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Abstract. Control operators, such as exceptions and effect handlers,
provide a means of representing computational effects in programs ab-
stractly and modularly.

‘While most theoretical studies have focused on multi-shot control oper-
ators, one-shot control operators — which restrict the use of captured
continuations to at most once — are gaining attention for their bal-
ance between expressiveness and efficiency. This study aims to fill the
gap. We present a mathematically rigorous comparison of the expres-
sive power among one-shot control operators, including effect handlers,
delimited continuations, and even asymmetric coroutines. Following pre-
vious studies on multi-shot control operators, we adopt Felleisen’s macro-
expressiveness as our measure of expressiveness. We verify the folklore
that one-shot effect handlers and one-shot delimited-control operators
can be macro-expressed by asymmetric coroutines, but not vice versa.
We explain why a previous informal argument fails, and how to revise it
to make a valid macro-translation.

Keywords: One-shot continuation - Effect handler & Delimited contin-
uation - Asymmetric coroutine - Macro-expressibility

1 Introduction

Control operators are powerful tools for representing computational effects. Ex-
ceptions and coroutines are classic control operators, implemented in many
languages. Delimited-control operators (e.g., shift/reset) have been extensively
studied in the literature. The last decade has seen growing interest in effect
handlers, which support modular abstraction of computational effects [13,14].
This paper studies the theoretical foundation of one-shot variants of control
operators, where captured continuations are restricted to at most one use. While
most studies® on control operators focused on unrestricted (i.e., multi-shot) con-
trol operators, one-shot variants have been recently gaining attention. There are
several reasons to consider one-shot variants: First, they can be implemented
more efficiently than multi-shot, as they avoid stack copying [3]. Second, they

1A notable exception is Berdine et al., who proposed linearly-used continuations [2].
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may alleviate the verification burden by reducing the complexity of reasoning
about sensitive resources [15]. Third, one-shotness is key to relating control op-
erators based on continuations to classic ones found in many dynamic languages.
For instance, a recent example in the former category is one-shot effect handlers
in OCaml Version 5.x,2 while the latter category includes coroutines and the
yield operator, both of which are intrinsically one-shot.?

Despite these advantages, few authors have studied the theoretical founda-
tion of one-shot control operators. Indeed, it is folklore that results for multi-shot
control operators carry over easily to their one-shot counterparts; however, this
is not the case. Since one-shotness is a dynamic property, a formal calculus
for one-shot control operators should track the validity of each continuation,
complicating both the semantics and precise reasoning about them. Among the
few authors, de Moura and Ierusalimschy demonstrated a connection between
one-shot delimited-control operators and coroutines [12]. However, this corre-
spondence relies heavily on mutable states that can store higher-order functions,
which, in our view, obscures the raw expressive power of these control operators.

We note that comparing the expressiveness of control operators is surprisingly
difficult. For the case of one-shot control operators, the expressiveness results in
the literature often lacked correctness proofs (e.g.,[9]), or were incorrect. In this
paper, we explain why a simple and seemingly correct translation from delimited-
control operators to coroutines fails to preserve semantics.

This paper studies the relative expressiveness among three one-shot control
operators: one-shot effect handlers, one-shot delimited-control operators, and
asymmetric coroutines [12]. We adopt macro-expressibility [5] as the basis for
our comparison, since it is well-established in the literature, particularly in the
study of control operators, such as Forster, Kammar, Lindley and Pretnar [7].
To our knowledge, this is the first systematic study to rigorously analyze the
expressiveness of one-shot control operators.

Our contributions are threefold:

1. We prove that one-shot delimited-control operators can be macro-expressed
by asymmetric coroutines.

2. We also prove that one-shot effect handlers can be macro-expressed by asym-
metric coroutines.

3. We show that the converse direction does not hold: asymmetric coroutines
cannot be macro-expressed by either one-shot delimited-control operators or
one-shot effect handlers.

Figure 1 illustrates the macro-expressibility results established in this paper.

The remainder of this paper is organized as follows. Section 2 introduces
macro-translations and the core calculus. Sections 3 and 4 present three exten-
sions to the core calculus and establish the macro-expressibility results, while
Section 5 disproves the macro-expressibility of the converse direction. Section 6
concludes the paper.

2 https://ocaml.org
3 James and Sabry argued that a multi-shot variant of the yield operator is as expres-
sive as delimited-control operators [8].
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Fig. 1: Macro-expressibility among control operators. Solid lines indicate the ex-
istence of a macro-translation; dashed lines indicate its non-existence.

2 Macro-expressibility and Core Calculus

2.1 Macro-expressibility

Felleisen [5] formalized the notion of macro-expressibility to compare the ex-
pressive power of two programming languages when one is an extension of the
other. The notion has later been adjusted to compare two languages when both
are extensions of a common language [7]. Below, we show a definition based on
operational semantics, in the spirit of Felleisen’s formalization.

We assume that a programming language £ is equipped with a set of Z-
phrases, a set of Z-programs, which is a non-empty subset of .Z-phrases, and an
evaluation function Eval & (-) that maps .Z-programs to (suitably defined) values.
Phrases and programs may be distinct in some languages. For instance, phrases
can contain runtime values such as references. An n-hole syntactic abstraction
in £ is an Z-phrase that has n holes.

Definition 1. Let .4 and %5 be conservative extensions? of £. A partial map
@ from L -phrases to Lo-phrases is a macro-translation if and only if all the
following conditions are satisfied:

1. If M is an & -program, ¢(M) is defined and an Z5-program.

2. If F is an n-ary function symbol of £, for any £ -phrases My, ..., M,,
O(F(My,..., M) = F(G(M), .., 6(My)):

3. For each n-ary function symbol F € £ \ £, there is an n-hole syntactic
abstraction A in % such that ¢(F(My,...,My,)) = Alo(My),...,o(My,)]
for any £, -phrases My, ..., M,.

4. Evalg (M) terminates if and only if Evalg, (¢p(M)) terminates.

We say 24 is (strongly) macro-expressible in %, if a macro-translation from £,
to % exists. We can define a weak macro-translation by replacing the “if and
only if-clause in the last condition by “only if”.

An example of macro-expressibility is the let-construct in call-by-value lambda
calculus. We can define a macro-translation ¢ in such a way that ¢(let z =
M in N) = (Az. ¢(N)) ¢(M) holds. Macro-expressibility is transitive: the com-
position of macro-translations is also a macro-translation.

4 The formal definition of a conservative extension is provided in Appendix A.
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VW = value (V,w) pairing
xeV variable inj, V(L € ) variant
0 unit {M} thunk

M, N ::= computation let z = M in N sequencing
case V of (z1,z2) — M product matching | Az. M abstraction
case V of {(inj x; = M;);} variant matching | M V application
V! force (M, N) pairing
return V' returner prj, M projection

Fig. 2: Syntax of MAM

pure frame P u=letz =[]in N | [|V | prj,; []
computational frame F ::= P
pure context H == [ ] | P[H][]]
evaluation context C ::=[] | F[C[]]

Fig. 3: Frames and Contexts of MAM

a2

2.2 Core Calculus MAM

We use the language MAM (multi-adjunctive language) by Forster et al. [7],
which was designed after Levy’s Call-By-Push-Value calculus [10]. It serves as
the common core calculus for our extensions.

Figure 2 gives the syntax of MAM. MAM differs from the untyped lambda
calculus in that values and computations are clearly separated, and its own
constructs are as follows: The pairing of computations (M, N) is lazy, a thunk
freezes a computation, and a force thaws the thunk out: {M }! —>§,[ M.

We consider terms modulo renaming of bound variables as usual. We define
MAM-Phrases as the union of the set of values and that of computations.
MAM-Programs are the set of computations.

To present the operational semantics of MAM, we define frames and contexts
in Figure 3, and the beta reduction rules —>§,[ on computations in Figure 4.

We define the transition relation —pg on computations by using evaluation
contexts [6] as follows:

M~y M’

(x) case (V1,Va2) of (z1,22) » M (F) letz =returnV in M —5, M[V/x]
=R M[Vi/z1, Va/xo] (U) {M} =B M
case inj;, V of {(inj,, zi — Mi)i} (=) (A\z. M)V =5, M[V/z]

(

SN YN TN &) pri, (My, M) =2 M,

Fig. 4: Beta Reduction Rules of MAM
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V,W:u:=... value M,N:=... computation | (M|z.N)  dollar
| I € Zp continuation label | Sok. M shift0 | throw V W throw
pure frame P ::= ... pure context H = ...
computational frame F ::=...| ([]|z.N)  evaluation context C ::= ...

Fig.5: Syntax of DELgy.

Evaluation of a program is defined by: Evalyam(M) =V if M —34
return V. Evalyan (M) is a well-defined partial function, since —M is deter-
ministic.

3 Omne-Shot Delimited Continuations as Asymmetric
Coroutines

This section investigates the macro-expressibility of one-shot delimited continua-
tions in terms of asymmetric coroutines, which has been considered folklore, but
this proves unexpectedly complicated. We first introduce two calculi: DEL,,
for one-shot delimited continuations and AC for asymmetric coroutines, then
present a macro-translation from DEL,,. to AC.

3.1 The Calculus for One-Shot Delimited Continuations

We present the calculus DEL,, which incorporates a one-shot version of the
control operator shift,/dollar. The shift,/dollar operator, proposed by Materzok
and Biernacki [11], is a variant of shift,/resety [4] and has the same macro-
expressive power. We adopt the calculus DEL defined by Forster et al. [7],
restricting each captured continuation to one-shot use.

Figure 5 shows the syntax of DEL,. as an extension of MAM, where the
ellipses (...) indicate the syntax from MAM. .%p is a countable set of contin-
uation labels, where [ is a dynamically generated label for a continuation. The
dollar term (M|z.N) is similar to resetO: when evaluated, it installs a delimiter
for continuations captured in M. Unlike reset0, it has an additional part x.IV
where x is bound in V. When M evaluates to a value, its result is bound to x, and
N is evaluated. When the term Sgk. M is evaluated, a continuation delimited by
the nearest dollar term is captured, k is bound to the continuation, and the body
M is evaluated. If there is no surrounding dollar term, the evaluation gets stuck.
throw [ V invokes the continuation represented by [, passing V' as an argument.
DEL,,.-Phrases is the set of all DEL,c-values and DEL,,.-computations, and
DEL,,.-Programs is the set of computations without continuation labels.

In DEL,,., continuations can be invoked at most once. Consider the example:

Sok. let a = throw k 1 in
let b = throw k 2 in return (a, b)

z.return a:>
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M —5. M’
(M;60) =5 (M';6)
(ret) ((return V|z.M);0) =2 (M[V/x];6)
[ is a fresh label

(MAM)

shift
( ) ((H[Sok. M]|z.N);0) =2 (M[l/E];0[l := \y. (H[return y]|z.N)])
(throw) 0(1) = Ay. (H[return y]|z.N)
(throw [ V;0) =2 ((H[return V]|z.N); 0[l = nil])
(i) 9(1) = nil

(throw [ V;0) =2 1

Fig. 6: Beta reduction rules of DEL

The term attempts to use the continuation k twice, first to compute a and then
to compute b. Such usage violates the one-shotness constraint, and to detect it,
we use a store to record the content and the status of continuations.

A store is a partial function 6 : %p — computation U {nil}. Dom() is
the set of continuation labels [ such that (1) is defined. Note that, nil is not
an undefined element, and the complement of Dom() is not equal to 6~ (nil).
If (1) = nil, which means that the continuation labeled ! has already been
invoked. The empty set () represents the store with no bindings.

We introduce configurations to describe the runtime states of programs. A
configuration C is a pair of a DEL,.-computation M and a store 6, or the error
state L. The beta reduction rules —>[]? on configurations are defined in Figure 6.5

The reduction rules of DEL,,. are defined as follows:

(M;0) =2 (M6 (M;0) =2 1
(C[M];0) —p (C[M'];0") (C[M];0) —p L

Evaluation of a DELgyc-program is defined by: Evalpgr,, (M) = V if there
exists a store 6 such that (M;0) —} (return V;0). Evalpgr,,, (M) is a well-
defined partial function, since —p is deterministic.

3.2 The Calculus for Asymmetric Coroutines

De Moura and Ierusalimschy [12] studied several variations of coroutines and
introduced two calculi, symmetric coroutines and asymmetric coroutines. In this
paper, we present the calculus AC for asymmetric coroutines, which are preva-
lent in modern programming languages.

Figure 7 presents the syntax of AC. Besides the constructors of MAM,
AC has coroutine labels as values, and four constructs to manipulate coroutines
as computations: labeled computation, create, resume, and yield. Za¢c is a

51In (shift), we assume that y does not freely occur in the context H. Similarly, through-
out the rest of this paper, we assume that the same condition holds for variables
that are freshly generated, whether in reduction rules or in translations.
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V,Wiu=... value M,N:=... computation | yield V yield
| | € Zac coroutine label | create V create | resume V' W resume
| 1: M labeled computation
pure frame P = ... pure context H = ...
computational frame F == ... [ :[] evaluation context C ::= ...

Fig. 7: Syntax of AC

M =5, M’
(M;6) =4 (M';0)
[ is a fresh label

(MAM)

(create) : 5 ——
(create V;0) ¢ (return [;0[l := V1)
I € Dom(0) 0(l) # nil
(resume) 5 -
(resume [ V;0) =/, (L: (6()! V);6[l := nil])
) 6(l) = nil
(fail)

(resume [ V;0) =5 L
(ret) (I:return V;0) =4 (return V;0)
(vield) (I:H[yield V];0) —>*ZC (return V; 0[l := {\y. H[return y|}])

(M;0) —>ic <Ml§9/> (M;0) —>f\c 1
(C[M];0) —ac <C[M'};9'> (C[M];0) —ac L

Fig. 8: Semantics of AC

countable set of coroutine labels. The labeled computation [ : M represents the
coroutine ! executing the computation M. create V' produces a new coroutine
whose computation is V, and resume V W starts (or resumes) a coroutine
whose label is V' with a parameter W. yield V suspends the current coroutine,
yielding V' to its caller. AC-Phrases are the values and computations of AC,
and AC-Programs are the computations without coroutine labels.

A store 6 is a partial function that maps labels to values or nil. Note the
difference from the store in DEL,,., which maps labels to computations or nil.
As in DELgy,, a configuration in AC is a pair (M;6) of a computation M and
a store 6, or the error state L.

