
ig=1
The 3-mode product of A by a matrix Z = [ziéig] € R xR",
denoted by A x3 Z, is an (r X ¢ x n')-tensor of which the en-

tries are given by

(A x3 Z)i1i2i’3 = Z Qiyinig Zilig - (21)
ig=1
Equations (19), (20) and (21) can be expressed as (A X
X)(l) = XA(l), (A X9 Y)(Q) = YA(Q) and (A X3 Z)(g) =
Z A(s) respectively. The low rank approximation of a third-

order tensor is formulated as follows:

min | A—8 x1Lx2Rx3 H||}
L,R,H,S
subj.to L"L =1z, R"R=1;, H"H = I3, (22)

where L € R" x R", R € R x R°, H € R" x " and
S € R" x R® x R". The HOSVD approximately solves Eq.
(22) as follows:
[HOSVD]
Step 1: Compute the 7 left singular vectors ¢¥, ..., ¢L of
A1y corresponding to the largest 7 singular values and form
Ly = [¢7, ..., ¢F].
Step 2: Compute the & left singular vectors ¢, ..., ¢% of
A2y corresponding to the largest ¢ singular values and form
R: = [¢1, ..., 0F].
Step 3: Compute the @ left singular vectors ¢, ..., ¢Z of
A(s) corresponding to the largest n singular values and form
Hs = [¢1, ..., 051
Step 4: Compute S = A x; LY x5 R x3 HY.

4.4.2 Dyadic SVD

Let EMOSVD be the objective function in Eq. (22). Then

E"OSVP = ||A — M x1 L x5 R[3 (23)
=) _Il4i - LM:R" |3, (24)
i=1
where M = [mi,iyi;] = S x3 H and M; = [my i, for
i1 = 1,...,7; iz = 1,...,¢é Since Eq. (24) coincides with

E, the following algorithm is derived from the HOSVD:
[DSVD]

Step 1: Compute the 7 left singular vectors ¢Ff,...,¢% of
A(1) corresponding to the largest 7 singular values and form
L; = [¢F, ..., 6%

Step 2: Compute the ¢ left singular vectors ¢, ..., ¢® of
A2y corresponding to the largest ¢ singular values and form
R: = [¢F, ..., p5].

Step 3: Compute M; = LYA;R; for i =1, ..., n.

Inoue and Urahama[6] called this algorithm the dyadic
SVD (DSVD). Let Cr, = A(1)A{, and Cr = A()Af;). Then
@, ..., p% are also the 7 eigenvectors of C, corresponding to
the largest 7 eigenvalues and ¢F, ..., ¢£ are also the é eigen-
vectors of C'r corresponding to the largest ¢ eigenvalues. If
A= 0, then Cr = C’L and Cr = C~’R.

4.5 Equivalence of Non-Iterative Algorithms

In the rest of this paper, we assume that A = 0 to sim-
plify the notations.
tensor PCA, 2dSVD, eigenimage method and DSVD, are for-

mulated from different viewpoints, they are reduced to the

Although the above four algorithms,

eigenvalue problems of a row-row covariance matrix Cr, and
a column-column covariance matrix Cr. Therefore, they are
equivalent to each other. Eventually the non-iterative algo-
rithm (NIA) for the SLRAM is summarized as follows:
[NIA]
Step 1: Compute the 7 eigenvectors ¢¥, ..., ¢% of CL cor-
responding to the largest 7 eigenvalues and form L; =
[6F, .., 6]
Step 2: Compute the & eigenvectors ¢, ..., ¥ of Cr cor-
responding to the largest ¢ eigenvalues and form R; =
(65, .., 65,
Step 3: Compute M; = LT A;R: for i =1, ..., n.

From the relationship between HOSVD and DSVD, we ob-

tain an upper-bound of E as follows:

- 2 ° 2
E< > o+ ) o =YY (25)
iy =i+l ig=G+1

@)

7

where o

AlT].
4.6 Relationship with an Analytical Algorithm
Ding and Ye [5] considered a variant of 2dSVD as follows:

[NIA(1)]

Step 1: Compute the 7 eigenvectors ¢¥, ..., ¢% of CL cor-

responding to the largest 7 eigenvalues and form L?IA(I) =

)

Step 2: Compute the & eigenvectors ¢} 7, ..., ¢:™ of Ch =
Yoy A?L?IA(l)LEIA(l)TAi corresponding to the largest ¢
eigenvalues and form R?IA(I) = [(/)’IR, ey ’aR].

Step 3: Compute M; = LFNIA(l)TAiR?IA(l) fori=1,..,n.

This algorithm gives the following upper-bound of E:

E< Z ALk + Z Mg = ENTAW), (26)
k=r+1 k=c+1

= ||Si;=i|lr are the j-mode singular values of
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where A\p; = ---

o1 = --+ 2 Np, are the eigenvalues of C. Alternatively,

= Ar, are the eigenvalues of Cr and

we can construct the following algorithm:
[NTA(2)]

Step 1: Compute the & eigenvectors ¢¥, ..., ¢% of Cr cor-
NIA(2) _

responding to the largest ¢ eigenvalues and form R;
(68, . o).

Step 2: Compute 7 eigenvectors ¢\", ..., ¢~ of Cf =
Yoy AiRgHA@)TR?IA@)A? corresponding to the largest 7
eigenvalues and form LI;\HA(Q) = [qﬁ’lL, ey ;L]

Step 3: Compute M; = LFNIA@)TAiR?IA@) fori=1,...,n.

This algorithm gives the following upper-bound of E:

E< Z ALk + Z Ark = ENAC) (27)

k=41 k=+1
where Agri 2 --- 2 Ag. are the eigenvalues of Cr and
"1 2 --- 2 M, are the eigenvalues of C7. Note that

the NIA(2) coincides with the first iteration of the GLRAM,
ie., LY*® = LW and RY™® = R, The NIA(1) and
NIA(2) give smaller upper-bounds than NIA, i.e., we have
max(ENAW gNIAR)Y < ENIA | Brom Eq. (26) and (27) we

have
E < min (ENIA(I), ENIA(2)) — gNIAG) (28)

Combining the NIA(1) and NIA(2), we obtain the following
algorithm which attains the minimal upper-bound ENTAG),
INIA(3)]

Step 1: Compute LX) and Ré\IIA(l).

7

Step 2: Compute L?IA(Q) and R?IA(Q).
)T o+
Step 3: NIA(K) AiR?IA(k ) for 1 =

T

Compute M;
1,...,n, where k* = arg mink6{1,2}(ENIA(k)).
This algorithm is essentially equivalent to an analytical

algorithm presented by Liang and Shi[10]. Let

dy = Z ALk + Z XRk . ENIA(I), (29)
k=1 k=1

dy = Z Mg + Z Ari — ENAG), (30)
k=1 k=1

Then the analytical algorithm is described as follows:
[NIA(3)]

Step 1: Compute LYW and R?IA(I).

Step 2: Compute L?IA@) and R?IA@).
Step 3: Compute M; = ?IAU*)TAL-R?IAU*) fori=1,...,n,
where [* = arg max;c 1,23 (di).

Since 1" in the NIA(3’) is equal to k* in the NIA(3), the
NIA(3’) is equivalent to NIA(3). Although the NIA(3’) is
called an “analytical” algorithm, it does not necessarily give
an optimal solution of the SLRAM. In Section 5, we show a

counterexample.

4.7 Relationship with Non-Iterative Generalized
Low Rank Approximation of Matrices
Recently, Liu and Chen [13] proposed non-iterative gener-
alized low rank approximation of matrices (NIGLRAM) as
follows:
[NIGLRAM]
Step 1: Compute the 7 eigenvectors ¢¥, ..., ¢L of CL, corre-

sponding to the largest 7 eigenvalues and form LYTGTRAM —

[T, -, ¢F]-

Step 2: Compute the é eigenvectors )7, .., ¢7% of
cr o= Y, AT [NIGLRAM P NIGLRAMT 4 (orasnonding
to the largest & eigenvalues and form RY!GMRAM
B, e 7]

Step 3: Compute M; = L,I:\HGLRAMTAiRyIGLRAM for i =
1,..,n.

LTI;IIGLRAM — L?IA(I), Ch = Cl and R‘IS\IIGLRAM —
, the NIGLRAM is equivalent to the NIA(1). Let

ENIGLRAM _ pNIA(L)  Then we have

Since
NIA(1)
&

ENIAG) < ENIGLRAM < ENIA (31)

Liu and Chen [13] also proposed a method for determining
7 and ¢ automatically on the basis of the normalized mean
square error (NMSE).