Figure 8 defines the operational semantics of AC which includes the beta
reduction rules —>ic and the reduction rules —ac. Note that coroutines are in-
herently one-shot: while a coroutine may be called multiple times by suspending
and resuming it, it cannot be duplicated and reused.

Evaluation of an AC-program is defined by: Evalac(M) = V if there exists
a store 0 such that (M;0) —4o (return V;6). Since —ac is deterministic,
Evalac is a well-defined partial function.
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let z = create {\_.let £ = M in return {\_. N}} in
(M|z.N) := | let res = resume z () in
res! z
Sok. L == yield {\k. L}

throw V W — let res = resume V W in
— res!' V.

Fig.9: Naive translation from DEL,, to AC

3.3 Naive Translation and its Failure

Given the similarity between delimited continuations and coroutines, one may
think that it is straightforward to macro-translate DEL,,. to AC with the
following correspondence: a dollar term in DEL,,, is translated to a create
term in AC, a shift0 term to a yield term, and a throw term to a resume term.
Based on this intuition, we can define the naive translation from DEL,,. to
AC in Figure 9. Note that on the right-hand side of (M|z.N), x corresponds
to the binding occurrence of x in the original term (M|z.N). Figure 9 only
shows non-trivial cases. Other cases are translated homomorphically except for
continuation labels, whose translations are not defined. This is not problematic,
since a macro-translation only has to translate all DELg,.-programs, which do
not contain continuation labels.

The naive translation works for simple expressions. However, we found a
counterexaple to it. Consider the following DELgy,e-program M.

letj = (Sokl. let mn = throw k}l 10 in
M = let r, = throw k; 20 in return ) in | 4. return ¢
Soko. return 30

In DEL,,., M is evaluated as follows: First, the shiftO term Sgk;. --- is invoked,
then the pure context surrounding it is captured and stored under a fresh label
1126

M —p let r; = throw [; 10 in let 5, = throw [; 20 in return r; (1)

Next, throw [; 10 invokes the captured continuation labeled [;, rendering it
invalid:

let 1 — <1etj = return 10 in
-5 et = Soks. return 30
let 9 = throw [; 20 in return r;
o let 11 = (Soke. return 30 | i.return 7) in
D \let r9 = throw [; 20 in return r;

7. return z> in
(2)

5 For brevity, the full content of the store is omitted from the evaluation trace. We
will only mention the changes relevant to the main computation.
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let 11 = throw (I,1.,0 where
M —4c | let o = throw (I,1.,0

) 10in let j = return y in } }
return r;

e {Ay' ¢ {yield { k2. return 30}
lc — {RefCell(0)}

(throw increments . and resumes [.)

let j = return 10 in }) .
in

let res =1 : (77 {yield {A\k2. return 30}

let m = res! (I,1.,1) m
——
_>XC valid (3)
let r» = throw (I,.,0) 20 in
N——
invalid
return r;
where
l — nil
lo s {RefCell(1)}
(The coroutine labeled [ is suspended by yield.)
let r = {\kz2. return 30}! (I,l.,1) in \ [where
—hc | let 2 = throw (1,1.,0) 20 in I — {\y. Plreturn y]} (4)
return 7 le — {RefCell(1)}
(The continuation (I,[., 1) is not used and ! remains active)
. where
ke <itt$;37tohrow (1,1, 0) 20 ‘“) I {\y. Plreturn 4]} (5)
le — {RefCell(1)}
Fig. 10: Evaluation of M where P =let ¢ = [ ] in return {A_. return i}. The

black parts show the evaluation using the naive translation; the red parts are
additions by our refined translation in Figure 11.

Then, the shiftO term Sgks. - - - is invoked. This captures the context and stores
it under another fresh label l5. The evaluation then continues as follows (note
that the continuation labeled I3 is not used):

. %B let r; = return 30 in let , = throw /; 20 in return r

—p let r, = throw [; 20 in return 30

Finally, throw [; 20 is invoked, but since the continuation labeled [; has already
been consumed, the evaluation fails.

Therefore, in AC, M must not successfully terminate since macro-translations
preserve semantics; however, this is not the case. To understand the reason,
consider the evaluation trace shown in the black parts of Figure 10 (ignore
the red” parts for the moment). First, after applying the translation, M re-

" In the printed (monochrome) version, the red parts may appear as gray.
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duces to the term on the first line (corresponding to (1)) where the contin-
uation captured by Sgki;. --- in M is represented by a coroutine labeled I.
Next, throw [ 10 is evaluated. This resumes the coroutine labeled [ and in-
validates | by mapping it to nil. The evaluation then reaches (3), which cor-
responds to (2). Then, let j = return 10 in --- is evaluated and the term
yield {\ks. return 30} (= Soks. return 30) is invoked. This suspends the corou-
tine labeled I, reactivating it in the store, as shown in (4).

This reacvation is the source of the failure. In the evaluation of M in DEL,.,
the two shift0 invocations result in two distinct continuation labels, {1 and Is.
Our naive translation, however, maps both of these labels to the same coroutine
label . Because of this, the reactivation of | makes the stale continuation (corre-
sponding to ;) available again. This would be harmless if the thunk returned by
yield eventually resumed [/, as that would invalidate [ again. In our counterex-
ample, however, this thunk does not resume [. Therefore, the coroutine labeled
! remains active and the final throw in (5) succeeds incorrectly.

This phenomenon had been overlooked for years. In fact, there was folklore
that a simple macro-translation from DELg, to AC should exist. For exam-
ple, Kawahara and Kameyama proposed such a translation from one-shot ef-
fect handlers to asymmetric coroutines, which has been implemented in Lua,
Go, and several other languages [9]. Our analysis, however, reveals that these
simple translations fail to preserve semantics and therefore cannot be macro-
translations. The problem becomes apparent when we examine a dollar term
that contains more than one occurrence of shift0.%

3.4 Refined Translation from DEL,,. to AC

Our key idea to handle this problem is to introduce a counter mechanism into
the translation so that one can distinguish valid continuations from stale ones.
The red parts of Figure 10 illustrate how these counters are introduced: I, is a
counter associated with a coroutine [, and holds a counter object in the form
RefCell(n) where n is a natural number. Each counter is incremented every
time the continuation associated with the corresponding coroutine is used. Each
continuation also carries an index — a natural number. If this index does not
match the counter’s value, it indicates that the continuation has already been
used, causing the computation to fail. In the second use of ki, k1’s index is 0
while [.’s value is 1, correctly invalidating the invocation.

Realizing this idea as a macro-translation requires a bit of programming:
First, we encode natural numbers by regarding injy.., () as 0 and injg,.. as
the successor function, then we can write increment and comparison functions
in AC. Second, we encode counters as mutable cells that are expressible by
coroutines (see Section 5). Figure 11 shows the complete translation. A dollar
term is translated into a term that creates a new counter by ref! injy.,. (), and
makes a pair (z, z¢) consisting of the coroutine and the corresponding counter.

8 It can be shown that Kawahara and Kameyama’s translation fails to preserve se-
mantics by considering a similar counterexample.
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where
fail =
Sok. M = yield {\k. M} let z = create {\_. return ()} in
(M|z.N) == let _ = resume z () in
let z = create resume z ()
A_.let z = M in . 0 :=injy.. ()
{ return {_. ﬂ}} m Suce = injgyce
let zc = ref! 0 in incr == {An. return (Succ n)}
let res = resume z () in compare =
res! ((z, zc),0) {(Az. emp! {z! z}) {Az. cmp! {z! z}}}
throw VW = cmp =
case V of { AfAn.Am. case (n,m) of {
((z,2¢),1) — (0,0) = injp... ()
let j = get! zc in (0, Succ n') + injp.. ()
let b = compare! i j in (Succ n',0) — injpase ()
case b of { (Succ n', Succ m') — fln' m'}
(injpeme ) — ref :== {\v. create RefCell(v)}
let i’ = incr! i in RefCell(v) =
let () = set! zc i’ in Ay. let ¢’ = return y in
let res = resume z W in { {(Az. th! {z! z}) {M\z. th! {z! z}}}H v q’}
res! ((z, zc), i) th =
(injpaise () > fail! Af.As.Aq. case q of {
(injge; v) — let ¢’ = yield () in fl v ¢’
1 (injge () — let ¢’ = yield sin f! s ¢'}

get .= {Ac. resume c injq,, ()}
set == {\c. Av. resume c injg., v}

Fig. 11: Refined translation from DEL, to AC

The last element in the argument passed to res! is injy.,. (), indicating that
the first continuation label to be generated should have index 0. A throw term
is translated into a term whose first argument V' is the tuple ((z, zc),7). The
translated term checks whether the value of the counter zc matches i using
compare! i j. If it holds, the counter is incremented, and the continuation stored
in z is resumed with the argument W. Otherwise, an invalidated continuation is
about to be invoked, and the execution fails.

3.5 Simulation

To prove that the translation in Figure 11 is a valid macro-translation, we use
simulation. For two transition systems . and ¢/, a binary relation on #-terms
and .¢’-terms is a simulation relation if the following condition holds:

If M - M' and M ~ N hold, there exists an N’ such that N —%,, N’
and M’ ~ N’ hold.

If such a simulation relation exists, we say .’ simulates £. In our case, we
shall construct a simulation relation ~ on DEL,,.-configurations and AC-
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configurations that respects the translation in Figure 11. We then use this to
show that the translation preserves the semantics.

To establish the simulation, we must resolve the fundamental mismatch be-
tween DEL,,. and AC: the former generates a fresh label for each continuation
capture, while the latter reuses the same coroutine labels. In our translation,
this mismatch is addressed by the counter mechanism. Therefore, the simulation
relation must incorporate the logic of the counter mechanism.

We introduce several auxiliary notions that are necessary to define a simu-
lation relation. First, since configurations may contain runtime labels, we must
extend the translation -, which is only defined for label-free DEL,.-programs.
For this purpose, we introduce a mapping n as a partial function from ZpgrL,,,
to Lac X Zac X N. The extended translation -y 1s then defined by L, = n(l)
for continuation labels [, while acting identically to - for all other terms. For
convenience, we identify the AC-representations of Peano numbers with natural
numbers (N).

Second, to track the association between a coroutine and its dedicated counter,
we use a partial function s from XAC to Zac. With the partial functions 7 and

k, we define a binary relation ~ between configurations. We only present two

crucial cases, and the complete deﬁmtlon can be found in Appendix B.2.

Definition 2 (excerpt). Let C' be a DEL,,e-configuration and D be an AC-
configuration. We inductively define a binary relation C < D, which is param-
K

eterized by n and K, as follows:

(Case: return term)

(return V; 0)

DA

(return V., : 7)
(Case: dollar term)

(Mi30) ~ (Ny;7)
get(k(m),7) =1 7(m) = nil n~t(m, k(m), ) C 6 (nil)
o <1et res = m : (let £ = N in return {)\_. %ﬂ} ) in ;7_>

(M |2.My); 6) ~ res! (m, k(m), )

C ~ D relates each DEL,,.-computation to one or more corresponding AC-
K

n
computations. In most of the cases, it does so structurally; that is, (M;0) ~
K

<M - 7'>. However, the case for a dollar term is an exception: it involves an active
coroutine label m, which lacks a corresponding continuation label. This imposes
a few constraints on stores and labels. For example, get(x(m),7) = i specifies
that the index of the continuation label to be generated must equal the value of
its counter; and = !(m, k(m), ) C ~1(nil) requires that all continuation labels
corresponding to m be invalid.
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Finally, we lift the relation ~ to the simulation relation ~. The relation ~

K K
checks if the structures of two configurations correspond to each other. However,
it is not sufficient; we also need to ensure that the global properties for the
counter mechanism are satisfied.

For example, a label for an invalidated continuation in DEL,,. must corre-
spond to a triple in AC whose index is strictly smaller than its counter’s value,
but this property is not ensured by the relation <. To capture such properties, we

K
define C' ~ D as a binary relation that holds if and only if there exist partial func-
tions 1 and k such that C 2 D holds and certain invariant conditions are satis-
K
fied. A key invariant condition is “0(l) = nil = get(pry(n(1)), 7) > prs(n(l))”,
which formalizes exactly the rule mentioned above. For the complete definition,
see Appendix B.2. We remark that C' ~ D has the following property.

0
Lemma 1. 1. For any DELgy. computation M, (M; Q) y (M;0). Therefore,

(M;0) ~ (M;0).
2. If (return V;0) ~ (N; 1), then there exist a partial function 1 : LpEL
Lac X Lac * N such that N = return v,

one

We can prove that the relation ~ is a simulation relation from DEL,,. to
AC.

Theorem 1. Let C be a DEL,y.-configuration and D be an AC-configuration
and assume that C ~ D and C —p C'. Then, there exists an AC-configuration
D’ such that D — 5o D' and C' ~ D' hold.

Proof. We can prove this theorm by induction on case analysis on C —p C'.
See Appendix B.3 for the complete proof.

Theorem 2. DEL,,. is macro-expressible in AC.

Proof. We show that A — A is a valid macro-translation. Here, we only prove
semantic preservation, i.e., Evalpgr, . (M) terminates if and only if Evalac (M)
does, since the other conditions are straightforward to check. We first prove the
“only if” direction. Suppose that there exist a value V and a store 6 such that
(M;0) =1 (return V;6). By Lemma 1, we have (M;0) ~ (M; (). By repeatedly
applying Theorem 1, we obtain (M;0) — 4o (NV;7) and (return V;6) ~ (N;7)
for some N and 7. By Lemma 1, we have N = return V,, which completes the
“only if” direction. The proof of the “if” direction is provided in Appendix B.4.

The complexity of the simulation arises from the fundamental mismatch be-
tween DEL,, and AC. The naive translation may suffice for establishing weak
macro-expressibility of DEL,,. in AC; however, its simulation proof must still
address the mismatch. In particular, it must track the correspondence between
continuation labels and coroutine labels, via n and certain invariant conditions.
This reflects the intrinsic difficulty of translating one-shot delimited continua-
tions to asymmetric coroutines.
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V,W = value

| g (e %) continuation label
M,N := computation

| p V. (op € 0) operation call

| with H handle M handle

| throw V W/ throw

= {return z — M:et, (op; pi ki — M;)i} handler®

pure frame P = ... pure context H ::=

computational frame F ::= ... | with H handle [] evaluation context C ::=

Fig. 12: Syntax of EFF

4 One-Shot Effect Handlers as Asymmetric Coroutines

Since Plotkin and Pretnar’s proposal [14], effect handlers have been actively stud-
ied in recent years. This section extends our results to effect handlers, namely,
we establish macro-expressibility of one-shot effect handlers in terms of asym-
metric coroutines. Since macro-translations are composable, it suffices to show
that one-shot effect handlers are macro-expressible by one-shot delimited-control
operators.

4.1 The Calculus for One-Shot Effect Handlers

Figure 12 presents the syntax of EFF,., the calculus for one-shot effect han-
dlers. % denotes a countable set of labels. A continuation label [y is a pair of
its name [ € Zg and a handler H, and serves as a runtime representation of a
one-shot continuation delimited by the handler H. The term op V is an opera-
tion invocation with an argument V| where the operation op is an element of a
countable set . The term with H handle M installs a handler H and evalu-
ates M under it. The term throw V' W invokes the continuation represented by
V', which should be a continuation label.

We assume that every handler handles all operations that appear in pro-
grams. This is not an essential restriction, as any handler can be rewritten to
satisfy this condition.!® EFF,.-Phrases are the values and computations, and
EFF,.-Programs are the computations without continuation labels.

Similarly to DELgpe, captured continuations can be invoked at most once
during program execution, hence handling the operation E under the following
handler raises a runtime error:

H= return z — return z,
Ep k — let a = throw k 1 in let b = throw £ 2 in return (a, b)

EFF,,. uses a store to detect one-shotness, which is a partial function: 6 :
Zg % handler — computation LI {nil}.

9 Note that z is bound in M:et, and p; and k; are bound in their respective M;.
10 For each unhandled operation op, we add a clause op p k +— let r =
op p in throw & r to the handler.
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M =5 M
(M;6) —g (M';6)
(ret) H = {return z — Met, ...}
re
(with H handle (return V);0) —5, (Me:[V/x];6)

H = {return z — M,et, (op; pi ki — M;);} Iy is a fresh label

(MAM)

(op) :
<w1th H handle (’H [opj V]); 9>
— 5 (M;[V/p;,lr /k;];0[lg == Az. with H handle H[return z]))
0(lg) = Az. with H handle H[return z]
(throw) 5
(throw Iy V;0) —§ (with H handle H[return V]; 0l := nil])
O0(lg) = nil
(fail) (le) = mi .
(throw Iz V;60) —F L
Fig. 13: Beta Reduction Rules of EFF
opV = Sok. Ah. hlinj,, (V,{\y. throw k y h})
throw V1 V5 = Wy
with H handle M =  (M|H"™") {H"*}

where ({return = — Myet, ...})™" = 2.A_. Mret
({return z — Met, (op; pi ks — M;)i})°P°
= Ac. case c of {(inj,, (pi, ki) — M)}

Fig. 14: Translation from EFF, to DELgy,

A configuration C is a pair of an EFF,.-computation M and a store 6, or
the error state L. The beta reduction rules = on configurations are defined in
Figure 13. The reduction of EFF,, is defined as follows:

(M;0) =g (M) (M;0) =5 L
(C[M];0) =& (C[M'];0') (C[M];0) —E L
Evaluation of an EFF,,.-program is defined by: Evalggr, (M) = V if there

exists a store 6 such that (M;0) —% (return V;0). Evalgrr,, (M) is a well-
defined partial function, since —g is deterministic.

4.2 Macro-Translation from EFF .. to DELg,e

We present a translation from EFF ., to DEL,,. in Figure 14, which is based
on the translation by Forster et al. [7].

Theorem 3. EFF,,. is macro-expressible in DEL .

Proof. First, this translation maps EFF,.-Programs to DEL,.-Programs since
it introduces no continuation labels. The translation does not alter MAM con-
structors, so it homomorphically acts on them. Also, Figure 14 clearly shows
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VW = ... value M,N == ... computation | set VW set
|l € %r  reference cell | create V' create | get V get

Fig.15: Syntax of REF

that the program constructs peculiar to EFF,. are expressed by syntactic ab-
stractions of DEL,,.. We prove the preservation of semantics in Appendix C.1.

From Theorem 3 together with Theorem 2 and the compositionality of macro-
translations, we get the following theorem.

Theorem 4. EFF, .. is macro-expressible in AC.

4.3 Macro-Translation from DEL,,. to EFF ¢

We can also show the macro-expressibility of DELg,e to EFF,., using Forster
et al.’s translation for the multi-shot shift,/dollar. See Appendix C.2 for the
proof.

Theorem 5. Assume that shift0 is contained in the set of operations ©. Then,
the following translation is a macro-translation from DELg,e to EFF .

Sok. M = shift0 {\k. M}
throw V W := throw V W
(M|z.N) = with {return z — N, shift0p k — p! k} handle M

5 Omne-Shot Effect Handlers Cannot Macro-Express
Asymmetric Coroutines

When asymmetric coroutines macro-express one-shot effect handlers, it is natural
to ask whether the converse direction also holds. In this section, we prove that
the converse direction does not hold.

To show this, we introduce REF', a calculus with ML-style reference cells,
defined in Figure 15. The definition of REF-frames is omitted since it is the same
as that of MAM-frames. REF-Phrases are the values and the computations of
REF, and REF-Programs are the values and the computations which contain
no reference cells. As in the previous calculi, we use stores and configurations: a
store is a partial function that maps reference cells to values, and a configuration
is a pair of a REF-computation and a store. Figure 16 presents the semantics
of REF.

First, we prove that EFF,,. cannot macro-express REF':

Theorem 6. There is no valid macro-translation from REF to EFF .
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M =5 M
(M;0) =5 (M';6)
[ is a fresh reference cell

(MAM)

(create)

(create V;60) —2 (return [; 0]l := V]) (M;0) =5 (M';0")
(set) € Don(0) (€M 6) on (€M)
(set 1 V;0) =5 (return (); 0]l := V)
(get) o) =V

(get 1;0) %g (return V; )

Fig. 16: Semantics of REF

Proof sketch. Suppose there is a macro-translation from REF to EFF,., and
consider the following term M in REF.

let r = create inj, () in let r = create (inj, ()) in
let i = get r in let i = get r in

M = | let _ =set r injg () in — M= | let _ =setr (injz () in
let £ = get r in let k£ = get r in
return (i, k) return (i, k)

In REF, M evaluates to (inj, (),injg (). In EFF,,., however, M ought to
evaluate to (inj, (),inj, ()). This is because a macro-translation must be local
and compositional, which prevents M from being enclosed by any handler in
EFF,,., forcing the two evaluations of get r in M to yield the same value. See
Appendix D.1 for the complete proof.

On the other hand, AC can macro-express REF":
Theorem 7. REF is macro-expressible in AC.
Proof. The following translation is a valid macro-translation from REF to AC.!!
create V := create RefCell(V)
set VW :=resume V (injg, W)
get V :=resume V (injg, ())
We prove the details in Appendix D.2.
Corollary 1. EFF .. cannot macro-express AC.
Proof. Suppose that a macro-translation from AC to EFF,. exists. Then we

have a macro-translation from REF to EFF,. by Theorem 7, which contradicts
Theorem 6.

11 RefCell(-) is defined in Figure 11.
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Corollary 1 is counter-intuitive, since effect handlers are considered a uni-
versal tool for expressing various computational effects, such as coroutines. This
gap arose due to the strictness of macro-translations, which adheres to Felleisen’s
original notion. We conjecture that, under a suitably relaxed definition of macro-
translations, EFF,,. can macro-express REF and AC. One possible relaxation
is to allow macro-translations to insert a fixed context at the root of each trans-
lated term in order to represent global effects. Such relaxed macro-translations
would establish that REF and AC are macro-expressible in EFF,,., while pre-
serving the compositionality of the translations. We leave the formalization and
verification of this idea for future work.

6 Conclusion

This study investigated the relative macro-expressiveness of one-shot control
operators, resulting in several key findings: (1) One-shot delimited-control oper-
ators and one-shot effect handlers can be macro-expressed by asymmetric corou-
tines, and (2) The converse direction does not hold. Previously, the former was
considered trivial; however, we spotted a gap in the literature and fixed the prob-
lem by devising the counter mechanism. As our results demonstrate, establishing
such a connection requires a precise mathematical analysis.

To our knowledge, this work is the first study to conduct a systematic com-
parison of the expressiveness of one-shot control operators. James and Sabry
claimed that the one-shot yield operator can be seen as a one-shot variant of
delimited-control operators [8], but they did not provide a formal justification.
Forster et al. studied multi-shot control operators — effect handlers, monadic
reflection, and delimited-control operators — from operational and denotational
semantics, and analyzed their macro-expressibility with and without types [7].
Following their approach but adopting a purely operational viewpoint, we have
revealed certain aspects of one-shot control operators that cannot be directly
derived from prior multi-shot results. Meanwhile, earlier work by de Moura and
Terusalimschy examined the expressiveness of symmetric coroutines, asymmetric
coroutines, and one-shot subcontinuations in the presence of mutable states [12].
In contrast, we study the calculi without mutable states, which clarifies the ex-
pressive power of control operators.

There are a number of directions for future work. Proposing a type system for
coroutines and proving that our translation preserves types would be an impor-
tant extension to our results. Although Anton and Thiemann proposed a type
system for coroutines [1], it remains unclear whether their system aligns with our
translations. Introducing affine types to statically guarantee that each continua-
tion may be invoked at most once, in the spirit of linearly used continuations [2],
is another interesting future topic.
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A Definition of Conservative Extensions

In this appendix, we describe the formal definition of conservative extensions by
Felleisen [5].

Definition 3. A language £ is a conservative extension of ' if and only if:

1. the constructors of &' is a proper subset of the constructors of £ with the
difference being {Fy,...,Fp};
2. The set of £'-Phrases is a full subset of £-Phrases which do not contain

any constructors in {Fy,..., F,};
3. The set of £'-Programs is a full subset of £ -Programs which do not contain
any constructors in {Fy,...,F,}; and

4. if an &' -Program M evaluates to V in &', then also in £, M evaluates to
V.

Informally, a conservative extension of .% is a language extension which in-
cludes only terms generated from a finite number of additional constructors.

B Supplementary Proofs for Chapter 3

B.1 Preservation of Well-Formedness

Syntactically, a coroutine ! can execute a computation that contains itself as an
active label:
L:(1:M).

However, we demonstrate that AC-programs cannot reach such states by for-
malizing the notion of well-formedness and proving that it is preserved under
reduction.

Definition 4. For any AC-expression E, we define AL(E) as the set of all
active labels appearing in E.

Definition 5. An AC-configuration (M;0) is well-formed if
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1. WellFormed (M) holds,
2. AL(V) =10 for all V € Im(0), and
3. foralll € AL(M), 6(l) = nil,

where WellFormed(M) is a predicate on AC-computations inductively defined
as follows:

AL(VYUAL(M) =10
WellFormed(case V of (z1,22) — M)
AL(V) U (UAL(M;)) =0
WellFormed(case V of {(injy x; — M;);})
AL(V) =
WellFormed

ALV
WellFormed (return V)
WellFormed(M) AL(N) =0
WellFormed(let © = M in N)
AL(M) =0
WellFormed(Az. M)
WellFormed (M) AL(N) =0

WellFormed(M V')
AL(M)U AL(N) =0

WellFormed({M, NY))
WellFormed(M )

WellFormed (prj; M)
WellFormed (M) l¢ AL(M)
WellFormed (1 : M)

AL(V) =10
WellFormed(create V')
AL(VYUALW) =10
WellFormed (resume V W)
AL(V) =10
WellFormed (yield V)

v'>

B
—~ \_//—\

10.

11.

12.

13.

Proposition 1. Suppose that (C[M]; 0) is well-formed and (M 0) —>5AC (M5 0").
Then, (C[M'];0") is also well-formed.

Proof. By case analysis on (M;6) —>ic (M';0").
Case (MAM):
SubCase (F):
Suppose that (M;0) —>/3AC (M';0") is

(let z = return V in M;60) =5 o (M[V/z];0').
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Since let z = return V in M is well-formed, V and M do not contain any
active labels, implying AL(M[V/z]) = 0. By straightforward induction on
C, we conclude that (C[M[V/x]];6) is well-formed.
The remaining subcases are similar.
Case (create):
Suppose that (M;6) —>ic (M';0") is

[ is a fresh label

(create V;0) —>ic (return ;0] := V])

Since [ is fresh, | ¢ AL(C). The well-formedness of create V ensures AL(V) =

(). By induction on C, we obtain that (C[return []; [l := V]) is well-formed.
Case (resume):

Suppose that (M;6) —>ic (M';0") is

[ € Dom(0) 0(1) # nil
(resume | V;0) =4 o (12 (0(1)! V);0[1 := nil])’

If I is active in a well-formed configuration (C[resume [ V7]; ), it follows that
0(1) = nil, but this is a contradiction. Therefore, [ is distinct in (C[I : (8(1)! V)]; 0]
and mapped to nil by [ := nil]. From the well-formedness of (C[resume [ M]; 6)
we have that AL((1)) = 0 and AL(V) = (). Then, it is easy to check that
this configuration is well-formed by induction on C.

Case (fail):
(fail) does not occur, as (C[M];8) reduces to (C[M'];6'), not L.

Case (ret):
Immediate from the definition of well-formedness.

Case (yield):
Suppose (M; 6) —>gc (M';0") is

(I: H[yield V];0) —>BAC (return V; 0[] := {\y. H[return y|}])

! is no longer active in (C[return V]; [l := {\y. H[return y]}]), while other
active labels remain distinct and are mapped to nil by 8[l := {\y. H|[return y]}].
Moreover, from the well-formedness of H[yield V], we obtain that # and V
does not contain any active labels. Therefore, by induction on C, we see that
(Clreturn V1; 0]l := {\y. H[return y]}]) is well-formed.

This completes the proof.

B.2 Definition of Simulation Relation
Definition 6. For any l € Lac, AC-store T, and natural number i, we define

get(l,7) =i when
7(1) = RefCell(i).

:= nil])
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Definition 7. Let n be a partial function from ZpEL,,. to ZLac X ZLac x N,
k be a partial function from Lac to Lac, and Confpgr,,, and Confac be the
sets of configurations of DELq,. and AC, respectively. We inductively define a

x Confac, which is parameterized by n and

one

n

binary relation ~ over Confpgy,
K

K, as follows:

n

case V of (x1,z2) — M;0) ~ <case V of (z1,22) — Mq;7'>,

case V of {(injy, z; — M;);};0) ~ <case V oof {(injy, z; — M;);} ;T>,
g

V96) ~ <V' iT),

~

(
(
(
(returnV 9> ~ (return V,:7),
(Az. M;6) ~ <A:r.7Mn;T>,
{
(
(
(

n

(1,36 % (010 7).