5. Experimental Results

In this section, we experimentally evaluate the perfor-
mance of the GLRAM, NIA and NIA(3) with respect to
the capability of the SLRAM and computational efficiency.
We use 500 matrices of size 100 x 100, i.e., n = 500 and
r = ¢ = 100. All the entries of the matrices are random
numbers picked from a uniform distribution on the interval
[0,1]. It has been experimentally shown that the GLRAM
converges much slower on these random data than on natu-
ral image data[9]. We evaluate the capability of the SLRAM
with the root mean squared error (RMSE):

1 n
RMSE =, | — A; — LM;RT||%. 32
- Z I [ (32)

We stop the iteration of the GLRAM when the following
inequality holds:

RMSE(¢~Y — RMSE®
RMSE(¢-D

<, (33)

where RMSE® is the RMSE value at the ¢th iteration and 7
is a threshold value. In our experiments, we choose = 1076,
We set the size of M; as 7 = ¢ = p and vary p from 5 to
95. The RMSE is shown in Fig. 1(a), where the horizontal
axis denotes the value of p, and the vertical axis denotes the
RMSE value. The NIA, NIA(3) and GLRAM are denoted

by broken, solid and dotted lines respectively. However, it

105



30FT T T T T T T T T T T T

e NIA
” , NIA(3)
Bg 01F s ‘\‘\ 4
g /
W 20 1k
= 8
1]
2
10} 1=
620 40 B0 80 100
p
(a)

Fig. 1 Comparison of the RMSE. (a) RMSEs using NIA, NIA(3)
and GLRAM are denoted by broken, solid and dotted lines
respectively. (b) Difference from RMSESMEAM - where
NTA and NTA(3) are denoted by broken and solid lines
respectively.
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Fig. 2 Computation time. (a) GLRAM vs. NIA(3); (b) NIA(3)

vs. NIA.

is difficult to distinguish the three lines in Fig. 1(a). Let
RMSENA RMSENA(®)  RMSESLRAM 16 the RMSE for
NIA, NIA(3) and GLRAM respectively. Then the differences

RMSEN' — RMSECMRAM (34)
RMSEN'A() _ RMSECMRAM (35)

are shown in Fig. 1(b). The values of Eq. (34) and (35) are
denoted by broken and solid lines respectively. Figure 1(b)
indicates that the following inequality holds:

RMSECRAM « RMSEN™ () « RMSEN, (36)

The former inequality shows that the NIA(3) or NIA(3’) does
not necessarily provide the optimal solution of the SLRAM.

We performed our experiments using Matlab with Ten-
sorToolbox [14], [15] on a Pentium IV 3.4GHz machine with
2GB RAM. Figure 2(a) shows the computation time of the
GLRAM and NIA(3) denoted by dotted and solid lines re-
spectively. The computation time of the NIA is shown in
Fig. 2(b), where broken line denotes the NIA and solid line,
which is identical to that in Fig. 2(a), denotes the NIA(3).
Although the NIA is slightly inferior to GLRAM and NIA(3)
in the ability of the SLRAM, the NIA is computationally the

most efficient algorithm in the three ones.
6. Conclusion

In this paper, we have shown the equivalence of four non-

iterative algorithms for the simultaneous low rank approxi-
mations of matrices (SLRAM). Those algorithms are reduced
to a couple of eigenvalue problems of row-row and column-
column covariance matrices. We also experimentally verified
that another non-iterative algorithm presented by Liang and
Shi[10] does not necessarily give the optimal solution of the
SLRAM. An extension of the SLRAM to the simultaneous
low rank approximations of higher-order tensors is a relevant
future work.
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Abstract In this paper, we develop an algorithm for the learning of the principal curve on manifolds, employing

the principal curve analysis. The principal curve analysis is a generalization of principal axis analysis, which is a

standard method for data analysis in pattern recognition.

Key words Manifold Learning, Princpal Curve Analysis

1. Introduction

Symbolic expressions of these point sets are required for
the visual interface for the data mining systems. Further-
more, these data are sometimes transformed as a point dis-
tribution in lower dimensional vector spaces, usually tow or
three dimensional spaces, for the visualisation of data dis-
tribution on CRT. Therefore, the extraction of the symbolic
features of random point sets in two and three dimensional is
a basic process of the visual interpretation of random point
sets for the visualisation of the data space. Principal axis
analysis a standard method for the data compression in Eu-
clidean space. Some data lie on a manifold in a higher di-
mensional Euclidean space. Therefore, we are required to
extend principal axis analysis methodology to data on man-
ifold. On a manifold principal axis [8] becomes curve. Ther-
fore, we develop an algorithm for the learning of the principal
curves [1]0 [4] on manifolds.

Setting M to be a m-dimensional manifold in n-
dimensional Euclidean spaceR"™ for m < n — 1, we develop
an algorithm for the principal-curve detection form random
point set P on M. We assume that our measurements are
y=z+eforx e M CR" and € € R" such that |e] < 1.

There are basically two types of problems.

0 10 Compute the principal curve of P for known M.

0 20 Compute the principal curve of P with estimating
M.

In this paper, we develop an algorithm for problem 1. For
the case that M is a collection of linear manifolds, an algo-
rithm for the estimation of them was proposed in the refer-
ence [9].

Computational geometry provides combinatorial methods
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for the recovery of boundary curves as polygonal curves.
These algorithms are based on Voronoi tessellation, Delau-
nay triangulation, Gabriel graphs, crust, a-shape, and -
skeleton [3]0 [5]. The reconstructed curves, by these methods
using combinatorial optimisation are piecewise linear. We
develope an analytical method for the extraction of picewise
liner curves using principal component analysis, which is ro-
bust against noise. Furthermore, the solutions are sensitive
against noise and outlayers, since these methods construct
polygons and polyhedrons using all sample points.

Section 2 is a brief survey of the principal curve analy-
sis. In section 3, we develop an algorithm for the first prob-
lem. In section 4, we show examples for the evaluation of
the algorithm when the manifold M is a sphere S? in three-

dimensional Euclidean space.
2. Principal Axes and Curves

2.1 Principal Curve in Euclidean Space
Let X be a mean-zero point distribution in R2. The major

principal component w maximises the criterion
J(w) = Egex|z w|? (1)

with respect to |w| = 1, where Fxex expresses the expec-
tation over set X. Line & = tw is a one-dimensional linear

subspace which approximates X. A maximisation criterion
J(P) = Exex|Px/|? (2)

with respect to rankP = 1, determines a one dimensional
linear subspace which approximates X. If X is not a mean-
zero point distribution in R? and the centroid of X is not

predetermined, the maximisation criterion

J(P,g) = Exex|P(z — g)|” ®3)



with respect to rankP = 1, determines a one-dimensional
linear manifold which approximates point distribution X. If
=0, P is computed using PCA [8].
For the partition of X into {X;}*; such that X = UN; X,

vectors g, and w; which maximise the criterion

N

S gn) = Y Brex,|(x—g,) wil*(4)

=1

J(w17"'7wN7glv"
determine a polygonal curve [6], I = g, + tw;. Furthermore,
for an appropriate partition of X into {X}/L,, such that
X = Ul X, vector g; and orthogonal projector P;, which
maximise the criterion

N
.9n) = Y Bzex,|Pi(z—g,)*(5)

=1

J(P1,---,Pn,gy, -
with respect to rankP; = 1, determine a piecewise linear
curve, C; = {x + g,;|P;x = x}. This piecewise linear is
called the principal curve [6].

2.2 Curve Detection

Set D and S to be a random point set and the vertices of
polygonal curve, respectively, and the distance between point
x € S and y € D is defined as d(x, D) =

the Euclidean distance in a plane.

mingyep d(x, y) for

The initial shapes S and C are a line segment whose direc-
tion is equivalent to the major component w; of a random
point set and a regular triangle whose vertices are determined
from the principal components w; and w2. For a sequence
of vertices (v1,va2, - v,) of a polygonal curve, we define the

tessellation as

Vo = {z]d(z,va) < d(z, vi),
d(z,va) < d(z, eij),a + i},

Eoat1 = {z|d(x, eaat1) < d(z,v:),

+ i},

d(z, eca+1) < d(T, €i11), o

where e;;4+1 is the edge which connects v; and v;+1. The

minimisation criterion of reference [7] is expressed as

=Y R BN i

VeC VpePi=—1
for
Flvi,D) = Y d(@,v)
LTEE, 1k
—|—Zd(m,vk)—|— Z d(z,vg).
Tev, LEE,i1

Using this criterion, we obtain an algorithm for the detection
of the principal curve [7] where Ik is the value of I with K
vertices.
Algorithm PCuA
0 10 Set the vertices of the initial curve as S.
108

0 20 Move all vertices v; ¢ = 1,2, ---, K, to minimise /.
0 30 Generate the new vertex vi41 on the curve S.
040 If [Ix — Ix-1] £ ¢ for a positive constant ¢, then

stop, else set S := SU{vk+1} and go to 2.

This incremental algorithm preserves the topology of the ini-

tial curve, since the algorithm generates new vertices on the

curve. This geometrical property leads to the conclusion that
this algorithm reconstructs closed or open curves, if the ini-
tial curve is closed or open, respectively. As the initial curves
for closed curves, we adopt a triangle using the direction of
principal axes of point distribution.

2.3 Principal Curve of Temporal Point Set

For the data compression of time varying point sets, we are
required to detect the time dependent principal curves of the
tn) to be the
the algorithm

sequence of time varying point sets. Setting V (
point set at time ¢, = An forn =0,1,2,- -,
developed in the previous section permits us to compute the
principal curve C(t,) from point set V (¢,).

It is possible to assume that both principal curves C(ty)
and C(t,+1) exist in a finite region, we can adopt C(t,) as
the initial curve for the computation of C(t,41). This vari-
ation of the algorithm saves the time for the computation of
the sequence of the principal curves form a sequence of point

sets. Figure 1 shows this process.