K

Sok. M;0) %<SOkM ),

(M| M) 0) ~ (Mo M) ;)
throw V W;0) ~ (throw VW, : 1),
(My;0) % (N1;7)

© © =N S Gt e e

10. 1 - ,
(let z = M1 in My 6) ~ <let z =N in %n;7>
(M;68) ~ (N;7)
11. e ,
(M V;0) ~ <NK77;T>
(M;6) ~ (N;7)
12. - , and
(prj; M;0) ~ (prj; N;7)
(Mi;6) ~ (Nis7)
13 get(k(m),7) =1 7(m) = nil n~t(m,k(m), ) C 6 (nil)

((Mi]z.Mz); 6) ~

n [ let res = m: (let = N; in return {)\_.%n})in . .
res! (m, k(m), 1) 7

We refer to the pairs of evaluation contexts and stores as contextual config-
urations and write CConfpgy, .. and CConfac for the sets consisting of them.

one

Definition 8. Let ) be a partial function from ZpEL,,. to Lac X ZLac x N,
k be a partial function from Lac to Lac, and CConfpgr,,, and CConfac
be the sets of contextual configurations of DELgy. and AC, respectively. We

inductively define a binary relation rjc over CConfpgr, .. X CConfac, which is

one

K
parameterized by n and k, as follows:
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L ([1:8) ~e (L7,
(C:6) ~e (D:7)

> (let = = C[] in Ms; 6) NK (let 2 = D[J in My ;7).
(€:0) ~e (D7)
" e v e (P) V7).
(€:6) e (Di)
" oneti) e (prj D7)
(C;0) AZC (D;7)
5 get(r(m).) =i r(m)=nil ' (m,n(m), ) C 0~ (nil)

((Cll[z.M2);0) ~c

K

" <let res = m : (let = D[] in return {)\_. Mn} ) in _7_> '

res! (m, k(m), )

Definition 9. For any configurations of DELqne and AC, say C and D, C ~
D means that C = D = 1, or there exist DELgy.-computation M, AC-
computation N, DELqye-store 8, AC-store T, and partial functionsn : ZpgL,,, —

Lrac X Lac XN and k 1 Lac — ZLac such that the following conditions are
satisfied:

C = (M;0).

D = (N;71).

C ~ D.

D is well-formed.

K 18 injective.

Dom(x) NIm(k) =0

Dom(x) UIm(x) = Dom(7).

Dom(n) = Dom(0).

For any | € Dom(n), if n(l) = (2, z¢,i), then z € Dom(k) and k(z) = zc.

For any | € Dom(n), if 6(1) = nil, then get(pry(n(l)), 7) > pry(n(l)).

For any 1 € Dom(n), if 0(1) = Ay. (H[return y||z.M’'), then

(a) 1 is not contained in M’,

(b) get(pra(n(l), 7) = prs(n(l)),

(c) for anyl € Dom(9), if I # 1 and pry(n(l")) = pry(n(l)), then 6(I') = nil,
and

(d) T(pry(n(1))) = {Ay. let z = K, [return z] in return {X_. M’ }}.

NS0 0RO o e~

~ o~

We define that 6, T, 7, and 7 satisfy the invariant conditions (IC) if the conditions
5 through 11 in Definition 9 are fulfilled. Since well-formedness is preserved under
reduction (Proposition 1), we leave it implicit unless necessary.
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B.3 Proof of Theorem 1

In this section, we give a proof of Theorem. 1. First, we extend the translation
-, on frames and contexts. For example, we define let z = C[] in M , 3 let z =
(C,[]) in M,

We present several auxiliary lemmas for proving Theorem 1.

Lemma 2. For any n: £pEL,,. — ZaAac X Zac X N, DELg,e-computation M
with free variables x1,...,x,, and DELy,e-values Vi, ..., V,,

M,V for, o Vay Jon| = MV a1, Vo],

holds 2.

Proof. We prove a more general form of this lemma.
Suppose F is a DEL,,.-computation or a DEL,,.-value with free variables.
Then, we aim to show that

E W, /21, Vo, 0] = EWVAfw1,. ., Va/2a] .

by induction on E. Suppose first that E is a DELg,e-value. Then E has six
possible forms. If F is a variable x and z = z; for some i, then

i, [ﬁn/xl,...,&n/xn} EEU =z;[Vi/z,.. .,Vn/xn]v.
If x is not any of z1,...,x,,

z, [Kn/xh ... ,&n/xn} =z =z[Vi/ay,..., Vn/x"]v'

If E = () or E =1, the result is immediate. Suppose that E = (V, W). By the
induction hypothesis, we see that

VoW, /a1, Vo, fan] = VIVif@1, o Voo,

and
W, Vi, for o Vay Jon| = W o1, Vo]

Using these fact, it follows that

VW) [V, e Vay fan] = (V) W) W f, -V, f2]
Vo Vi oo Vay fon| W [V, fa, o Vi fa])

4
=W
= (V[Vi/xq,..., Vn/mn]v, WiVi/z1, ..., Vn/xn]v)
= (
= (

VIVi/x1, ..., Vo xn|, W[Vi /21, .. .,Vn/xn])v
V,W)[V1/xq,.. .,Vn/xn]v.

12 We use = to denote syntactic equality
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The other cases are similar.

When F is a DELg,e-value, we can prove it similarly. If F is a term unique
to DEL, ., the calculation is more tangled but follows essentially the same steps
as for the other constructors.

Lemma 3. For any DELgy,.-computation M, DELy.-store 8, AC-store T, and
partial functions n : LpEL... — ZLac X Zac X N and k : ac — ZLac,

(M; ) : (M,;7)
holds.

Proof. We prove this lemma by induction on M, but give only one case since the
other cases follow the similar steps. Suppose that M = (M’ V') for some DELe-
computation M’ and DELgy.-value V. Then, using the induction hypothesis,

we obtain (M’; 0) ~ (M',; 7). Thus, it immediately follows that (M’ V;6) ~
(M, Vi 7).

n X

Lemma 4. Let H be a pure DELy-context and € an AC-context. Then, for
any 0, 7, n, and k, (H;0) Nnc (&;7) if and only if E = H,,.

K

Proof. Both necessity and sufficiency can be proved by straightforward induction

on (H;0) Ajc (G; 7) and H, respectively.

n

Lemma 5. For any pure context H, if (M;0) ~ (N;7), then (H[M];0) ~
<ﬂn[N];T>,
Proof. By straightforward induction on H.

Lemma 6. Let H be a pure context of DELqy,e. Then, if (H[M];0)
there exist a AC-computation N’ such that

x? 3

(N;7),

NEﬂn[Nl]a
(HIM;0) ~ (1, [N'li7),
(M30) ~ (N';7).

Proof. By straightforward induction on H.

n

Lemma 7. Suppose that (M;6) ~ (N;7y and (M;0) ~ (D[N];7). Then,
D=].
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Proof. By induction on the derivation of (M;8) o (N; 7). First, suppose that

N = M, Then, we see that D[N] = M, . Therefore, we obtain D = [|.
For the inductive step, we only show interesting cases for brevity. We assume

that the derivation of (M;8) ~ (N;7) is

(Mi;6) ~ (Nis7)

(M = (let x = M; in Ms);0) % <NE (letx:Nl in%n);7>.

Suppose that D # [|. Then, there is a context D’ such that D = (let z =D in %TI)
and (M7;0) ~ <D/ [N] (E D’ [let z = Njp in %n} ) ; 7'>. Applying the inductive
hypothesis to this, we obtain

D’[let z=1] in%n] =[],

which is a contradiction.

Next, we assume that the derivation of (M;6) (N;T) is

x?03

(Mi30) ~ (Ny;7)
get(k(m),7) =1 7(m) = nil nfl(m, k(m), ) C Qfl(nil)

(M = (Mi|z.M>); 0) "l = let res = m : (let x = N; in return {)\_. %ﬂ} ) in o
" res! (m,k(m), i)

Suppose that D # [|. Then, there is a context D’ such that

_ [ let res = m : (let z = D'[] in return {)\_. %n} ) in
res! (m,k(m), 1)

n

and (My;0) ~ (D'[N]; 7). This is because, if the derivation of (M;6) ~
K K
(D[N];7) is
n
(Mafe.M2);6) ~ (DIN] = (Mifa.0a) 7).
(Mj|x.Ms) contains a labeled computation m : (), which is not in the image of
the macro-translation. Therefore, from the inductive hypothesis, we obtain
D let res = m : (let z =[] in return {)\_. %ﬂ} )in | _ 0

res! (m,k(m), i) -
which is a contradiction. The other cases are similar.
Lemma 8. Suppose that (C[M];0) ~ (D[N];7) and (M;0)

K
n

(€;0) ~c (D;T).

KR

(N;T). Then,

DA
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Proof. By induction on C. The base case follows directly from Lemma 7. Sup-
pose that C' = (let z = C'[] in M’) for some C" and M’. Then, the derivation of

(C[M);0) ~ (D[N);7) is

(C'[M];0) ~ (D'[N];7)

n
(let & = C'[0] in M's6) -~ (let v = D'[N] in M/, 7).

Hence, we have (C'[M];0) ~ (D'[N]; 7). From the induction hypothesis, we
obtain

(;0) ~ (D';7),

which implies that (C;6) ~ (D; ).
We present another non-trivial case: C' = (C'[]|x.M"). In this case, we argue
that the derivation of (C[M]; ) ~ (D[N]; ) is

) ]
=nil Y (m,k(m), ) C 6 (nil)

~—

get(k(m),7) =1 T(m

e |

(C'[M]|z.M");0) ~ <let res

K

m : (let z = D'[N] in return {X\_. M’, } ) in .T>'
res! (m,k(m), i) ’

Otherwise, D[N] = (C’[]|a:.M’>n implies that

let z = create {)\_. let z = C’[M]n in return {\_. Mn}} in

D[N] = let zc = ref! inj,,,, () in
let res = resume z () in

res! (Z, 2C, ianero ())
and, by the definition of contexts,

let z=]in

let zc = ref! injy.., () in
let res = resume z () in
res! (Z, 2C, ianero ())

N = create {)\_. let ©z = C’[M]n in return {/\_- Mn}};

>
If

)

however, create V' does not appear in the right hand side of rnv7 which contradicts
(M;0) . (N; 7). Thus, we obtain (C'[M]; 0) . (D'[N]; 7) and by the induction

hypothesis, (C’; ) ~ (D'; 1), yielding that (C;6) ~ (D; 7). This completes the
K K

proof.



Expressive Power of One-Shot Control Operators and Coroutines 29

n

Lemma 9. Suppose that (C[M];0) ~ (D[N];7) and (C;0) ~ (D; 7). Then,

K K

(M;0) ~ (N;7).

P

Proof. By induction on the derivation of (C;8) ,jc (D; ).

K

Proposition 2. Suppose that (C[M];0) 2 (N;7) and that 6, T, n, and K
K
satisfy the IC. Then, there exist an evaluation context D, a computation N', an
extension of 7', and a partial function k' such that
(N;7) =ac (DNl T'),
n
(€;0) ~c (D; "),
/{,
(M;6) ~ (N'; ),
ﬁ'//
(CIM]:6) ~ (DIN']: 7).
H/
where ' is a finite extension of T, k' is a finite extension of k, and 0, 7', n, and
k' satisfy the IC. Moreover, if M is a redex, so is N'.

Proof. We prove this by induction on the number of computational frames that
constitute C. The base case follows from Lemma 6.

For the inductive step, we first show that we may suppose without loss of
generality that C = (C'[]|z.M'), where the outermost frame is computational. If,
instead, C = P[C'[] for some pure frame P, then we can decompose C and C’ as

C=PH[C"[Jle.M")]] and C' =H[C"]||z.M")],
where C” is a possibly computational context and H is a pure context. First, by
applying the argument from the base case, we obtain
_ /
N = (P, )N
(C”[M)le.M):6) ~ (N';7),
(PIHIC" M)l ]);6) ~ (P[H] [N');7).

Then, by treating (C"[]|z.M’) as C, we reduce this case to one in which the
outermost frame of C is computational, and we obtain

(N's7) —~ac (D'[N");7') and  ((C"[M][z.M");6) ~ (D'[N"}; "),
where 6, 7, 1, and «’ satisfy the IC. Note that if M is a redex, then so is N”.
Applying Lemma 4 implies (P[H[]]; 0) ~c <P[7—[ []]17; 7'/>. Finally, from Lemma 5,

we conclude

(PIHIC M)z M)} 0) % (PO [DIN]: "),
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yielding the desired result.
Now we return to the scenario where C' = (C'[J|z.M’). According to the

definition of rnv, the derivation tree of ((C'[M]|z.M');0) ~ (N;7) has two

possible forms:
Case 1:

(C'[M];6) ~ (N';7)
get(k(m),7) =1 7(m) = nil n~ (m,k(m), ) C 0 (nil)

n — . — /s ! .
(C'[M]|2.M"Y; 0) ~ <N _ (let res=m: (l'et z = N'in return {/\_. Mn} ) in
" res! (m,k(m), i)

Then, by the induction hypothesis, we obtain
(N';7) —ac (DIN"]; '),
(€0) ~ (D7),

(M;6) ~ (N 7'),
(C'[M];6) ~ (DIN"]: ),
where 7 is a finite extension of 7, k' is a finite extension of k, and 6, 7/, n,
and x’ satisfy the IC. Note that N” is a redex if M is also a redex. From
(B.3), then, we have

— . — A / .
(N:7) =i <<let res = m : (let z = DIN"] in return {A_. M’ } ) in >;7_,>'

res! (m, k(m), 1)

Since 7" and &’ are finite extensions, it follows that get(x’'(m),7’) =i, 7'(m) =
nil, and = (m, x’(m), ) C 6~ (nil). Thus, by (B.3), we obtain

(C' )| M); 6) :"/c <lr(22!r(e;’:ﬁ/r(nn;)(71;e)t z =D[ inreturn {A_. M’ } ) in ;7_,>’
and by (B.3),
({C'[M]]z.M");0) ~

v \res! (m, k' (m),1)

which completes the proof for the current case.

Case 2: )
(Mi]o.005);6) ~ (N = (Mi]a.Ms) 57)

(N; 1) evaluates to

< _ <let res =m : (let 2 = N’ in return {A_. M’ } ) in >;7_,>’

res! (m, me, i)

z

" <let res = m : (let z = D[N"] in return {\_. M’, } ) in ;7_,>7
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where 7/ is 7[m = nil, mc¢ = RefCell(injy.,, ())]. Let &’ be k[m = md].
Then, if 6, 7/, n, and &’ satisfy the IC, this case is reducible to the previous
case. Therefore, it remains to verify the IC.

(4) &’ is injective since mc is taken as a fresh label.
(5) Dom(x’) = Dom(x) U {m} and Im(x') = Im(x) U {mc}, so

Dom(x’) NIm(x’) = (Dom(x) N Im(k)) U (Dom(x) N {mc}) U ({m} NIm(x)) U ({m} N {mc})
= (),

since m and mc are taken as fresh labels.
(6) With regard to Dom(7’),

Dom(7") = Dom(7) U {m, mc}
=( (k) UIm(k)) U {m, mc}
= (Dom(x) U {m}) U (Im(x) U {mc})

= Dom(x’) U Im(x").

Dom
Do

The other conditions remain true since 6, 7, 7, x satisfy the IC and 6 and 7
are not extended.
This completes the proof.

Proposition 3. Suppose that C ~ D and C —>ﬁD C’, then there exists an AC-
configuration D' such that D — Ko D' and C' ~ D'.

Proof. Suppose that C' = (M, 6). By the definition of ~, there exist N, 7, n, and
k such that

D = (N;1),
C ~ (Ni7),
where D is well-formed and 6, 7, n, and & satisfy the IC. We analyze each case
based on the definition of C %% C’.
Case (MAM):
In this case, we present only one case since the other cases are similar. Sup-
pose that
M = (case (V1, V) of (z1,z2) — M').

Then, C = (M;0) evaluates to C' = ((M'[V1/x1, Va/x2]); 0). By the defini-

n
tion of ~, we obtain
K

N = (case (V1,Va) of (21, 22) — M/v)
(

case (Vi Va,) of (z1,,22,) > M, ).
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(N;7) is reduced in one step to

(M, Vi, f1, Vo, faali m) = (M'[Vi a1, Vo] ),

where the equation follows from Lemma 2. Then, Lemma 3 implies that

(M Vi w1, Vafwals6) < (M Wifwr Va/ws] 7).

and Proposition 1 implies that the right-hand-side configuration is well-
formed. Since 0, 7, 1, and & satisfy the IC, it follows that

(M'[VAfa, Vo als6) ~ (M [V, Vo] 7).
which completes the proof for this case.

Case (throw):
Suppose that M = (throw [ V') and 0(I) = (\y. (H[return y]|z.M)). Then,
(M; 0) evaluates to

((H[return V]|z.M); '),

where 6’ = 0[] := nil|. By the definition of :J, we obtain

N = throw [ Vn

case [, of {
(2, 20),7)
let j = get! zc in
let b = compare! i j
case b of {
(ianrue ()) =
let i = incr! i in
let () = set! zc i’ in
let res = resume z Kn in
res! ((z, zc), i)
(injFalse ()) = fazl'

}

Let m = pry(I) and i = get(pry(l),7), then, since 6, 7 7, and k satisfy the
IC, we obtain

pry(l) = r(l),
1= pr?)(l)a
T(m) = {Ay. let z = H,,[return y] in return {x_. Mn}}
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Using these facts, the evaluation of (N;7) proceeds as follows:

let z = iner! ¢ in

(N:7) = let () = set! k(m) i’ in
T) ~Ac let res = resume m Vn in |’
res! ((m, k(m)), )

let res = resume m V  in .
—AC <<res' m)),i+1) - >,T[Ii(m) = RefCell(i + 1)]>

let res = m : (let T = ﬂn [return Kn] in return {)\_. Mn}) in ,>
AcC <(res' m)),i+ 1) T

where 7/ := 7[m = nil, k(m) := RefCell(i+1)]. It is straightforward to check
that 7, [return Vv, = H[return V]n' Thus, by Lemma 3, we obtain

(H,[return V, ];60") :3; <7—L[return V]n;T/>.

Now, in order to derive

({(H[return V]|z.M); 6" ~

res! ((m,k(m)),i+ 1)
we shall check that the other premises hold.

— get(k(m),7") =i+ 1 since 7/(k(m)) = RefCell(i + 1).

— Obviously, 7/(m) = nil.

— Let I’ be a continuation label of DEL,,, and suppose that pr; (n(I')) = m
and pry(n(l')) = k(m). We shall prove that 6'(') = nil. If I’ = [, then
0'(l) = nil. Otherwise, since 6, 7, 1, and & satisfy the IC, 0(I) # nil
implies that 8(I’) = nil; hence we obtain ¢'(l") = nil.

Thus, we obtain

{((H[return V]|z.M);0") ~

r res! ((m,k(m)),i+ 1)

Furthermore, Proposition 1 shows that the right-hand-side configuration is
well-formed. Finally, we check that the IC is preserved through the evalua-
tion. However, we present only non-trivial conditions for brevity.

6. Dom(7') = Dom(7) = Dom(x) UIm(k).

7. Dom(n) = Dom(#) = Dom(#").

9. Suppose that 6'(I") = nil. If I’ = [, then get(pry(n(l)), 7)) =i+ 1>
prs(n(l)). Otherwise, the previous IC implies that get(pry(n(l')),7)
prs(n(l)). If pry(n(l’)) = w(m), then get(x(m),7) = i +1 > i
get(k(m), ") > prg(n(l’)). If pro(n(l’)) # k(m), then the previous IC
yields that pry(n(1')) # m. Hence, pry(n(l’)) € Dom(7), yielding get(pry(n(l)), ') =
get(pra(n(l'), 7) > pry(n(l’))-

v 1

n <<1et res = m : (let T = MT} in return {A_ MW}) in

n <<1et res = m: (let T = wn in return {)\_ Mn}) in
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10. Suppose that 6'(I") # nil. Then, we obtain " # | and ¢'(l") = 6(I') =

Ay.

(a)
(b)

(c)

(d)

(G[return y]|z.S) for some G and S.

The previous IC yields that I’ does not appear in S.

We shall argue that pry(n(l’)) # k(m). Suppose otherwise. Then,
the previous IC implies that pry(n(l’)) = m and (') = nil, which
is a contradiction. Hence, get(pry(n(l")),7") = get(pry(n(l')), ) =
prs(n(1)),

Let !” € Dom(¢’) and suppose that I’ # 1" and prq (n(I")) = pry (n(l')).
If I” =, then the previous IC yields that 6(I') = nil, which contra-
dicts the assumption. Hence, I” # [, which immediately implies that
¢'(I") = 0(1"”) = nil. Note that the last equation follows from the
previous IC.

This directly follows from the previous IC since pry(n(l’)) # m and

pro(n(l)) # r(m).

This completes the proof for the current case.

Case (fail):
Suppose that M = (throw [ V') and (1) = nil. Then, (M;§) evaluates to L.

By the definition of rnv7 we obtain
K

N = throw [ V,7

case [, of {
((z, 2¢),4) —
let j = get! zc in
let b = compare! i j
case b of {
(ianrue ()) =
let i’ = incr! i in
let () = set! zc i in
let res = resume z Kn in
res! ((z,z¢), i)
(injFalse ()) = fazl'

}

Let m = pry(I) and j = get(pry(l), 7), then, since 0, 7 7, and & satisfy the
IC, we obtain

pro(l) = k(1) and j > prg(l).

Using this, the evaluation of (IV;7) proceeds as follows:

Hence,

(N;7) —ac (faill;T)
—ac L.

we obtain 1 ~ 1. This complete the proof.
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Now, the remaining cases are for (ret) and (yield), where the computation M

is enclosed within a dollar term, i.e., M = (Mj|xz.M>). In such instances, there
are two possible derivations for (M;0) < (N;7):

(Milo.M2);0) ~ (N = ((Mifa.Ma) )i7),
(Mi;6) ~ (Ni;7)
get(k(m), 7) =4 7(m) = nil Y (m,k(m), ) C 6 *(nil)

(M| Ms): 6) o <N= <let res = m : (let x = N; in return {)\_. %ﬁ})ln >;T>

res! (m, k(m), 1)

Then, by applying Proposition 2 with C[{[ ||x.M2)] as the instance of C, the
former case reduces to the latter. Thus, for the remaining cases, we restrict our
attention to the situation where
N = let res = m : (let z = N; in return {)\_. %n} ) in
~ \res! (m, x(m), i) '
Case (ret):

Suppose that M = (return V]z.M'). Then, (M;6) is reduced to (M'[V/x]; 6).
As noted previously, we shall assume without loss of generality that the

derivation of (M;0) ~ (N;7T) is

(return V; ) % (returnV, ;1)

get(k(m),7) =1 7(m) = nil n~t(m,k(m), ) C 0 (nil)

let res = m : (let z = return V, in return {)\_. M/n} ) in >
o
res! (m, k(m), 1) ’

{{return V|z.M');0) % <

(N;7) is evaluated as follows.
(N;7) —ac (({A- Mn[zn/m]}! (m, k(m),i));7)
—ac (M, [V, /x];T)
= <M’[V/x]n; T> by Lemma 2.
From Lemma 3, we obtain

(M[V/ali0) ~ (M[V/a] 7).
where Proposition 1 implies that the configuration on the right-hand side is
well-formed. Since 0, 7, n, and k satisfy the IC, we conclude that

(M [V/a):0) ~ (M'[V/a] 7).

— 1
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Case (shift):
Suppose that M = (H[Sok. M;]|z.Ms). Then, (M;60) evaluates to
(M [1/E];6"),
where [ is a fresh continuation label and ¢’ is 0[] := \y. (H[return y||z.M3)].

n

Conducting case analysis implies that the derivation tree of ((H[Sok. Mi]|z.Ms);0) ~
(N;T) is

(H[Sok. MiJs0) ~ (Nis7)
get(k(m),7) =1 7(m) = nil n~(m,k(m), ) C 6 *(nil)

(H[Sok. Mi]|z.Ms): 0) n <N _ <let res = m : (let z = Ny in return {)\_. %ﬁ} ) in >;T>

res! (m, k(m), 1)

Then, applying Lemma 6 to (H[Sok. M;];0) 5 (N7;7) implies that there is
an AC-computation N such that

Ny =#,[N]] and (Sok. My;0) ~ (N{;7).

Moreover, by performing case inversion on (Sgk. Mj;6) (N7; ), we obtain

al =

N{ =Sok. M, = yield {)\k. %n}.
Thus, the evaluation of (N;7) is as follows:

(Ni7) ae (({ M M, b (msn(m), )i 7')
—ac (M, [(m, 5(m),)/k];7'),
where
7= T{m = {)\y. let z = #H,[return y| in return {/\_. %’7}}}
Thus, defining 7’ to be [l == (m, k(m), i)] yields
My, [(m, k(m), i)/k] = My, [(m, k(m), i)/k] = My, [n'(1)/ k] = Mu[l/k]

'’
where the first equation follows since M; does not contain [, which is taken
as a fresh label, and the last equation follows from Lemma 2. Therefore by
Lemma 3, we have

(ML[1/K:0) (MR i7",

Moreover, Proposition 1 shows that —% <%n[(m, k(m), i)/k];7’> is well-
formed. Then, it remains to show that 6’, 7/, n’, and « satisfy the IC. We
verify only the non-trivial conditions here; the remaining conditions hold
automatically as 6, 7, 1, and k already satisfy the IC.
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Dom(x) UIm(x) = Dom(7) = Dom(7").

Dom(n') = Dom(n) U {l} = Dom(#) U {l} = Dom(¢’).

Let ' € Dom(n’) and suppose that 7/(l') = (z,z¢,4). If I’ € Dom(n),
then we immediately see that z € Dom(k) and k(z) = zc. If I’ = [, then,
1 € Dom(0), (z, z¢c,i) = (m, k(m),i), and m € Dom(k) since

Dom(7) C Dom(x) and m € Dom(r).
Suppose that I’ € Dom(n’) and 6(I') = nil. Then, since € Dom(6),

get(pry (' ('), ') = get(pro(n(l')), 7) < pra(n(l’)) < pra(n’(l")).

Suppose that I’ € Dom(n’) and 6'(l') = Ay. (G[return y]|z.S). First,
assume that I’ € Dom(#). Then, from the previous IC, it follows that !’
is not contained in S and that

get(pry(n' (1), 7) = get(pra(n(l)), ') = get(pry(n(l')), 7) = pra(n(l’)) =

where the second equation holds since 7’ is an extension of 7 and pry(n(1'))
Dom(7). Next, suppose that I € Dom(#'), I” # I', and pry(n(l")) =
pry(n(l")). Then, if I” € Dom(#), it immediately follows that

0'(1") = 6(1") = nil.

If, instead, I € Dom(¢’) \ Dom(#), i.e., I = I, by one of the premises for
deriving (S 0) ~ (N';T), we see that

" (m, k(m), ) C 0 (nil).

Moreover, since pry(n(l')) = pry(n(l)) = m, we also obtain pry(n(l')) =
k(m). Thus, we see that 6(I') = nil, but this is contradiction. Finally, we

have 7 (i (I') = 7'(n(I")) = 7(n(I")) = Ay. (g, [return y] ’x.§n>. Here, G
and S do not contain [ since it is taken as a fresh label. Hence, Qn = Qn,
and S, =S, ,, which implies

7 () = Ay. <an [return y}‘x.ﬁ,».

Now, assume that I’ = [. Since, [ is taken as a fresh label, it does not ap-
pear in Ms. Then, the second condition is ensured by the one of premises

of (M;6) % (N';7):
get(k(m), 1) =i

The second condition can be also verified as in the case in which I’ €
Dom(#). As for the last condition, we see that

7 (pry(n(l"))) = {/\y. let z = H, [return y] in return {)\_. %ﬁ}}

= {/\y. let z = H,,[return y| in return {/\_. %n’}}'

pry(n' ('),

€
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This completes the proof for the current case.

Proposition 4. Suppose that

(€:0) ~e (Dim),
(M30) ~ (N:7),
(C[M]:6) ~ (DIN];),

(M;0) =g, (M';0'),

where (D[N];7) is well-formed and 0, T, n, and k satisfy the IC. Then, there
exist an AC-computation N', an AC-store 7', partial functions ' and ' such
that

(N;7) —ac (N5 7).
<M/,9/> ~ <N/;T/>7
(CIM']};0') ~ (DIN'l;7").
Moreover, from Proposition 1, (D[N']; ') is well-formed.