% % % %
A A A |
- = e
M R P P R
) =P (X%PR)=P (XP)==P (X P.)=—P
(a) (b)
Fig. 1 Detection of principal curves of temporal point set. (a)

shows the flow chart of algorithm. (b) shows the gener-

ation scheme for the generation of the principal curve of

the successive curve.

3. Principal Curve on Manifolds

The distance between a point and a set is defined as

d(x,F) = mind(xz,y). 7
(@, F) = min d(z,y) (7
Furthermore, the distance between a pair of disjoint sets F

and G in a space is defined as

d(F,G)= min d(z,y), (8)

TeF YeG



for the distance d(x,y) in R".
Assuming that z € R? and & € M, the projection of x
onto M is defined as

Pyx =y, d(x,y) = mind(x, M). 9)

If M is convex y € M is uniquely determined.
Using this property, we define the projection of curve ¢ in
R"™ to M as following.

O Definition 10 For all point @ in a curve ¢ in R"
Pric = {yly = Pmzx, V& € c}. (10)

Since, we assume that the manifold M is known, for the
preservation of uniqueness for the projected curve, we pre-
process the separation of M to convex and concave parts. If
manifold is M is convex, for instance M = 52 in R?, we can
skip this pre-processing.

Since we deal with a curve constructed from data points

with the properties that
y=x+e, e MCR", eeR" |g|] K 1,

a principal curve ¢ computer from y passes through a re-
gion close to the manifold M. Therefore, the projection of
¢, which is computed as the principal curve in R", to M
is acceptable as the principal curve on M, if the number of
vertices are appropriately large.
Algorithm PCuA on Manifold

0 10 Set the vertices of the initial curve as S.

0 20 Move all vertices v, i = 1,2,---, K, to minimise [ .

0 30 Compute projections of vertices to M.

0 40 Generate the new vertex vi4+1 on the curve S.

0 50 Compute projections of vertices to M.

060 If [Ixk — Ik—1] £ € for a positive constant &, then
stop, else set S := SU{vk+1} and go to 2.

The projection operation is shownb in Figure 2.

(2) (b)

Fig. 2 Projection of points on a curve to a manifold.
Figures 2 and 3 show the detection of temporal principal
curve on the sphere for open and closed curves, respectively.

These results show that this algorithm detects the principal

curves on a manifold.
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4. Conclusions

‘We developed an algorithm for the learning of the principal
curves on manifolds, employing the principal curve analysis,

which is a generalisation of principal axis analysis.

view: 75,0000, 115,000 scale: 1.00000, 1.00000 view: 75,0000, 115,000 scals: 1.00000, 100000

(a) (b)

view: 75,0000, 115,000 scale: 1.00000, 1.00000 view: 75.0000, 115,000 scale: 1.00000, 1.00000

view: 75,0000, 115,000 scale: 1.00000, 1.00000

view: 75.0000, 115.000  scals: 1.00000, 100000

(e) ()

Fig. 3 The temporal principal curve on the sphere. The algo-
rithm detects the trajectry of the principal curve of tem-
poral point sets on the sphere from (a) to (f), when the

principal curves are open.
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Local Subspace Classifier with Transformation Invariance for
Image Pattern Classification
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Abstract Linear subspace methods such as CLAFIC and projection distance method have been widely used for pattern
recognition in the past, because they can achieve dimension reduction and classification concurrently. However, the recogni-
tion rates of them decrease when data are not separable linearly. For overcoming this difficulty, we may separate such data by
using kernel mappings but need to select adequate parameters and the type of kernels. Moreover, we require a large amoun
of memory for kernel matrices. This paper shows Local Subspace Classifier (LSC) proposed by Laaksonen that achieves high
recognition performance even if data are not separable linearly. In addition, we propose improved LSC that selects neigh-
bors with tangent distance and adopts transformed images obtained with tangent vectors for transformation-invariance image
pattern classification. The performance of the proposed method is verified with experiments on handwritten digit pattens.
Key words local subspace method, transformation-invariance, tangent distance, tangent vector, image pattern classification
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Abstract Linear subspace method based on principal component analysis has been applied for pattern recogni-
tion of high-dimensional data. However, the linear subspace method can not represent nonlinear characteristics of
the data-distribution efficiently. In order to overcome this problem, some nonlinear subspace methods have been
proposed. In this paper, we propose a novel nonlinear subspace method for pattern recognition using multi-layered
perceptrons which can hierarchically construct a nonlinear subspace from the data-distribution. We introduce the
optimization scheme of the subspace taking into account the classification. The proposed method achieves high

classification accuracy by the optimization scheme and provides the finite subspace to avoid the crossover of the

subspaces. We examine its effectiveness through some experiments.

Key words
Eigenspace

1. Introduction

In pattern recognition, it is important to extract the appro-
priate features from the multi-dimensional data and classify
the data based on the features. The subspace method has
been one of the conventional methods in the pattern recog-
nition of categorical data [1].

The subspace method performs feature extraction and
classification simultaneously [2]. In the method, a subspace
is constructed for each category with the samples which be-
long to the category. The base vectors of each subspace are
obtained by Principal Component Analysis (PCA)[3]. The
obtained base vectors are applied to span the subspace in
the order of the contribution to the sample representation.
Therefore, the spanned subspace represents the objective
category most efficiently. After constructing the subspace
for each category, an input sample is classified into the cat-
egory of which subspace has the greatest similarity.

Subspace-based methods have some varieties regarding the
projection method such as the standard, differential and ker-
nel subspaces [4] and is often applied to the image recogni-
tion [5]. In these methods, the subspace is usually optimized
for the corresponding categorical data without consideration
of the other categories. Therefore, the subspace is not always

optimal to classification. The learning subspace method pro-

Subspace method, Pattern Recognition, Feature Extraction, Nonlinear PCA, Neural Networks,

posed in [6] iteratively constructs the subspace to minimize
the classification error by rotating the subspace regarding
the miss-classified samples.

The above-mentioned methods utilize a linear subspace.
However, it is reported that nonlinear characteristics exist in
some data sets, such as face images with emotional expres-
sions [7] and the object images in different orientations [8].
When we extract the features and classify these data, a non-
linear subspace method is considered to perform more effec-
tively than these linear subspace methods.

Recently, some methods of Nonlinear PCA (NLPCA) have
been developed. The method by Gnanadesikan [9] applies
PCA to a vector of which components are polynomial terms
generated from the components of an input vector. The
method has difficulty with high-dimensional data, since the
number of the polynomial terms increases in the polynomial
order of the dimension of the input vector.

Kernel PCA (KPCA) by Scholkopf et al. [10] is an effective
method of NLPCA which applies linear PCA to the nonlin-
early mapped image of an input vector. Studies of KPCA are
widely developed [11], [12]. However, KPCA poses problems
for practical use regarding dimension reduction and data-
reconstruction.

The Sandglass-type Multi-Layered Perceptron (SMLP)
by Irie et al.[13] and by DeMers et al.[14] can construct
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adequate nonlinear mapping functions to extract a low-
dimensional internal representation from given data. In this
method, the dimension of the internal representation is fixed.

The training method proposed by Takahashi et al. [15] en-
ables an SMLP to extract the ordered principal components.
The authors of the paper mathematically proved that, in a
case where the training method is applied to the three lay-
ered linear MLP, the outputs of the units in the bottleneck
layer converge to the ordered principal components obtained
by PCA.

We have proposed a novel method of NLPCA which can
hierarchically construct a nonlinear subspace to fit the data-
distribution [16], [17].

proposed method allows us to select the dimension of the

The hierarchical architecture of the

subspace after the optimization and extend the dimension
only with the optimization of the additional mapping func-
tions.

In this paper, we propose a novel nonlinear subspace
method based on the proposed NLPCA. We introduce new
optimization scheme of the subspace taking into account clas-
sification. The optimization scheme is expected to achieve
high classification accuracy and the nonlinearity of the pro-
posed method will provide the finite subspace to avoid the
crossover of the subspaces. We examined its effectiveness
through some experiments.

In the section 2., we formulate the proposed NLPCA and
a novel nonlinear subspace method. In the section 3., we
demonstrate classification regarding two dimensional artifi-
cial data. Finally, conclusion and perspectives are given in

the section 4.
2. Method

2.1 Nonlinear principal component analysis

In this section, we formulate the proposed method of
NLPCA which provides a nonlinear subspace.

The purpose of NLPCA is to construct the low-dimensional
subspace which represents the characteristics of the high-
dimensional data.

Let £ € R", ¥ € R™ and Z € R" be the input vector in a
high-dimensional space, the extracted vector (principal com-
ponents) in a low-dimensional space and the reconstructed
vector in the original high-dimensional space, respectively,
where n,m € N (n 2 m) indicate the dimension of the input
vectors and the principal component vectors, respectively. R
and N represent a set of real numbers and natural numbers.

In the conventional NLPCA, the nonlinear mapping func-
tion :R"™— R™ is defined as

i= (@), (1)

while the nonlinear mapping function 1Z : R™ — R" is de-

Fig. 1 A concept of NLPCA.

Z=1 (). (2)

These mapping functions associate the input data with their
principal components nonlinearly.

The ~and 1/7 are optimized by minimizing the Mean Square
Error (MSE):

E

Ny

1%) 3)

(17—
(1E = 2 @), (4)

where (-) represents the expectation and || - || represents Lo
norm. A smaller MSE indicates the higher fidelity of the

reconstruction.

Figure 1 illustrates the concept of the dimension reduction
from R? to R* by NLPCA. In Figure 1, NLPCA nonlinearly
maps the data vector Z € R? onto y € R, and also nonlin-
early maps y € R' onto 7 € R%. If the nonlinear mapping
functions are continuous and monotonous, any & is mapped
onto a curved line in R?. The MSE of NLPCA corresponds
to the average of the squared distance between an input &
and the mapped Z onto the curved line.

In the proposed NLPCA, in order to construct principal

components: yi, - - ,Ym) in the significant

ym of ¥ = (y1, -
order to represent an input vector Z, the nonlinear mapping

function ;:R™ — R! is defined as

yi= @) for i=1,---,m, (5)

while the nonlinear mapping function 1/71 : R — R" from
the product space (y1,---,¥:) € R* onto the corresponding
vector Z; € R™ is defined as

-

Zi =P (1, p) for i=1,--,m. (6)

—

The pairs of {( +,%;)}i=1 ... m are adjusted in the increas-
ing order of 7. ; and d_); are optimized with the ith MSE:

Ei = (|& - Z|) (7
= (I = (1,5 g1, (@), (8)
where y1,---,yi—1 are given. Consequently, the pair of

( k,Jk) is adjusted to perform the best extractor and re-

constructor combined with the previous pairs of mapping
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Fig. 2 The diagram of the proposed NLPCA.

Fig. 3 An implementation of the proposed NLPCA with neu-
ral networks. The bold links in the figure are only used
for forward propagation. The error signals are not back-

propagated through the links.

functions: {( ,‘,1/71-)},-:1 k1.
of the proposed NLPCA.
The nonlinear mapping functions of the proposed NLPCA

Figure 2 shows the diagram

can be implemented with an ensemble of neural networks
which have a hierarchical structure as shown in Figure 3.
In the ith

sub-network, the first three layers and the last three layers

The network is composed of m sub-networks.

play the role of ; and 1/_1;7 respectively. The ith sub-network
is given the values of principal components y1, - - -, y;—1 from
the higher 1st, - - -, (¢ —1)th sub-networks. The sub-networks
are adjusted in the increasing order of ¢ with the back prop-
agation algorithm.

2.2 Nonlinear subspace method

In this section, we propose a novel nonlinear subspace
method based on the NLPCA described in the previous sec-
tion.

Here, we introduce the d dimensional nonlinear subspace

S spanned in the n(= d) dimensional input data space. The

d dimensional subspace is constructed by the mapping func-

@s

¢, Y,
b3 8 7 =
>
1 =
%4 Ya
(b) G
X
= <
7 m—»e
X — 2 .
S >

Fig. 4 (a) The mapping functions of a subspace: S to project
the input vector &, (b) Dissimilarity function: G(Z) to
measure the dissimilarity of the input vector Z from the

subspace S.

tions of the proposed NLPCA using d principal components.
As shown in Figure 4(a), the mapping functions project the
input vector £ € R" onto Z € R™ of the d dimensional Sub-
space S spanned in R"™.

We can measure the dissimilarity of the input £ from the
subspace S by calculating the squared error between & and
Z as shown in Figure 4(b). Let us define the dissimilarity

function of S with Ly norm as
G(@) =7 - 2. 9)

When the G(Z) indicates a small value, the & is considered
to have similarity to the subspace S. If a subspace is op-
timized enough to represent the samples of a class w, the
function: G(&) can distinguish the samples of the class from
the samples of the other class.

We proposed a novel nonlinear subspace method based
on the above-mentioned nonlinear subspaces. In the follow-
ing, we provide two types of the nonlinear subspace methods
(Method I and Method II). We assume the classification of a
categorical set Q € {w1,-+,w.} where w; indicates the i-th
class and c indicates the number of classes The two methods
are different in optimization approaches of the subspace.

The method I is a nonlinear subspace method of which sub-
space is optimized for each corresponding class in advance of
the classification. The G;(Z) of the subspace S; is optimized
with samples & € w;. After the optimization, an unknown-

class sample Z is classified into the class: wy as follows,
Z € wy, such that vinllin {G:(D)} = Gi(D). (10)

Figure 5(a) and (b) shows the optimization process and the
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Fig. 5 Nonlinear subspace method (Method I). (a) Optimization
process of each subspace, (b) Classification process using

the optimized subspaces.
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Fig. 6 The optimization of the subspaces

classification process, respectively. In the figure (b), the pa-
rameters w of the subspace’s mapping functions are adjusted

to minimize the error: e by

de

Aw = Ny (11)

We describe this error minimization as —d optimization in
the bellow.

The concept of the optimization is illustrated in Figure 6.
In the figure, the target point is projected onto the point on
a nonlinear subspace. By the —¢§ optimization, the nonlinear
subspace is attracted to the target point.

The each subspace of the Method I is optimized only
for the corresponding class in no consideration of the other
classes. Therefore, the classification of the samples which
belong to the similar categories is expected to fail. We then
reflect the classification result to the subspace optimization
in the Method II defined in the following.

The Method II is a nonlinear subspace method of which
subspace is optimized for the corresponding class with keep-
ing away from the samples of other similar classes. In the
Method II, the optimization process and classification pro-
cess are combined as shown in Figure 7.

In the optimization process, the parameters w of the sub-
space’s mapping functions are adjusted to minimize the error
as in the case of Method I. Additionally, if the result of the
classification is incorrect, the subspace of the incorrect class
which gives the minimum error is adjusted to maximized

the error to force the subspace away from the miss-classified
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Fig. 7 Nonlinear subspace method (Method II).

sample.
The parameters w of the subspace’s mapping functions are

adjusted by

OF

We describe this error maximization as +§ optimization in
the bellow. The concept of the optimization is illustrated in
Figure 6. By the +0 optimization, the nonlinear subspace
goes away from the target point.

The Method 1T is considered to provide higher classification
accuracy than Method I due to the additional +§ optimiza-
tion, however the representation ability for the correspond-
ing class may be slightly lost. The +J optimization and —§
optimization are in the relation of tradeoff.

In the proposed method, we can iteratively extend the di-
mension: d of the subspaces in the optimization process tak-
ing into account the classification results. This advantage is
derived from the proposed NLPCA which can construct the
subspaces hierarchically in the order from the low dimen-

sion.
3. Experiment

We tried the classification of two categorical data 1 =
{w1, w2} as shown in Figure 8 (a). The sample vectors
Z = (z1,22) € R? of the w; are distributed around the curved

segment:
—1.8 (2] +0.3)° 4+ 22 +1.0=0, z; € [-1.0, 0.4], (13)

while the sample vectors of the w2 are distributed around the

curved segment:
1.8 (7 —0.3)> 4+ 22— 1.0=0, 2 €[04, 1.0]. (14)

The samples of each category were produced by adding Gaus-
sian noise to the points on the curved segment, respectively.
The numbers of training samples of w1 and w2 were set to
1,000, respectively. The numbers of test samples of wi and

wa were also set to 1,000, respectively. We optimized the
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Fig. 8 The results of two categorical data: €1 by Method II. (a)

Input samples, (b) Classification results, (c) One dimen-

sional projection, (d) Two dimensional projection.

parameter value
principal components 2
hidden neurons 30
learning rate (n) 0.008
learning rate (6) 0.008 3.5
nonlinearity (7' 0.1
training iterations (per a class) 200,000
initial weights [-0.03, 0.03]

Table 1 Parameters of NLPCA.

Method I with the parameters shown in Table 1 and per-
formed the classification.

Figure 8 shows the input samples (a), classification results
(b), one dimensional projection (c), two dimensional projec-
tion (d), respectively.

In the figure (b) of the classification results, the area clas-
sified into w1 is illustrated with crosses. The other area was
classified into w2. We can find that the nonlinear border
provides good classification.

The bottom figures of (¢) and (d) show the samples pro-
jected onto the one and two dimensional subspaces, respec-
tively. In the figure (c), we can find that the U-shaped non-
linear axes which effectively represent the data in R?. These
figures suggest that the nonlinear subspace provides not only
the nonlinear projection but also the projection onto the fi-
nite area. This finiteness is effective to avoid the crossover
of the subspaces spanned by the different classes. The lin-
ear subspace method cannot avoid this problem, since two
linear subspaces spread infinitely and crossover unless the

subspaces are parallel.

Class1  x

Class1 x
Class2 ¥

1 05 [ 05 1
X

Fig. 9 The results of two categorical data: Q2 by Method I. (a)
Input samples, (b) Classification results, (c) One dimen-

sional projection, (d) Two dimensional projection.

Next, we tried the classification of two categorical data
Q2 = {w1, wa} as shown in Figure 9 (a) and Figure 10 (a).
The sample vectors & = (z1,z2) € R? of the wy are dis-

tributed around the curved segment:
1.8 27 + 224+ 0.7=0, z; € [-0.7, 0.7), (15)

while the sample vectors of the wa are distributed around the

curved segment:
1.8 274+ 204+02=0, z; €[-0.7, 0.7). (16)

The samples of each category were produced by adding Gaus-
sian noise to the points on the curved segment, respectively.
The noise of the w; was set larger than the ws. The other set-
tings were same as the previous experiment. We optimized
the proposed Method I and Method II with the training sam-
ples.