Proof. We prove by induction on the derivation of (C;6) /\ch (D; 7). The base

case follows immediately from Lemma 3.
For the inductive step, we suppose, without loss of generality, that the out-
ermost frame of C' is computational; i.e., C = (C'[]|x.Mz), which is justified

by Lemma 5 and Lemma 6. Suppose that ((C'[M;]|z.Mz);6) ~ (D[N]; 1),
(M;;6) ~ (N;T), and (My;6) —>BD (M7;6"). As noted in the proof of Lemma 3,
or alternatively by applying Proposition 2, we shall assume that the derivation
of ((C'[Mi]|x.Ms); 0) ~ (D[N];7) is

mw»%www
get(k = nil n Y (m,k(m), ) C 6 *(nil)

<<C/[M1H{L' M2 ros! Z)

Moreover, from Lemma 8, we obtain (C’; 6) A:]c (D'; 7). Applying the induction

hypothesis to (C'[M;];6) ~ (D'[N]; ) implies that there exist N’, 7/, n/, and
k' such that

(N;7) =ac (N;7")

(CM):0) % (DN')),

<<let res = m : (let z = D'[N] in return {)\_. %W} ) in

)
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where ¢', 7/, 7, and &’ satisfy the IC. Then, we shall show that

(C'1M]]:0') 1’; (D[N 7')
get(k'(m), 1) =i 7/(m) = nil 7'~ (m, &' (m), ) C 6 (nil)

(C M) M) 0')

res! (m,k(m), 1)

is derivable by checking that that %n/ = %W and that the premises other than

’

(C'[M{];6") WN/ (D'[N'];7") are also satisfied.

Here, we conduct case analysis on (Mj;0) %BD (M{;0") as follows.

Case (MAM):
In this case, none of 6, 7, n, and « is updated. Hence, it is trivial to check
that the premises are preserved.

Case (throw):
Suppose that (M;;6) —>5D (M7;0") is
(throw | V;0) -2 ((H[return V]|z.S);6'),

where

6(1) = (\y. (H[return y]|z.5)),
9" := [l := nil].
From the proof of Lemma 3, we obtain

N =throw [V,

r_ (letres =mn: (let r="H, [return Zn] in return {)\_. ﬁn}) in
— \res! (n,k(n)),j+1)

(M{;0) ~ (N';7'),
K
where

m #n (by Proposition 1),
7' = 7[n = nil, k(n) = RefCell(j + 1)],

and 6, 7/, n, and k satisfy the IC. Then, we shall check that the premises
are satisfied as follows:

— get(k(m), ") =i since m # n and 7' (k(m)) = RefCell(i).
— 7/(m) = 7(m) = nil.

"' <<let res = m : (let z = D'[N’] in return {)\_. %n’} ) in

B
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— Let I’ € Dom(n) and suppose that pry(n(I)) = m and pry(n(l")) = k(m).
Then, since m # n, we see that I’ # [ and 6'(I') = 6(I') = nil, where the
last equation follows from the previous IC.

Case (fail):
(fail) is not applicable here, as (M; 0) reduces to a configuration (M’; 6’), not
1.
Now, the remaining cases for (ret) and (yield). Both of them assumes that the
computation M; is enclosed within a dollar term: M; = (S} |2.S2). As in the proof

of Proposition 3, we shall assume that the the derivation of (Mj;6) ~ (N;7) is
n
(51:0) ~ (Ni;7)
get(n(n). ) =n  r(n)=nil  5~}(n,k(n), ) 6~ (nil
((S1]2.5): 0) n <N _ (let res = m : (let x = N; in return {/\_. &n} ) in >;T>

res! (n,k(n),7)

not

(Si]2-82);0) ~ <Mn">'
This is because, the evaluation from <<Sl\x.52>n; 7'> to
N = let res = m : (let £ = N; in return {)\_. &n} ) in o
res! (n,k(n),7)
preserves not only the IC, but also the premises of
(€M) 5 (DN )
get(x'(m),7) =i 7'(m) = nil n'~t(m, k' (m), ) C ' (nil)

' — . — / AR . )
(C'[M]]| 2. Ms); 8) ~ <<let res = m : (let z = D'[N’] in return {)\_. %n/} ) in >;T,>

K res! (m, k(m), i)

as we have proven in the Case 1 in the proof of Proposition 2.
Case (ret):
Suppose that (Mj;0) —>% (M7;0") is

(My = (return V|z.M'); 0) =% (M'[V/x];6).

From the proof of Lemma 3, we see that none of 6, 7, n, and & is updated,
which implies that the premises are preserved.

Case (shift):
Suppose that (Mj;6) —>BD (M1;¢') is

((H[Sok. S1]|z.52);8) =2 (Si[l/K];6"),
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where [ is a fresh continuation label, and 0’ is 8]l :== Ay. (H[return y]|z.S2)]
From the proof of Lemma 3, we obtain

Vo (let res = n: (let o =, [yield {Ak. 51, }| in return {A\_. 55, } ) in
—\ res! (n,k(n),7)

= 51, [(n, 5(n), )/

(M;0) ~ (N';7),

where

T ::T[n =

{)\y. let z = #H,[return y] in return {)\_. So }H
=l = (n,k(n),5)],

and @', 7/, 1, and K satlsfy the IC. First, since 7 is extended on a fresh label
l, we have that M, , = Mg

Moreover, the well-formedness implies that
m # n. Then, we shall check that the premises are satisfied as follows:

— get(k(m),7’) = get(k(m),7) = i.

— 7'(m) = 7(m) = nil

— Let I’ € Dom(n’) and suppose that pry(n'(I')) = m and pry(n'(l')) =

k(m). Since m # n, we have I’ # | and | € Dom ( ). Then, from the
previous IC, we obtain 0(l) = nil. Therefore, 8'(]) = 6(I) = nil

Therefore, we obtain

' — - — DN § .
(C'[M{)|2.Ms); 0') <<let res = m : (let £ = D'[N'] in return {)\_. %n/} )

res! (m, k(m), 1)

Finally, we give the proof of Theorem 1

Proof of Theorem 1. Suppose that (C[M];0) ~ D and (M;0) —>ﬂD C’. Then, by
definition, there exist N and 7 such that D = (N;7), which is well-formed.
Moreover, by Proposition 2, there exist D, N’, 7/, and ' such that

(N;7) =ac (DIN']; ),
(C;0) : (D;7'),
(M30) ~ (N';7),

K/

where 0, 7/, 1, and &’ satisfy the IC, and Proposition 1 implies that (D[N']; /)
is well-formed. Then, we consider two cases for the derivation of (M;6) —p C’
Case 1:

(M;0) -7

)

)
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In this case, the reduction rule (fail) is applied to (M;6) since it is the only
rule that introduces L. Therefore, from Lemma 3, we obtain (N'; /) %BD 1,
which implies (D[N']; 7/) —>BD 1, completing this case.
Case 2:
(M;0) =5 (M';6')
This case follows directly by Lemma 4.
This completes the proof.

B.4 Proposition for proving strong macro-expressibility

To establish the strong macro-expressibility of DEL,,. in AC, we need to prove
the following proposition:

Proposition 5. For any DELg,e-program M, if Evalac(M) terminates, then
Evalpgr,,. (M) also terminates.

one

Before proving this proposition, we show four lemmas.

Lemma 10. We say an DELgyc-configuration (M;0) is well-formed if for any
continuation label | that appears in M, 0(l) is defined, and this property is pre-
served under reduction.

Proof. By straightforward case analysis on M.

Lemma 11. Suppose that EvalpgL,,. (M) diverges, i.e., the reduction sequence
of M is infinite. Then Evalac(M) also diverges.

Proof. By applying Theorem 1 repeatedly, we also obtain an infinite reduction
sequence of M. Since the reduction of AC is deterministic, this implies that
Evalac(M) also diverges.

Lemma 12. Suppose that Evalpgr, . (M) gets stuck: there exists a term M’
and a store 0 such that (M;0) =% (M';6), M’ # return V for any value V,
and there is no rule that can reduce (M';0). Then, Evalac(M) also gets stuck.

Proof. Tt suffices to show the following statement:

Suppose that there exist M, N, 6, 7, 7, and « such that (M;6) 2 (N;7),
(M; 0) is well-formed, and 6, 7, , and & satisty the IC. If (M;0) is stuck,
then (NV;7) will also be stuck: there exist N, 7/, and &’ such that

— (N;71) =5 (N, 1),

n

= (M;0) ~ (N5 7"),

— 0,7, n, and 7’ satisfy the IC, and

— (N';7') is stuck.
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We prove by induction on (M 6) o (N; 7). There are twelve cases to consider,?
K

but we treat only five cases. The other cases follow by similar reasoning.
Case 1:

(case V of (x1,xz2) — M;0) ~ <case V oof (z1,22) — MV;T>

K

Since the left-hand configuration is stuck, we know that V' # (V1, V3) for any
values Vi and V3. Consequently, V,, also cannot be of the form (W1, Wa) for
any values W7 and W5. Therefore, the configuration <case V of (z1,22) — Mn; T>

is stuck, and this concludes the current case.
Case 2:

(Mi30) ~ (Ni;7)

(let = My in Mp;60) ~ (let z = N in My ;)

By the induction hypothesis, there exist N, 7/, and &’ such that (N1;7) =5
(N7;7"), (M7;6) :; (N1;7'), and (N7;7') is stuck. Since (let x = M7 in My;6)
is stuck, M; cannot be of the form return V for any value V. Together with
(My; 6) 2; (N7{;7'), this implies that N7 # return W for any value W.
Consequently, the configuration <let z = Nj in %n; 7! > is also stuck, which

completes the current case.
Case 3:

(throw V W, 0) % (throw V. W, :7)

It follows that V' # [ for any continuation label [, since if V' = [ for some I,
then by the well-formedness of (throw V W;0), we know that I € Dom(#).
However, this contradicts that (throw V W;60) is stuck. This implies that
throw VW, is also stuck, which concludes the current case.

Case 4:

(Mio.Ma); 0) ~ ((Mifz.Ms) 57)
The right-hand configuration evaluates to

< let res = m : (let 2 = N’ in return {A_. M’, } ) in ,>
;T
res! (m, mc, 1) A

which is reducible to the next case.
Case 5:

13 (return V;6) 2 <return V., 7'> is excluded by the premise.
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(Mi30) ~ (Ni;7)
get(k(m),7) =1 7(m) = nil Y (m,k(m), ) C 6 (nil)
o <1et res = m : (let z = Ny in return {)\_. %n} ) in ;7_>

((My]z.Mz); 0)

&\ res! (m,k(m), 1)

By the induction hypothesis, there exist Ni, 7/, and &’ such that (N1;7) =}
(N7; 7Y, (My;6) :\7; (N{;7"), and (N7; 7') is stuck. Since (let £ = M in Mo; 6)
is stuck, M, cann’?)t be neither of the form H[Sok. Mj] for any pure context
H and computation M7, nor of the form return V for any value V. Then, it
follows (by induction on (Mj;6) 27; (N1; 7)) that Ny cannot be neither of

the form P[yield W] nor of the form return W, for any pure context P and
value W. Therefore, the configuration

let res = m : (let z = Nj in return {)\_. %ﬂ} ) in L
res! (m, k(m), 1) ’
is also stuck, and this completes the current case.

Lemma 13. If Evalpgr,,. (M) reaches the error state L, i.e., (M;0) —5 L,
then Evalac (M) also reaches L.

Proof. This lemma directly follows from Theorem 1.
Finally, we give the proof of Proposition 5.

Proof of Proposition 5. We prove the contrapositive of the proposition: if Evalpgr,
does not terminate, Evalac (M) also does not terminate. There are three cases
where Evalpgr,,. (M) does not terminate: (1) Evalpgr,,. (M) diverges; (2) Evalpgr,,. (M)
gets stuck; (3) Evalpgr,,. (M) reaches L. In each case, Lemmas 11, 12, and 13

imply that Evalac (M) also diverges, gets stuck, or reaches L, respectively. Thus,

Evalac (M) does not terminate, which completes the proof.

(M)

one

C Supplementary Proofs for Chapter 4

C.1 From EFF,,. to DELg,c

To derive a simulation relation, we extend the macro-translation with 7, a partial
function which maps the continuation labels in EFF,. onto those in DELg.:

lﬂn = {Ay. throw (n(lg)) y {Hf;ps}}

HpP* denote the translation of operational clauses with respect to 1. Moreover,
we derive a macro-translation on contexts by mapping holes to holes; we let K,
denote the translation of a context K.
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Definition 10. For any EFF,,.-configuration C and DEL.-configuration D,
C ~ D is defined to hold if and only if C = D = 1, or there exist an EFFc-
computation M, a DELgne-computation N, an EFF,,.-store 0, a DEL,,.-store
T, and a partial function 1 such that the following conditions are satisfied:

C = (M;0).
D = (N;71).
N=M,.

n 1S 1njective.

n(Dom(#)) C Dom(T)

For any continuation label ly appearing in M, 0(1y) is defined.

For any continuation label Iy € Dom(0), if 0(1g) = nil, then 7(n(lgx)) = nil.
Otherwise, there exists a pure context H in EFF,. such that

NS Guds Lo o~

0(lg) = Ay. with H handle H[return y|
T(n(ly)) = Ay. <7—t[return y}n‘Hf]et>

Intuitively, (M;60) ~ (N;7) means the correspondence between the two con-
figurations: M is translated into N and the continuations stored in 6 is translated
into those in 7. We define that 6, 7, and 7 satisfy the invariant conditions (IC)
if the conditions 4 through 6 in the definition are fulfilled.

Lemma 14.

1. For any EFF o.-computation M, (M;0) ~ (M; D) holds.
2. For any value V, (return V;0) ~ (N;1) implies that N = return V, for
some 1.

Proof. By case analysis on M.

Lemma 15. Suppose that an EFFy,.-computation M has the free variables
X1,...Tpn, then we have M[Vi/xq,. .., Vn/asn]a7 = Mn[hn/xl, . ,ﬁn/xn] for
any values Vi,...V, and n.

Proof. By straightforward induction on M. For example, if M = M; My, then

M[Vi/zq, .. "V"/x"]v = (M, Mg)[Vl/xl,...,Vn/x”]v
= Mi[Vi/a1,... Vafan] MalVifa,..., Vafaa],
= (My, Vi, J21,- ., Va, [2a]) My, [Va, J71,-. ., Vi, )
= (M, M )i, f21..., Vi, []

Lemma 16. Suppose that C ~ D and C —>% C’, then there exists a DELgpe
configuration D' such that D —{5 D' and C' ~ D'.