Figure 9 and Figure 10 show the input samples (a), clas-
sification results (b), one dimensional projection (c), two di-
mensional projection (d), respectively.

Comparing the classification results of Method I and
Method II, we can find that the nonlinear border of the
Method II provides better classification than that of the
Method I. The border of the Method I is attracted to the
widely-distributed w1, while the border of the Method II di-
vides two categorical distributions effectively. Table 2 shows
the effectiveness of the Method II for the classification.

4. Conclusion

In this paper, we proposed a novel nonlinear subspace
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Fig. 10 The results of two class data: Q2 by Method II. (a) Input

samples, (b) Classification results, (¢) One dimensional

projection, (d) Two dimensional projection.

Method | 1D subspace | 2D subspace
Method 1 0.9505 0.9000
Method 11 0.9995 0.9950

Table 2 Recognition Rate.

method for pattern recognition using multi-layered percep-
trons which can hierarchically extract a nonlinear subspace
from the data-distribution. We introduced the optimization
scheme of the subspace taking into account the classification.
The proposed method achieved high classification accuracy
by the optimization scheme and provided the finite subspace
to avoid the crossover of the subspaces. We examined the ef-
fectiveness of the proposed method through the experiments
with two dimensional artificial data.

In the proposed method, we can choose any nonlinear map-
ping functions and optimization approach to construct the
subspace. We should examine not only the neural networks
but also the various mapping functions for practical problems
of pattern recognition. We are now applying the proposed
method to the recognition of high-dimensional images such

as human faces and handwritten numerals.
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A family of kernel subspace classifiers
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Abstract We present a family of kernel subspace classifiers and their extensions. There are two kinds of regularization
methods and they have a degree of freedom about a null space of the operator in the family. Regularization is important to
avoid the over-fitting problem in the machine learning theory. The applicable null space of an operator is able to suppress the
effect of the other classes. We describe the details dfeteinces of these classifiers and show experimental results.

Key words Kernel subspace classifier, class feature information compression (CLAFIC) method, relative Karhawen-Lo
transform, Marcer kernel, support vector machine (SVM), Kernel principal component analysis (KPCA), kernel sample space
projection classifier (KSP), kernel relative Karhunerélke transform (KRKLT), kernel relative principal component analysis
(KRPCA), truncated singular value decomposition (TSVD), Tikhonov regularization, reduced rank Wiener filter

. matically if we define Marcer kernel functid:, -).
1. Introduction ) _ N
Schilkopf et al. introduced another possibility of Mercer kernel
Support vector machines have been developed since the early fafnction by solving an eigenvalue problem of a correlation matrix in
1990s and they showed very high generalization capability [1] [2]the feature space [9]. This result was applied to the kernel principal
[3]1[4]1[5]. Their achievements are supported by the principle thatcomponent analysis (KPCA) and used for non-linear representation
maximizes the minimum margin and the (Marcer) kernel methodor image restoration [10]. Kernel methods are also applied to the
In the kernel method, an input vectére RY is mapped from an  Fisher discrimination [11][12], the independent component analy-
input space to a higher or an infinite dimensional spacealled  sis (ICA)[13] or a Wiener filter [14][15][16].
the feature space or the linearization space by a non-linear mapping Subspace methods are used widely in an industrial area[17]. A
@ : RY - F. Then the classifier is constructed and an unknownclass feature information compression (CLAFIC) method is one of
input vector is classified in the feature space. Instead of calculatinthe subspace classifiers. It classifies unknown input pattern by com-
®@, a functionk(-,-) : RY x RY — R which satisfies the equation paring projection norms of an unknown input vector onto Karhunen-
Loeve (KL) subspaces which are constructed by the samples of each
class[18][19].
is used. Marcer kernel function satisfies the eq. (1) [6][7][8]. Us- Yamashita et al. extended a Karhunereke transform (KLT)
ing Marcer kernel function, we can calculate an inner produgtin [20] [21] which is almost equivalent to a principal component anal-
without care of the form ofb. In other words® is defined auto-  ysis (PCA) [22] [23] to the relative KLT (RKLT) or the relative PCA

K(f1, f2) = (O(fy), D(f2)), ()
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(RPCA)[24][25]. It was also applied to pattern classifier [26][27] Table 2 Notation and symbols

[28]. We call this classifier RKLT method. In RKLT method, fea- ® Non-linear mapping to the feature spate— 7~

. . . L k(- ) Mercer kernel function
tures of other classes are considered as noise against an objective

. oL . dk()) Discriminant function of clask
class. Under this optimization problem, an optimal subspace for the .
o ) ) o ) A Adjoint operator ofA
classification is obtained. We describe details in Section 4. A Moore-Penrose generalized inverseAof
On the other hand, Tsuda and Maeda et al. applied kernel method 9 inner product
to CLAFIC method using results of Sglkopf et al. [29] [30][31] a®b Neumann-Shatten product ¢ b)c = c(b, a)
[32]. We call this method KPCA. KPCA shows much higher ac- o i-th natural basis &); :{ 0 =+ J.)
curacy rate than CLAFIC method. Furthermore its computational 1 (=1
complexity in the multi-class classification problem is lower than B(S1,S7)  Setof bounded linear operator frdj to S
L L . Qi Set of samples of class
SVM. We describe it in detail in Section 6. 1. )
o i ) fA n-th sample of);
Hikida et al. and Washizawa et al. integrated KPCA and RKLT, il Number of samples i€
and proposed kernel relative KLT (KRKLT) or kernel relative PCA ¥, Set of samples should be suppressed except class
(KRPCA) [33][34][35]. Washizawa at al. also proposed a ker- d, n-th sample of;
nel based pattern classification method called kernel sample space [Pil Number of samples i
Qi i B ¢ i " i
projection (KSP) method [36][37]. An operator of KSP is an or- Si Si = I o(f)) 7 € BR,F), ¢ e R
o . : - — yIYil Ve il ' 1%l
thogonal projection operator onto the kernel sample space which Ti Ti= Zl‘glll O(gp e e B(\]§| F), g ER
. - i | B i | B
is spanned by samples mapped to high dimensional feature space Ui Ui = 2o ®(1)) © 8 + 2o ©(0) @ 8aipk
. . Ks; Kernel Gram matrix of class Kg; = S/'S;
. They also introduced some regularization to KSP. KPCA can .
Ky, Kernel Gram matrix of all classé&y; = U;"U;
be interpreted as the regularized version of KSP by truncated singu- f Unknown input vector
X
lar value decomposition (TSVD). Furthermore they extended KSP g(a) A(A) Range and null space éfrespectively
to suppressed KSP (SKSP) whose operator which extracts the fea- Pr(a) Orthogonal projection operator onk{A)
ture of a class is an oblique projection along to the kernel sample il I2 norm||f]l = Xf, f)

o _ AT
space of the other classes onto kernel sample space of the objective ~ [Alluo  Operator nomiAllub = SUPr 0

class[38][39]. KRPCA can be also interpreted as the regularized IAlF Frobenius normAllz = VIr(A*A)

. . . | identity matrix, identity operator
version of SKSP. We summarize these methods in Table 1. y yop

Table1 Summary of Kernel Subspace Methods

y(fy) = argmaxd(fy). (2)
Input space Feature space keX
Regularization TSVD TSVD | Tikhonov Then the objective is to obtain applicable functiahéf,) (k =

Orthogonal Projection | CLAFIC | KPCA KSP 1,...,n) that extract the intrinsic feature of classes. In some cases,
Non-orthogonal transform  RKLT | KRKLT | SKSP argmax in the eq. (2) is replaced by argmin. Then we can express

with argmax by adding a negative sign. The simple example of the

In Section 8., we show some experimental results of kernel subdiscriminant function igk(fx) = -/ f« — fll, wherefy is a prototype
space methods. of classk.

Table 2 denotes notations and symbols used in this paper. ExceptNote that this kind of discriminant functionfiérs from it of bi-
as otherwise noted, capital alphabets denote matrices and operatdigly classifiers such as SVM or Fisher discriminant. In those cases,
lower-case alphabets denote vectors and functions, and Greek & sign denotes the class.
phabet characters denote scalars. 3. CLAFIC method

2. Pattern recognition and discriminant function

Let{f], fi.... f\im} € Q; be a set of samples of class

The objective of pattern recognition is to classify unknown in- pefinition 2 (CLAFIC[18][17]). The discriminant function of
put patternf, € RY correctly, i.e, obtain applicable functiorify) ¢ AFIC method is defined as
maps from input spack¢ to a set of class (or category) labels. Let
d(fx) = “Pkfx”2 3)

P = argmin " |If - X% @)

X;rank(X)<n feQy

K be a set of class labels. We often use discriminant functions

d(fy) (k=1,...,ne K) torepresent functiog(fy).

Definition 1 (Discriminant function). Functions d(f,) (k = Let a sample correlation matrix of cldsbeR, and its eigenvalue
1,...,n € K) which measure the similarity between a class k anddecomposition is given as

unknown input pattern,fare called discriminant functions. The _ o Jd T
class label yf,) is obtained as Re= Z fof= Z‘AI (U @ uy), ()

feQy
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where the operator & ) is Neumann-Shatten product defined by  d}(f,) = |IBcfl® (10)
3 . . - L .
(a®b)c = (c,b)a. Itis equivalent agb™ in a real finite dimensional d2(f) = —IIfx - B2 (1)
space, however we use this notation consistently because we have
to deal with infinite space when we introduce the kernel method. N the case of CLAFIC method, these are equivalent. Eq. (11) shows

higher accuracy rate at an experiment in [28].
Theorem 1. Suppose that eigenvalug$! = 1,2,....d are sorted

in descending order in eq. (5). The solution of eq. (4) is a projection 5. Kernel sample space projection

matrix [17] [19][18] Here, we introduce the kernel sample projection classifier (KSP)
A _ to describe kernel subspace method systematically. All of kernel
P = Z(ulj( ® ”Ij()' 6) subspace methods can be interpreted as the extension of KSP.
o Let{f), f},.... f,} € Qi be a set of samples of clagsk(,-) be

The parametey is obtained using cumulative proportion. How- a Mercer kernel function, ant : R — # be a mapping led from

ever its accuracy is sensitive againstif » is too small, feature of the Mercer kernel function. At first, we introduce a kernel sample

a class cannot extract enough.plfs too large, overlap of classes space which is spanned by samples mapped to feature Epdast

decreases its accuracy. an operator

4. Relative Karhunen-Loeve Transform (RKLT) ST
method Si= ) o(ff)es, (12)
j=1

A feature extraction operator of CLAFIC meth&dextracts fea- wheree; € R is a natural basis which has only one ‘1’ element

ture of a class. However if plural classes have similar feature, the, . i i
B fn j-th row and the rest elements are zero.®fff;) is a column
operator extracts both feature and they cannot be discriminated. LeLctor in a finite dimensional spacs; is a matrix expressed as
)

Y, be a set of sample which should be suppressed with respect o _ [D(f)) O(F])...D(f!
P = 1 DI

. R (o]
classk. Relative Karhunen-L&ve Transform (RKLT) method over- expressed aB(S;), whereR(A) denotes a range @

)]. A kernel sample space of classs
come this problem using following optimization problem [24] [25]: An operatorS:®() : RY — R so-called the empirical kernel

Definition 3. The operator of RKLT is defined as map [7]is reduced as

1Qil
B« = argmin » [If - XflP+a » [IXdl% ) Sa(f) = ) (e ® D(f))D(f
argmin fZQ gZ EORDYCEETG

19

wherea is a parameter which control thefect of the second term. Z@(f) ()

> PU)7E

The first term of eq. (7) is the same as CLAFIC method. The sec- = _ _ _
— | | i T

ond term suppresses the feature of other classes. RKLT is equivalent = (k(f, ) k(f, ) ... k(T, f5,))" (13
to CLAFIC whene = 0, and equivalent to reduced rank Wiener fil- \yhereA* denotes the adjoint operator Af

ter whena = 1 andf, g have no cross correlation [40]. A (kernel) Gram matriXs, is defined as

Theorem 2. Let R = Y (f ® T), Qc = Tgew, (9® 7). A" denotes KL E) o (L )

a Moore-Penrose generalized inverse of the operator A[41]. Sup- Ks = S'S = . . . (14)
i =i = : - :

pose that eigenvalue decomposition pffR + Qx)'Ry is expressed

k(fL L) ... k(fL,fL).
as (fioy» f1) (fos foy)
d B Definition 4 (Kernel sample projection[37][36]). The discrimi-
Re(Re + Q)R = Z AU @ ub), (8) nant function of KSP is expressed as
=1
. - 2 _(g* far
and ¥ is sorted in descending order. Then the solution of RKLT is d () = [IPxs) P(FII" = (S{(Ty). Kg ST (), (19)
given as where Rys) = Si K; S/ is an orthogonal projector onto kernel sam-
S . ple spacer(S)).
Bc= ) (K@ WRR+ Q' +W(I - R+ QR+ Q)"),  (9)
i=1 Thus the similarity between clagsand unknown input pattefy
where W is an arbitrary matrix and | is an identity matrix. is measured by the projection norm onto the kernel sample space
Note that if is full rank matrix, th dterm | RS
i i rank matrix nd term is zero. ) .
ote thatif R+ Q) is fullra airix, tne second term 15 zero In order to extend KSP, we redefine the feature extraction opera-
Since the feature extraction operator of RKBJ is not orthogo- tor of KSP:

nal projector, there are two kinds of discriminant functions:
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Definition 5 (Kernel sample space projection). The operator of [IAX]
( ple space projection). The op Al = SUp ' = sup]|AX|. (18)

KSP is defined by following optimization problem. o X =1
1 If the operator norm of a feature extraction operator is large, small
in: JX] == > lId(f) - X . e .
min - [Xi ] i (16) amount of components which have the specific direction dominate
€Qj ..
subjectto: A(X) o R(S)*, the value of the feature. Then the decision boundary become com-
plex and the over-fitting problem appears. However, since it is dif-

where N (A) denotes the null space of A ahdlenotes an orthogo- ficult to suppress the operator norm in eq. (16), we use Frobenius

nal complement space. norm defined bylAllr = VIr(AA) < ||Allub instead of using opera-

The constraint means that components which is not in samples afg" "orm-

projected to the kernel sample spacedyActually, inthe CLAFIC  Definition 7 (Regularized KSP [39] [38] ). Regularized KSP is de-

or RKLT methods are also needed this constraint. However in alfined as the solution of following optimization problem:

most cases, since samples span whole space, this constraint has no ) 1 , ,
min:  J[X] = = > ID(F) = Xd(FIP + ellX|12

effect. % Qi £ (19)

. ) o subjectto: N(X) > R(S)*,
Proposition 1. The solution of the optimization problem (16)

equals to Ry, wheree > 0 is a regularization parameter which controls strength
-
of regularization.

Proposition 1 can be proved from results of the Appendix easily. . ) ) .
Theorem 3 (Solution of regularized KSP). The solution of opti-

6. Regularization of KSP mization problem (19) is

KSP method can classify all train samples correctly if the ker- Prsy = Si(Ks, +ul) 'S}, (20)
nel Gram matrixKs, is not singular. If we use mappin® that  where u= €|Q;|.

maps to an infinite functional space, e.g., Gaussian kernel function L . .
The proof of the theorem is in Appendix. We call regularized

. . . KSP just KSP from now.
nonsingular unless the same samples exist. However, since there are
6.3 Toy example

Here, we show a toy example in order to show tliiea of

k(fy, f2) = exp(=|/fy — f,][/c), kernel Gram matrixs; is always

noisy samples or outliers in a sample set, the generalization error is

large because of the over-fitting problem. In order to avoid the over- o . -
regularization. Figure 1 shows the problem. Training vectors are

fitting problem, we can introduce the regularization technique, 9500 two dimensional vectors generated by uniform distribution in

soft margin techniques for the SVM or the Ada-Boost [42], weight . . .
g q [42] g [0,500] x [0,500]. Actual decision boundaries which are concen-

decay parameter for the neural networks [43], or the ridge regres-. . . ) S
tric circles shown in the figure discriminate samples to two classes

sion. In a field of the linear inverse problems, the regularization has . S
shown by red circles and green crosses. The objective is the recon-

been discussed for long time. The truncated singular decomposition . . )
structing the decision boundaries from samples.

(TSVD) and Tikhonov regularization are major techniques of the
regularization [44][45] [46] [47].
2.502

6.1 Kernel principal component analysis
P P P ¥ u = 0 or the rank of KPCA is maximum, decision boundary is com-

KPCA can be interpreted as KSP introduced TSVD. We charac- . -
plex, but all train samples can be classified correctly. On the other

Results are shown in Figure 2. We used Gaussian kernel function
k(x,y) = exp(—w). In the case that regularization is not used i.e.,

terize its operator by an optimization problem. . - .
P y P P hand, in the case that= 1 or rank equals to 20, decision boundaries

Definition 6 (KPCA[9][10]). The operator of KPCA is defined by are smooth, but some train samples are misclassified. GE denotes

following optimization problem. generalization error measured by percentage of pixels which are out
1 of the actual decision boundary because samples are distributed uni-
in: 1=—= ) — X @(f)|? ; ot
min : J[X] oY Z lo(f) — X a7 formly. In both KPCA and KSP, applicable regularization decrease
feQ

subjectto: A(X) > R(S)*, rank(X) < n the generalization error even if some training samples are misclas-

sified.
6.2 Regularized KSP

Another major regularization technique is Tikhonov regulariza- 7. Suppression of the ffect of other classes

tion which is used in ridge regression in the area of the multivari- KSP and KPCA can be extended like RKLT. Let
ate analysis[45][44]. The over-fitting problem is caused by ill- il i1

condition of a feature extraction operator. One of the measure of Ui = ), ©(f)) 88 + > () ® &a k. (1)
" . . j= k=
the condition of operator is an operator (or a spectral) norm which = !

is defined by Then definitions of Kernel RKLT and Suppressed KSP is given as

follows.
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Rank=50, GE=11.47%
< 3

KSPu =0, GE=14.62% 1 =01, GE=11.78% u=1 GE12.44%
Figure 2 Results of toy example problem; Upper column: KPCA, Lower column: KSP. Blue line
denotes estimated decision boundary and base color shows the value of feature. GE is gener-
alization error i.e., percentage of pixels which are out of the actual decision boundary because
samples are distributed uniformly.