Proof. We prove by case analysis on C —>% C’. For the sake of brevity, we
consider a few non-trivial cases.
Case (op):
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Suppose C = (with H handle (H[op V]); ) and
C' = (Mop|V/p,lu /K]; 0[ly := Az. with H handle H[return z]]),

where H = {return z — M™", ... (opp k — M°)...} and Iy is a fresh
label. By the definition of C' ~ D, we have

D = ((H,[Sok. Ah. hlinj,, (V, . {\y. throw k y h})||H**) {HP*};7)

for some 7. The configuration D evaluates to

D = <Mop77 [Kn/p, {A\y. throw l y {Hsps}}/k];ﬂl = A\y. <ﬂn[return y]‘Hf]et>}>

where [ is a fresh label. Let 1’ be n[lg = []. By Lemma 15, it follows that
Mopn[zn/p, {/\y. throw [ y {Hﬁps}}/kz] = Myp[V/p,lu/k] .

,,]/
Note that MoPn = MoPn” H, =MW, H' = H', and H> = H:;,ps hold
since Iy does not appear in any of My, H, H™", and HpPs. Finally, we
conclude that

(Mop[V/p, 1 /K); 0l -= Az. with H handle H[return z]]) ~ D".

It is straightforward to check that the IC are satisfied with respect to the
updated stores and 7'.
Case (throw):
Suppose C' = (throw Iy V;0) and C' = (with H handle H[return V]; 0[ly := nil]),
where 0(ly) = Az. with H handle #H[return z|. By the definition of C' ~ D,
we obtain
D = ({Ay. throw (n(lg)) y {H»*}} V5 7),

for some 7 and 7 such that
T(n(lm)) = Ay. <7—[[return y]n‘H;}et>.
Thus, D evaluates to
D = <(<H[return y]n‘Héet>[Kn/y]) {H;;ps};T[n(lH) = nil]>.
Next, from Lemma 15, we obtain
<7—l[return y]n‘H;et>[Kn/y] = <7—l[return V]W‘Hf,et>.
Therefore, we conclude that
(with H handle H[return V];0[ly = nil]) ~ D’

since

with H handle H[return V]v = <’H[return V]n’H;et>{H$pS}.

Note that the updated stores and 7 satisfy the IC.
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Case (fail):
Suppose C = (throw ly ;0), 6(lg) = nil, and (throw Iy V;6) %E 1. By
the definition of C' ~ D, we have

D = ({Ay. throw (n(lg)) y {H>*} 'V, 5 7),

where 7 is a store such that 7(n(lx)) = nil. Hence, the invocation of n(lx)
fails and D evaluates to L, which concludes the current case.

Lemma 17. IC[M]n = K, [M,] for an arbitrary context K and computation M.

Proof. By straightforward induction on K.

Lemma 18. If (M;0) ~ (N;7) and M can be decomposed into an evaluation
context C and a redex M', then there exist some n such that N = Mn can be
also decomposed into an evaluation context Qn and a redex Mn‘

Proof. Tt is easy to check this by induction on the number of frames of C. Note
that the extended macro-translation maps frames to frames and redexes to re-
dexes.

Proposition 6 (Simulation). Suppose that C ~ D and C —g C’, then there
exists a DELye configuration D' such that D — D' and C' ~ D'.

Proof. Since C' is not in normal form, there exist M and 6 such that C =
(M; ), and according to the semantics of EFF,,., M can be decomposed into
an evaluation context C and a redex M’. By the definition of C' ~ D, there exist
n and 7 such that D = <Mn;7’>, and 6, 7, and n satisfy the IC. By Lemma 18,
Mn can also be decomposed into Qn and a redex Mm namely Mn = Qn [Mn]

If (M 0) —>g 1, then we have (C = (C[M];0)) —g L. By Lemma 16, (M'; 7)
also evaluates to L. Hence, we conclude that (D[M'];7) = L.

Next, suppose (M’; 0) —>% (M";0"). By Lemma 16, we obtain <Mn;7'> -5
<M7”,ﬁ7"> and (M";0") ~ <Mn’5 T’>, where 6', 7/, and 7’ satisfy the IC. More-
over, C, = C,, holds since the labels in Dom(n’) \ Dom(n) are fresh and do
not appear in C. Therefore, we conclude that (C[M"];0') ~ <C[MH]77/;T/> by
Lemma 17.

To establish the strong macro-expressibility of EFF,. in DEL,,., we prove
four lemmas.

Lemma 19. We say an EFF,-configuration (M;0) is well-formed if for any
continuation label ly that appears in M, 0(l) is defined, and this property is
preserved under reduction.

Proof. By straightforward case analysis on M.

Lemma 20. Suppose that Evalgrr,, (M) diverges, i.e., the reduction sequence
of M is infinite. Then EvalpgL,,. (M) also diverges.
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Proof. By applying Theorem 6 repeatedly, we also obtain an infinite reduction
sequence of M. Since the reduction of DEL,,, is deterministic, this implies that
Evalpgr,,. (M) also diverges.

one

Lemma 21. Suppose that Evalgrr,, (M) gets stuck: there exists a term M’ and
a store 0 such that (M;0) —% (M';0), M' # return V for any value V, and
there is no rule that can reduce (M';6). Then, Evalpgr,, . (M) also gets stuck.

one

Proof. Tt suffices to show the following statement:

Suppose that there exist M, N, ¢, 7, and 5 such that N = M, , (M;0)
is well-formed, and 6, 7, and n satisfy the IC. If (M;#0) is stuck, then
(N;T) is also be stuck.

We prove by induction on the structure of M. However, we treat only four cases.
The other cases follow by similar reasoning.
Case 1:

M = case V of (zy,z3) — M’
Since the (M;0) is stuck, we know that V # (V3,V3) for any values V7 and
Va. Consequently, V,, also cannot be of the form (W3, W2) for any values
W1 and Ws. Therefore, the configuration <case V of (z1,22) — Mn;7'> is

stuck, and this concludes the current case.
Case 2:

M = throw VW

It follows that V # [y for any continuation label Iy, since if V = Iy

for some [, then by the well-formedness of (throw V W;0), we know that

I € Dom(6). However, this contradicts that (throw V W;#0) is stuck. This

implies that throw VW, is also stuck, which concludes the current case.
Case 3:

M =let © = My in M,

Since (M;0) is stuck, M; cannot be of the form return V for any value
V. By the induction hypothesis, we obtain that Ny is stuck and that Ny #
return W for any value W. Consequently, the configuration <let z = Np in %W; ’7'>
is also stuck, which completes the current case.

Case 4:

M = with H handle M’

By the definition of the translation, we obtain

N = (M, |H™") {H?}.
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Since (M;0) is stuck, M’ cannot be neither of the form H[op V] nor of the
form return V for any pure context H, operation symbol op, and value V.
Then, it follows by induction on M’ that M’ , cannot be neither of the form
P[Sok. N'] nor of the form return W, for any pure context P, computation
N’ and value W. Therefore, the configuration (N; ) is also stuck, and this
completes the current case.

Lemma 22. If Evalgpr,, (M) reaches the error state L, i.e., (M;0) —f L,
then Evalpgr, . (M) also reaches L.

one

Proof. This lemma directly follows from Theorem 6.

Corollary 2 (Preservation of semantics). Evalgrr (M) terminates if and
only if Evalpgr,,, (M) terminates.

Proof. We first show the “only if” direction. Suppose that (M; () —% (return V;0)
for some 6. Lemma 14 yields that (M; (). By applying Proposition 6 iteratively,

there exists 7 and 7 such that (M;0) —% <return KU;T>. This implies that

EvalpgL,,. (M) = V. We then show the “if” direction. We prove the contrapos-

itive of the proposition: if Evalgrr,, (M) does not terminate, Evalpgr, (M)

also does not terminate. There are three cases where Evalgpg,, (M) does not ter-

minate: (1) Evalggr,_, (M) diverges; (2) Evalgpr,, (M) gets stuck; (3) Evalgrr,,,
reaches L. In each case, Lemmas 20, 21, and 22 imply that Evalpgr,_, (M) also

diverges, gets stuck, or reaches L, respectively. Thus, Evalpgr,, . (M) does not

terminate, which completes the proof.

(M)

C.2 From DELy,. to EFF,c

As in Appendix C.1, we extend the macro-translation with 7, a partial function
from labels in DEL,,, to those in EFF,., by

and derive the macro-translation on contexts K — K, by mapping holes to holes.

Definition 11. For any configurations of DELy,. and EFF,,., denoted by C
and D, C ~ D is defined to hold if and only if C = D = 1, or there exist
a DELgy,e-computation M, an EFFy,.-computation N, a DELgpe-store 6, an
EFF,,.-store T, and a partial function n such that the following conditions are
satisfied:

= (M;0).
D (N;7).

N=M,.

n(Dom(@)) C Dom(T).

For any continuation label | appearing in M, 0(1) is defined.

.Q“".‘\?GNEN
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6. For any continuation label | € Dom(0), if 0(1) = nil, then 7(n(l)) = nil.
Otherwise, there exists a pure context H of DELgye such that

0(l) = Ay. (H[return y||z.N),
7(n(l)) = Ay. with {return z — N, shift0 p k — p! k} handle H[return y]n.

We define that 0, 7, and 7 satisfy the invariant conditions (IC) if the condi-
tions 4 through 6 in the definition are satisfied.

Lemma 23.

1. For any DELgye-computation M, (M;0) ~ (M; () holds.
2. For any DELgye-value V, (return V;0) ~ (N; 1) implies that N = return V.,
for some 7.

Proof. By case analysis on M.

Lemma 24. Suppose that a DEL,.-computation M has the free variables x1, . ..y,
then we have M[Vi/x1,..., Vn/xn]v = Mn[hn/xh . ,ﬁn/xn] for any values
Vi,...V, and n.

Proof. By straightforward induction on M.

Lemma 25. Suppose that C' ~ D and C —>BD C’', then there exists an EFF
configuration D' such that D —{; D' and C' ~ D'.

Proof. We prove by case analysis on C' —>ﬁD C’'. For the sake of brevity, we

consider a few non-trivial cases.

Case (shift):
Suppose that C' = ((H[Sok. M]|z.N);8), I is a fresh label in this configura-
tion, and C’ = (M[l/k]; '), where ¢ = 0[l := \y. (H[return y]|z.N)]. By
the definition of C' ~ D, we have for some 7,

D = (with H handle #{, [shift0 {\k. M, }];7),

where H = {return z — N,, shift0 p k — p! k} and 0, 7, and 7 satisfy
the IC.
D evaluates to the following configuration:

D = <Mn[mH/k];T’>,

where 7/ := 7[my = \y. with H handle #, [return y]] and mpy is a fresh
label. Let " be n[l := mpy]. By Lemma24, we obtain

M, [mp/k] = M[l/k]

n'’
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Moreover, since my is took as a fresh label in D, we know that

Ay. with H handle #,[return y]
= \y. with H handle #,, [return y|

= \y. with H handle H[return y]n,,

and this implies that #’, 7/, and 7’ satisfy the IC.
Therefore, we conclude that

(M[L/K);0') ~ (M, [mp /k]; "),

which completes the current case.

Case (throw):
Suppose that C = (throw [ V;0), (1) = A\y. (H[return y]|z.N), and C' =
({H[return V]|z.N); [l := nil]). By the definition of C' ~ D, we obtain

D = (throw (l) V. ; 7),
for some 7 and 7 such that

7(n(l)) = Ay. with {return z — N, shift0 p k — p! k} handle H[return y]n,

where 0, 7, and 7 satisfy the IC.
D evaluates to

D' = (with {return z — N, shift0 p k — p! k} handle #, [return V, |; 7[n(l) := nil])

= <with {return z — N, shift0 p k — p! k} handle #H[return V]n; Tn() = nil}>.

It is trivial that 8]l := nil], 7[n(!) = nil], and 7 satisfy the IC. Therefore, we
obtain C’ ~ D', and this completes the current case.

Lemma 26. IC[M]77 =K, [M,] for an arbitrary context K and computation M.

Proof. By straightforward induction on K.

Lemma 27. If (M;0) ~ (N;7) and M can be decomposed into an evaluation
context C and a redex M', then there exist some n such that N = M, can be
also decomposed into an evaluation context Qn and a redex Mn'

Proof. 1t is easy to check this by induction on the number of frames of C. Note
that the extended macro-translation maps frames to frames and redexes to re-
dexes.

Proposition 7 (Simulation). Suppose that C ~ D and C —p C’, then there
exists an EFF o configuration D' such that D —{;, D" and C' ~ D'.
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Proof. Since C is not in normal form, there exist M and 6 such that C =
(M; 0) and according to the semantics of DELgy., M can be decomposed into
an evaluation context C and a redex M’. By the definition of C ~ D, there exist
1 and 7 such that D = <M¢7;T>7 and 0, 7, and 7 satisfy the IC. By Lemma 27,
M, can also be decomposed into C, and a redex M’, , namely M, =C, [Mn]

If (M;0) =2 1, then we have (C = (C[M];6)) —p L. By Lemma 25, (M’; 7)
also evaluates to L. Hence, we conclude that (D[M'];7) —f L.

Next, suppose (M’; 6) —>BD (M";6"). By Lemma 25, we obtain <Mn;7'> —%
<M—Hn’;7—l> and (M";0") ~ <M—//n’57/>7 where €', 7/, and ' satisfy the IC. More-
over, C, = C,, holds since the labels in Dom(n’) \ Dom(n) are fresh and do

not appear in C. Therefore, we conclude that (C[M"];0') ~ <C[M”]n,;7"> by
Lemma 26.

To establish the strong macro-expressibility of EFF, . in DELg,., we prove
four lemmas.

Lemma 28. We say a DELgye-configuration (M;0) is well-formed if for any
continuation label I that appears in M, 0(1) is defined, and this property is pre-
served under reduction.

Proof. By straightforward case analysis on M.

Lemma 29. Suppose that EvalpgL,,. (M) diverges, i.e., the reduction sequence
of M is infinite. Then Evalgrr,, (M) also diverges.

one

Proof. By applying Theorem 7 repeatedly, we also obtain an infinite reduction
sequence of M. Since the reduction of EFF . is deterministic, this implies that
Evalgrr,, (M) also diverges.

one

Lemma 30. Suppose that Evalpgr, . (M) gets stuck: there exists a term M’
and a store 0 such that (M;0) =5 (M';0), M’ # return V for any value V,
and there is no rule that can reduce (M';0). Then, Evalgrr,, (M) also gets
stuck.

ne

Proof. Tt suffices to show the following statement:

Suppose that there exist M, N, ¢, 7, and 5 such that N = M, , (M;0)
is well-formed, and 0, 7, and 7 satisfy the IC. If (M;8) is stuck, then
(N;T) is also be stuck.