S — 1
o ¥ od o o + min: J[X]=— ) [O(f) = X&(f)|]?
A i J[X] mé (f) = X(f)
1001 ° oi" Ea ++°o o TN a I
M e e T D IXD@IP + X (23)
. o Qe Vil &
200f" T 0 o o A \ gt
wl e T 870 o e P subjectto: N(X) D R(U;)*,
mfo oggt LS et T % Theorem 4 (Solution of KRKLT). We omit an index i which de-
+ o Lo 26°
w0 @ I o i . . . | 0
<, °R0g0 o notes class label to simplify expression. gt= - Q"T'],
L Owiar O
: . : , Jalle O 12 :
Figure 1 Train vectors of toy example problem: 200 train vectors are uni-A = — , Ky =U*U, A= KU/ AoA, and y be i-th
formly distributed. Actual decision boundaries are concentric cir- Owiy ki
cles. eigen vector of AA, where suppose that corresponding eigenval-
ues are sorted in descending order. Then one of the solutions of the
Definition 8 (Kernel RKLT (KRKLT), Kernel RPCA (KRPCA) optimization problem (22) is given as
[35][33][34]). KRKLT is defined by the solution of following opti- U]
KRPCA _ 1/2y+ o T VALt
mization problem: X = UKy Ag(v. BWATK U (24)
min: J[X] = & Z lO(f) — X d(F)|I? Proposition 2. If Ky is nonsingular, XRPCAis a projector.
Xi i
feQ;
+% Z IXP(g)I? (22) The proofs of these theorem and proposition appear in Appendix.
i gevi
subject to:  N(X) > R(Uj)*, rank(X) < n, Theorem 5 (Solution of SKSP). The solution of the optimization

. . . problem (23) is given as
wherea is a parameter which controls the strength of suppression.

. . . IS%(S) = UAO(KU +ﬂA_2)_1U*' (25)
Definition 9 (Suppressed KSP (SKSP) [39] [38]) SKSP is defined
by the solution of following optimization problem: Proposition 3. If Ky is nonsingular angk = 0, Is‘;{(s) is a projector
ontoR(S)).

Proposition 4. If Ky is nonsingular and: = 0, we have
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lems and consist of 100 or 20 realizations.

> Praun®@(fy)
>Pris)P(f2)

T P ()

R(U;) = R(S ) ®R(T) We use Gaussian kernel function as a kernel function. The pa-

rameter of kernel function and the regularization is fixed for all sets.
If there are identical samples, we added only one of them to learning
set. We use all samples in the other class#psince the learning

R(S 1) .
set is not large.

The mean test error rates and their standard deviations are de-

R(T;) scribed in Table 4. The results except for KSP and SKSP are re-

ferred from the papers above.
Figure 3 Suppressed kernel sample space projection

. . e Table 4 Mean test error rates and their standards deviations (AB Reg: Reg-
Table 3 Results of the handwritten digits classification problem

ularized AdaBoost, KFD: kernel fisher discriminant). The best

Method Parameter Error rate[%)] . . ] . ]
- - method is written in bold face and the second best is emphasized.
KSP with Polynomial kernel d=8 2.29
KSP with Gaussian kernel o=7 2.25 dataset SKSP KSP AB Reg SVM KFD

) ) Banana | 10.4+0.5| 10.4+0.5| 10.9+0.4| 11.5+0.7 | 10.8£0.5
KPCA with Polynomial kerne| d = 7, rank= 460 2.36 Breast-cancef 26.0+ 4.6 | 29.7+ 4.5 | 265+ 45| 260+ 4.7 | 245+ 4.6
KPCA with Gaussian kernel| o = 10,rank= 500 2.32 Diabetis | 23.0+ 16| 24.5+1.9| 23.8+ 1.8 | 23.5+1.73| 23.2+ 1.6
SKSP with Gaussian kernel oc=8 1.79 Flare-solar | 37.2+4.5|39.1+2.4 | 34.2+2.2| 324:x18|33.2+1.7
3-NN - 2.4 German | 23.4+21|313+25]|24.7£24| 23.6x2.1]|23.7+£2.2
Polynomial SVM d=4 11 Heart 15.8+3.1| 15.4= 3.3 | 165+ 3.5| 16.0+3.3| 16.1+ 3.4
Image 28+04| 29+05| 27+0.6 3.0+06| 4.8+0.6
B B Ringnorm 18.0+2.3|19.9+1.8| 1.6+0.1 1.7+0.1| 15+01
Prs)Pru) = Pres (26) Splice | 11.2+0.7|12.6+0.7| 95+0.7| 10.9+0.7 | 10.5+ 0.6
~ ~ Thyroid 40+23| 42+23| 46+x22| 48:22| 42:21
PR(U)P%(S) - p;‘(s)’ @7 Titanic | 29.4+ 10.3| 28.3+ 9.4 | 22.6+1.2| 22.4+1.0|23.3+2.1
where HQ(U) is the orthogonal projector ontﬁ(U). Twonorm 24+0.1| 23+01| 27+0.2 3.0+0.2| 26+0.2
Waveform 9.6+04|11.2+0.6| 9.8+0.8| 9.9:+04| 9.9:04
Proposition 5. If Ky is nonsingular and: = 0, I5;’€(S)v = Ofor all # of bold 5 3 2 2 2
v e R(T), where T= 2¥!, d(ge) ® &. # of emph. 4 ! 3 2 3

The proofs of these theorem and propositions appear in Ap- Consequently, SKSP classifier shows the lowest error rates
pendix.

We show the sketch of SKSP in Fig. 3. From Propositions 3
4, and 5,I5;‘€(S)®(fx) can be considered as follows. At firsb(fy)

is orthogonally projected ontg(U), then it is projected ont®(S)

among those methods in many problems, and SKSP outperformed
'KSP in most of problems. We can say SKSP can suppressiéw e
of features in the other class, and can extract important features.

alongR(T). The similarity betweerf, andQ against¥ is given as 9. Discussion

IPr®(Fll. If ¥ = ¢, Pr) = Pres). Thus SKSP is an extension 9.1 Comparison of Regularization

of KSP. As mentioned above, KPCA and KRPCA use the TSVD, and
8. Computational Simulation KSP and SKSP use the Tikhonov regularization. We summarize

) o - the diference between the TSVD and the Tikhonov regularization
8.1 Handwritten digits classification

o - in Table 5.
In order to compare abilities of kernel subspace classifiers, we
used a handwritten digit database ‘MNIST’ provided by the U.S. Table 5 Comparison of regularization
National Institute of Standard and Technology. It is consisted by TSVD | Tikhonov
. . P t Di te| Conti
60,000 characters for training and 10,000 characters for testing. a-rame il - iscrete) -ontinuous
Each ch is 28x28 pixel d 256 i Computational complexity
ach character is 28x28 pixels an gray scale image. in classification stage | Low High
We show the classification error rate with the parameters which Computational complexity
show the lowest error rate in Table 3. The results of the 3-NN (3- in constructing stage | High Low
Nearest Neighborhood) and the Polynomial SVM is referred from Additive Learning A O

[48] and [5] respectively.

8.2 Binary classification problem Parameters of KPCA and KRPCA is a rank of the operator. If the

We employ several practical data sets used in[42], [11] anc?’mmber of samples are finite, the rank of the operator is discrete.
[49F 1. All the data sets we use here are binary classification prob-

0 *11J All the data sets are downloaded from ‘http://ida.first.fraunhofer.derojectgbenchibenchmarks.htm’.
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While regularization parameters of KSP and SKSP is continuous. 23

If the problem is sensitive against these parameter, the Tikhonov 2.25
regularization is better to control the degree of regularization. For :é
example, if samples are quite few, since the ranks of KPCA or KR- T 21
PCA equal to the number of samples, it ishidult to control the g 206 -
degree of the regularization. g 1.9§
Since KPCA and KRPCA can reduce the rank of operator, com- 19
putational complexity in classification stage is lower than Tikhonov 1'182
methods. While computational complexity of KPCA and KPCA 175

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
n

in constructing stage is high because KPCA and KRPCA require
eigenvalue decomposition in constructing stage. KSP and SKSP rﬁgure 4 Error rate of SKSP: vertical axis: error rate [%], hirizontal axis:

quire the inverse operation which is lower computational complex- number of suppression samples

ity than the eigenvalue decomposition.