We prove by induction on the structure of M. However, we treat only four cases.
The other cases follow by similar reasoning.
Case 1:

M = case V of (z1,1) — M’

Since the (M;6) is stuck, we know that V' # (V1,V3) for any values V; and
V5. Consequently, V,, also cannot be of the form (W;,Ws) for any values

Wy and Ws. Therefore, the configuration <case Voof (x1,29) — M7;7'> is

stuck, and this concludes the current case.
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Case 2:

M =throw V W

It follows that V # [ for any continuation label [, since if V' = [ for some [,
then by the well-formedness of (throw V W;#0), we know that I € Dom(#).
However, this contradicts that (throw V W;6) is stuck. This implies that
throw V W, is also stuck, which concludes the current case.

Case 3:

M =let z = M; in M,

Since (M;80) is stuck, M; cannot be of the form return V for any value
V. By the induction hypothesis, we obtain that Ny is stuck and that Ny #
return W for any value W. Consequently, the configuration <let z = Njin %W; ’7'>
is also stuck, which completes the current case.

Case 4:

M = <M1|LL’M2>

By the definition of the translation, we obtain
N = with {return z — %n’ shift0 p k — p! k} handle %n'

Since (M;0) is stuck, My cannot be neither of the form H[Sok. L] nor of the
form return V for any pure context H, computation L, and value V. Then, it
follows by induction on M that My cannot be neither of the form Plop W]
nor of the form return W, for any pure context P, and value W. Therefore,
the configuration (NN;7) is also stuck, and this completes the current case.

Lemma 31. If Evalpgr,,.(M) reaches the error state L, i.e., (M;0) —§ L,
then Evalgrr,,. (M) also reaches L.

Proof. This lemma directly follows from Theorem 6.

Corollary 3 (Preservation of semantics). Evalpgr,, . (M) terminates if and

only if Evalgrr,, (M) terminates.

one

Proof. We first show the “only if” direction. Suppose that (M; () —3 (return V;0)
for some 6. Lemma 23 yields that (M;0) ~ (M;0). By applying Proposition 7 it-
eratively, there exists  and 7 such that (M; (}) —>J],5 <return V. T>. This implies
that Evalgrr,,. (M) = V. We then show the “if” direction. We prove the contra-
positive of the proposition: if Evalpgr,.,. (M) does not terminate, Evalgrr_, (M)
also does not terminate. There are three cases where Evalpgr,, (M) does not
terminate: (1) Evalpgr,,, (M) diverges; (2) EvalpgL,,, (M) gets stuck; (3) Evalpgr
reaches L. In each case, Lemmas 29, 30, and 31 imply that Evalggr, (M) also
diverges, gets stuck, or reaches L, respectively. Thus, Evalgpr,, (M) does not
terminate, which completes the proof.

one

one (M)

one
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D Supplementary Proofs for Chapter 5

In this appendix, we provide the complete proof of Theorems 6 and 7.

D.1 Proof of Theorem 6

Proof.
let r = create inj, () in let r = create (inj, ()) in
let i = get 7 in let : = get r in
M = | let _ =set rinjg () in — | let _ =set r (injg ()) in
let £ =get rin let £ =get rin
return (i, k) return (i, k)

Consider the above REF-Program M. In REF, M evaluates to (inj, (), injg ().
Suppose that we have a macro-translation - from REF to EFF, .. Then the eval-
uation of the translated program M terminates with a value (inj, (), injg ().
This implies that there exist a value X and store € such that

(Clcreate (inj, ())];0) —4 (C[return X;6)
where
C=(let r=[]inlet i =getrinlet _ = set r (injg () in let k = get r in return (i, k)).

We claim that the two evaluations of get r (with r being substituted for X)
yield the same value inj, (). The first get X is evaluated under the configuration

<D@ X] ; 9> where
D= (leti=[]inlet _ =set X (injg()) inlet k = get X in return (i,k)).
Since the reduction of M terminates, there exists a store ' such that

(D[get X];0) =5 (Dlreturn (inj, ()));¢')

because M evaluates to (inj, (), injg ()). We shall show that a non-local com-
putation which goes beyond get X does not happen in this evaluation. But this
is trivial; since the evaluation context D does not have a handler that encloses
the hole, there is no way to capture a raised operation in D. All operations in-
voked in the evaluation should be caught within get X; otherwise, the whole
computation would not terminate normally. o

This implies that the evaluation of &£ [get X ] also yields inj, ()'* where

E=(let k=[] inreturn (inj, (), k)).
Therefore, M evaluates to (inj, (), inj, ().

14 To be precise, the second reduction of get X is identical to the first one modulo the
labels of continuations.
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Consider the following program L:

let r =M in
case 1 of {
L= (inj, (),injg () — return ()
e (Qz.ozlz) P, 2l 2}
}

In REF, L evaluates to (). However, in EFF ., the evaluation of L does not ter-
minate, which is a contradiction. Therefore, there is no (weak) macro-translation
from REF to EFF .

D.2 Proof of Theorem 7

We extend the translation M +— M by introducing a partial function 7, which
maps reference cells onto coroutine labels, as follows:

L, =n().

Definition 12. A binary relation (M;6) ~ (N;7) is defined to hold if and only
if there exists n such that the following conditions are satisfied:

1. N=M,

2. m s injective

3. n(Dom(6)) C Dom(r)

4. For anyl € Dom(0), if (1) =V, then

7(n(l)) = {Az. let y = return = in loop! V, y}.

We define 6, 7, and 7 satisfy the invariant conditions (IC) if the conditions 2
through 4 in the definition are fulfilled.
We prove the following important property of loop:

Lemma 32. For any AC store 0 and value V',

Af.As.Aa. case a of {
(loop! V;0) =% injo. (= lety=yieldsin flsy ! loop V;0
injg, v let y = yield () in f! v y}

Proof. By straightforward calculation.

Next, we establish a substitution property for the translation.

Lemma 33. Suppose that a REF-computation M has free variables x1, ... x,.
Then for any values Vi,...V, and store n, the following equality holds:

M[Vl/a:l,...,Vn/ar;n]w7 EMn[hn/xl"”’ﬁn/x"]'

Proof. By induction on M.
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Lemma 34. Suppose that C ~ D and C —>% C’, then there exists a DELgy.
configuration D' such that D —{5 D' and C' ~ D'.

Proof. We prove by case analysis on C' %% C’. For brevity, we focus on the
reduction rules specific to REF.
Case (create):
Suppose that C' = (create V;0) and C’ = (return ;0[] := V]) for a fresh
label [. By the definition of C' ~ D, there exists 1 such that

D= <create {)\;c. let y = return z in loop! V, y}; T>.

The configuration D evaluates to D' = <return l; T[l’ = {)\m. let y = return z in loop! v, y}} >
Let n’ be n[l := I']. By Lemma 33, we have return /' = return [,,. Therefore,
we conclude that

(return [; [l :== V]) ~ (return ln/;T[l/ = {\z. let y = return z in loop! V. y}] )-

Note that V' does not contain [ since [ is a fresh label and the updated stores
and 7’ satisfy the IC.

Case (set):
Suppose that C = (set | V;6) and C’ = (return (); 0[] := V]) for some [ €
Dom(#). By the definition of C' ~ D, there exists 1 such that

D = (resume (n(1)) (injget Vera); T)

and
T(n()) = {)\x. let y = return z in loop! ﬂn y}

The reduction of D proceeds as follows:
D= <resume (n(1)) (ianet Kn); T>

Iy <(77(l)) : ({)\1: let y = return z in loop! ﬂn y}! (injge V'n)>;>
1)) == nil]

: (loop! @n (injges Kn));T[(T](l)) = nil]>

Af.As.Aa. case a of {
injqo, () let y = yield sin flsy !

—>XC (n(1)) - injg, v — let y = yield () in f! v y} )

loop @n (injge; Kn)
7[(n(1)) := nil]

case (injg Kn) of{
(n(1)) : injge () = let y = yield 6(1) in loop! ﬂn y|:

injg, v — let y = yield () in loop! v y}

7[(n(1)) := nil]
—AC <(n(l)) : (let y = yield () in loop! v, y);r[(n(l)) = nil}>

—ac (return ();7[(n(1)) == {Az. let y = yield return z in loop! v, Y1)

+
—AC
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Therefore, we obtain
C’" ~ (return (); 7[(n(l)) == {\z. let y = yield return z in loop! v, v},

since the updated stores and 7 satisfy the IC.
Case (get):
Suppose that C' = (get [;0) and C’ = (return V;0), where | € Dom(6) and
0(l) = V. By the definition of C' ~ D, there exists n such that
D = (resume (1(1)) (injge ()); 7)

and
T(n()) = {)\:c. let y = return z in loop! @n y}

The reduction of D proceeds as follows:

D = (resume (1(1)) (injge; ()); 7)
Iy <( n(l)) : ({)\x let y = return z in loop! @n Yol (injae ( >
[(n(1)) := nil]
—kc () (1oop! 61), (njcer )3 7I(n(1)) = mil] )
Af.As.Aa. case a of {
_ injoo, () —let y=yieldsin fl sy
+ (n(1)) : injg, v — let y = yield () in f!v y}
toop 8(1), (inice, ()
7[(n(1)) = nil]

case (injge () of {
L (n(1)) : ( injoo, () — let y = yield 9(l)n in loop! 9(l)n Y ;>
AC injg, v+ let y = yield () in loop! v y}
7[(n(1)) = nil]

—AC <(77(l)) : (let y = G(Z)n in loop! @n y);T[(qy(l)) = ni1]>

—AC <return @n; T[(n()) = {)\x. let y = yield return z in loop! @n y}]>

Therefore, we obtain
C' ~ <return @W;T[(ﬁ(l» = {)\:1:. let y = yield return z in loop! @n y}]>,

since the updated stores and 7 satisfy the IC.

We define a macro-translation on contexts by mapping holes to holes and let
En denote the translation of a context K.

Lemma 35. /C[M]77 =K, [M,] for an arbitrary context K and computation M.

Proof. By straightforward induction on K.
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Lemma 36. If (M;0) ~ (N;7) and M can be decomposed into an evaluation
context C and a redex M', then there exists some n for which N = M, can
be also decomposed into an evaluation context Qn and a redex M’ n such that
N=C[M'] .

Proof. Tt is easy to check this by induction on the number of frames of C. Ob-
serve that the extended macro-translation maps frames to frames and redexes
to redexes.

Proposition 8 (Simulation). Suppose that C ~ D and C —gr C’, then there
exists a AC configuration D' such that D —X{s D' and C' ~ D'.

Proof. By the definition of C' ~ D, there exist M, 0, 7, and n such that C =
(M;0), D = <Mn;7>, and 6, 7, and 7 satisfy the IC. Since C is not in normal
form, M can be decomposed into an evaluation context C and a redex M’.
By Lemma 36, M, can also be decomposed into C, and a redex M’ . namely,
M,=¢, [Mn}

Now, suppose (M’; 6) —>% (M";6"). By Lemma 34, there exist " and 7’ such
that <Mn;7'> —Ac <Mn’57/>’ (M";6") ~ <Mn,;7’>, and 0, 7/, and 7’ satisfy
the IC. Moreover, C, = C,, holds since the labels in Dom(n’) \ Dom(7) are fresh

and do not appear in C. Hence, we conclude that (C[M"];0") ~ <C[MH]71/;T/>
by Lemma 35.

77

Lemma 37. For any REF-computation M, (M;0) ~ (M;0) holds.
Proof. By induction on M.

Lemma 38. We say a REF-configuration (M;0) is well-formed if for any ref-
erence cell | that appears in M, 0(l) is defined, and this property is preserved
under reduction.

Proof. By straightforward case analysis on M.

Lemma 39. Suppose that Evalgrgr (M) diverges, i.e., the reduction sequence of
M s infinite. Then Evalac(M) also diverges.

Proof. By applying Theorem 8 repeatedly, we also obtain an infinite reduction
sequence of M. Since the reduction of AC is deterministic, this implies that
Evalac(M) also diverges.

Lemma 40. Suppose that Evalrgr (M) gets stuck: there exists a term M’ and
a store 6 such that (M;0) =% (M';0), M’ # return V for any value V, and
there is no rule that can reduce (M';0). Then, Evalac(M) also gets stuck.

Proof. 1t suffices to show the following statement:

Suppose that there exist M, N, 6, 7, and 1 such that N = M, (M 0)
is well-formed, and 0, 7, and 7 satisfy the IC. If (M;8) is stuck, then
(N;T) is also be stuck.
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We prove by induction on the structure of M. However, we treat only three
cases. The other cases follow by similar reasoning.
Case 1:

M = case V of (z1,1) — M’
Since the (M;60) is stuck, we know that V' # (V3,V3) for any values V; and
Va. Consequently, V,, also cannot be of the form (W1, W2) for any values
W1 and Ws. Therefore, the configuration <case V of (z1,22) — Mn;7'> is

stuck, and this concludes the current case.
Case 2:

M=setVW

It follows that V # [ for any continuation label [, since if V' = [ for some I,
then by the well-formedness of (throw V' W;0), we know that [ € Dom(0).
However, this contradicts that (throw V W;6) is stuck. This implies that
set VW, is also stuck, which concludes the current case.

Case 3:

M =let z = My in M,

Since (M;0) is stuck, M; cannot be of the form return V for any value

V. By the induction hypothesis, we obtain that N; is stuck and that Ny #
return W for any value W. Consequently, the configuration <1et z = Nj in %n; T>
is also stuck, which completes the current case.

We now present the proof of Theorem 7.

Complete proof of Theorem 7. We prove that Evalggr(M) terminates if and
only if Evalac (M) terminates and show the “only if” direction first. Suppose that
(M;0) =% (return V;6) for some 6. By Lemma 37, we obtain (M;0) ~ (M;0).
By repeatedly applying Proposition 8, it follows that there exist n and 7 such
that

(M;0) = 4c (return V, ;7).

Therefore, Evalac(M) terminates.

Next, we prove the contrapositive of the “if” direction. There are two cases
where Evalggr(M) does not terminate: (1) Evalpgr,, (M) diverges, or (2)
EvalpgL,,. (M) gets stuck. In each case, Lemmas 39 and 40 imply that Evalac (M)
also diverges or gets stuck, respectively. Thus, Evalac(M) does not terminate,
which completes the proof.
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