We can apply additive learning to KSP and SKSP easily by USinga/vhich projection norms are large are includedin For example

Sherman-Morrison-Woodbury formula and its extension [50]. . L .
we can use following criterion to choose suppression set:

Proposition 6 (Additive learning of KSP). Let {fi,..., fn, fne1)
be samples, S ¥, o(f) ® &, S’ = LN o(f;) @ €, where eand
€ are natural basis irR" andRN** respectively. Suppose that an wherePgs,) is an operator of KSP. In this case, samples which have
inverse matrix of kernel Gram matrix of SgK: (S*S)tis known larget should be used.

and new sampleyf; is given. Then an inverse of new kernel Gram  Unlike KSP and KPCA which are orthogonal projectors, SKSP

t(gi) = lIPres)@(9)I° (29)

matrix K! is given as and KRPCA are not orthogonal projector. Thus there are two kinds
of discriminant function:
Kt o] 1
Ke'=| } -t (28)
o 0 T di(f) = IXO(FIP (30)
where da(fa) = 110(f,) - XO(f I (31)
-lgx*
= Ks'S q)(fN*l)} Figure 4 shows the relation between error rates of handwritten digit
-1 classification problem and the number of suppression samples. ‘1’
T = K(fno, fuin) = (S"@(fiia). Ks'S™ @(fin))- and ‘2’ mean eq. (30) and eg. (31) respectively. Suppressing sam-

Furthermore we can introduce the Gaussian elimination to solv@!€S are chosen by the criterion (29).
an inverse operation. The computational complexity of Gaussian From the figure, when the number of suppression samples is
elimination is extremely low. However we cannot store the inversesMall, discriminant function (31) shows better accuracy. While

matrix. Thus it is useful in the case that the number of classificatiof'nen the number of suppression samples is large, discriminant

is low e.g., cross validation or leave one out. function (30) shows better accuracy. However there is no theoretical

9.2 Suppression of other classedfects evidence that which is better.

From the computational simulations and experiments in[35], 9-3 Comparison with other classification method

SKSP and KRPCA show higher accuracy rate than KSP and KPCA. The remarkable dierence between SKSP and SVM or KFD is
Thus suppression offiects of other classes improves the accuracythat SKSP is a quadratic discriminant function, while SVM and
rate. However suppression increases computational complexity siKFD are linear discriminant functions in the feature space. In the
multaneously. Using Sherman-Morrison-Woodbury formula, SKSpease of classification in the input space (not using a kernel method),
requires inverse operations |6 x |Q| matrix and|¥| x [¥| matrix, ~ 9enerally quadratic classifiers shows higher performance than lin-

and several matrix products. ear ones, because quadratic classifiers have more degree of free-

SKSP and KRPCA dier from ordinary binary classifiers e.g., dom than linear ones. Thus if they are extended by kernel meth-
SVM or Fisher discriminant, in that they not need to use all sample€ds, quadratic discriminants will show higher performance in fea-
of other classes because KSP and KPCA can extract feature of oth$f® Space.
classes itself. In actual problems, KSP and KPCA can extract the N SVM, a separating hyperplane is determined by a few sam-
almost enough features. Thus we do not have to use all samples BfeS called support vectors (SVs). The separating hyperplane de-
other classes. Only samples which are similaftdave to be in-  Pends only on samples around boundary and does not depend on
cluded in¥;. Since the similarity of an input vector is evaluated by other samples or its distribution. If there are noisy samples or out-
the projection norm ont®(S;) in KSP, it suficient that samples of liers in learning samples, a separating hyperplane is deteriorated by
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them because they become SVs in high probability. Thus SVM is [2]
not robust fundamentally, even if the regularizing methods e.g. soft .
margin ([5]) orv-SVM ([51]) are used.

In general, a classifier has tradé detween robustness and [4]
sparseness about the number of samples. The computational cost
of SVM in recognition stage is low because its solution is sparse. |5
Let k ands be computational costs of calculating a kernel function
and a multiplication respectively. LétandLsy be the number of [6]
learning samples and SVs respectively. Then main computational

cost in recognition stage are given as (7]

SVM : (k+ S)Ls\/
KFD : (k+ s)L [8]
SKSP :sl? + (k+ 9)L. [9]

Note that generallys < k andLsy < L. Only SKSP has a 2nd-
order term with respect th, because it is a quadratic discriminant [10]
in feature space. But as mentioned above, all samples belonging to
other classes do not have to be included. Thus we can dedrease
and computational cost. [11]
In learning stage, SVM costs a lot of time because it requires to
solve a quadratic optimization problem. KFD also requires to solve
it ([52]). On the other hand the solution of SKSP is given as a closed!?]
form with an inverse operation and multiplications. Moreover as
stated above, all samples belonging to other classes do not have
to be used. The calculation steps for inverse of matrices and mullt3!
tiplication areO(L%). Generally, inverse problems are easier than [14]
quadratic optimization problems. Thus the computational cost of
KSP or SKSP is lower than SVM in learning stage. [15]
Moreover in the case that there are a large number of leaning sanyi 6]
ples, we can introduce “multi-templates method” to SKSP or KSP
easily, because they are not a two-class classifier. In multi-templateﬁn
method, sub-classes in a class is prepared and an input vector is clas-
sified to a sub-class. It is no use for two-class classifiers (e.g. svm1isl
or KFD) to realize this method, because they require to use all sam-
ples of all classes. [19]

10. Conclusion [20]

We exposited a family of kernel subspace classifiers and their ex-
tensions. They show adequate performance in computational simLE;}
lations. Especially in the case of multi-class classification problems,
they will be useful because it is high computational complexity to [23]
construct binary classifiers.

However there are still open problems that are how to obtain thg24]
parameter, how to choose suppression samples, and discriminant
function of SKSP or KRPCA. [25]

This works have been suppoted by JSPS Grand-in-Aid for Scien-

tific Research 18300057. [26]
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Note thatU*®(f) andU*®(g;) are thes-th and (| + t)-th column

of Ky, respectively. LeD = A2, ThenJ is expressed as

1
J = @tr[Kqu - 2(Kqu)*AKuA0 + (Kqu)*A* KuAKqu]

1
+mtr[( KU Ao)*A* KU AKU Ao] + ﬂtr[A* KU AKu]
1 2
= tr[—Kqu - —AoKyAKyAg

12| 1]

+KUA KYAK D™ + A Ky AKy], (37)

sinceAg = Ay, D* = D andK;, = Ky.
(i) Solution of KRPCA
Whenu = 0, Jis reduced to

J tr[(AKU A" — AA()) Ky (AKuA - AoA)] +y

IKY2(AKGA — AoA)IZ + v,

wherey is a term which is independent frody Kllj/2 is a square
root matrix ofKy. Let singular value decomposition Kf/*AoA is

given as

KY2AoA = Zy: Vai(u ® ). (38)
i=1

Then if a rank ofK}/?’A"1Ky A" is less tham, J is minimum when

KY2AKGA = Zﬂ: VAU ® V). (39)
i=1

Since Lamma 1, and a property of singular value decomposition,

U= KE2AoA)V;, one of the solutions is given as

1
2(

n
A = (KJI)KPAA Y (v @ WATK],
i=1
UAU*
n .
= U(KS?)KGZA0A Y- (v @ DATK U
i=1
(i) Solution of SKSP
The variation of] with respect toA in eq.(37) is given as

(40)

83 = tr[Ku(SA) KyAKy D + Ky A'Ky (SA)Ky D

2
—@A()KU ((sA)KuAO + /J(6A)* KyAKy + /l((SA) Ku A Ku]

N 1
tr[(6A)* (KuAKy DKy — a KuAoKy + uKyAKy)

+(6A)(Ky D Ky AKy — EllKUAOKU + UKy AKY)]

2tr[(SA)* (Ky AKy DKy — EllKUAoKU + uKy AK L)

J is minimum when

< = 1
KuA(Ky + D)DKy = @KUAOKU. (42)
In the case oft > 0, from Lemma 1,

AKy +uD)D?

1 i T T i
@KU KquKU KU +W - KU KUwKuKU

. 1 .
W+ KGKu(@Ao—W)KU KLIJ, (43)

whereW is arbitrary operator. L&V’ = W — L A, it follows that

1

<= 1 .
A(Ky +uD)D™ = Ao+ W - K KW KyK].

1€

Then we have

1 ~ ~ ~ ~
A= @AOD(KU +uD)t+ WD(Ky + uD)?

—K{ KuW Ky K D(Ky +uD)™. (44)

SinceﬁAof) = Ag, X which minimizesJ is given as

X = UAU”

UAo(Ky + D) *U* + UWD(Ky + uD)*U*
UK KyW'Ky K D(Ky +puD)U".

SinceKy = U*U, R(Ky) = R(U*). Then we have

KuKjU® = U,

UKKy = U.

Itis clear that

U*(UDU* + pl) = (U*U + uD)D1U”,

so that

(Ky +uD)U* = DU UDIU* + ul)™. (45)

Then we have

KuK{ D(Ky +uD)*U* = KyK[U*(UDU" +pul)™?

U*(UD U + pl)?t

6(KU + ,u|5)71U*

Hence, eq.(45) yields that

X = UAg(Ky + uD)tU*
+UWD(Ky + uD)*U* — UWD(Ky + uD)*U*

UAo(Ky + uDytu™.

(46)
In the case oft = 0, if Ky is nonsingular, eq.(42) yields

AoK{h, 47

(48)

UAoKG*U*.

Proof of Proposition 2
An operator A is a projector if and only #A = A. Since eq. (40),

XX

UAU"UAU"
UAKyAU™.

If Ky is nonsingular,
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n
XX = UAoA )" (v @ A KGKyU*
i=1
UAU" = X.



Proof of Proposition 3
If Ky is nonsingular ang = 0,

ﬁ;(s)ﬁ;(s) = UAKF'U UAGKGU”

UAK;'U” = Py,

Proof of Proposition 4
If Ky is nonsingular ang = 0,
p

Pru)Preg) = UKGIU UAGKG'U™ = UAKG!U™ = P o)

Proof of Proposition 5
If Ky is nonsingular ang = 0, sinceR(T) = R(UT)

P UT = UAGKGU'UT = UAGT =0,

e Pru) = UAGKGTUTUKGIU™ = UAKGIU® = Py,
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