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• It becomes more and more important to 
analyze and verify realtime controlling complex 
external systems, like railways and airlines,
whose serious accidents can be caused by human 
errors involved in recognition or decision. 

Aim of Study
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• Human factor will be represented formally
by labeled @-calculus.

• Labeled @-calculus : 

• for specification and verification of real-timing 
systems (@-calculus)

• for time-concerned recognition, knowledge, 
belief and decision of humans

Aim of Study
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• An extension of Peano arithmetic

• PA("): PA + " + " : pseudo-arithmetic (base)

• introducing “@” (coincidental operator) to 
describe change of state  

• A formal system for specification and verification 
of real-timing system using tense terms

• Identified a formula with its tense i.e. the natural 
number time-point when it holds

@-calculus
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• J: clock counting every ms

• J=1000@0 

• The clock value is 1000 now (at tense 0).

• It can be written as J=1000 (@0 can be 
abbreviated).

• J=1000+n@n

• J will be 1000+n after n[ms].

• J=1000 ≡ J=1000+n@n

• ∀xy(J=x ≡ J=x+y@y) in general

• ∀xyz(z=x ≡ z=x+y@y) is incorrect

Examples:
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• !<1[min]@l  

• 1 : a person 
! expecting the train to depart within 1[min] 
later

• !=5[min]@1’

• 1’ : another person
! knowing that the train will depart 5 [min] 
later

• ! : spur : generalization of schedular
! trigger of train starting

• 1 misunderstands the schedule of the train!
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• label: 1, 11, 12, ... 

• Personality : an extension of an observer in physics, 
involving subjective

• A@<a> :  A holds at tense a
! ! ! ! (A: formula, a: term)

• tense: a relative time-point 
! ! from the observation time (now)

• A@<a, l1,…, ln > :
! < l1,…, ln > believe that A holds at a

• A@< l1,…, ln > : 
! < l1,…, ln > believe that A holds now

• #: metavariable of <a>, <a, l1,…, ln >, < l1,…, ln >, etc.

Labeled @-calculus
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• Proof system

• Axioms

• sevaral axioms for “@”

• eg. ! A@l@x≡A@<x, l>

! (x#y)@#≡"z(z=x@#)#"z(z=y@#)

• Proof Rules

• Based on rules of NK

Labeled @-calculus
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The terms a + b and a×b can be defined by the operators of PA(∞) and µ
as follows:

a + b ⇔ µx∃y1y2(a = y1 & b = y2 & x = y1 + y2),
a × b ⇔ µx∃y1y2(a = y1 & b = y2 & x = y1 × y2).

The primitive logical symbol “ ; ” called the futurity operator of the original
@-calculus is treated as an abbreviation defined by

a; b ⇔ a + µx(x = b@a),
a; A ⇔ µx(a ≤ x & (A@x)).

Thus the futurity operator moves the observation time toward a future time-
point, so that a formula, e.g., J − y = x@y can be written as y; (J − y) = y; x.
a; b is the tense of b observed at the tense designated by a. m; n is m + n for
any pair of natural numbers m and n. a; A means the least, i.e. ‘the earliest’,
time when A comes to hold, or ‘rises’, after (or at) the tense a, which will be
called the ascent of A at a.

The precedence over symbols is defined as follows:

×,+, ; , {=,≤, <},@,¬,&,∨,⊃,≡

(strong) ←→ (weak).

Abbreviations A@〈a, l1〉 & A@〈a, l2〉 & . . . & A@〈a, ln〉 and A@l1 &
A@l2 & . . . & A@ln will be abbreviated as A@〈a, {l1, l2, . . . , ln}〉 and
A@{l1, l2, . . . , ln}, respectively, of which the latter means that all personali-
ties listed in {l1, l2, . . . , ln} believe A.

λ, λ1, λ2, . . . are used as metasymbols of tense, label, and pair or set of them
following @ in a formula, e.g., 〈a, l〉, {l1, l2, . . . , ln}, etc.

2.3 Proof System

Axioms The following axioms are added to those of PA(∞) as the logical, or
proper axioms, where false is an abbreviation of 0 = 1.

1. The equality substitution for @: x = y ⊃ A@x ⊃ A@y.
2. Elimination of tense 0: A@0 ≡ A.
3. Inductive valuation:

(a) false@x ≡ x = ∞,
(b) (x ≤ y)@λ ≡ µz(z = x@λ) ≤ µz(z = y@λ),
(c) A@x@y ≡ A@y; x,
(d) A@x@l ≡ A@〈x, l〉,
(e) x < ∞ ⊃ ((¬A)@x ≡ ¬(A@x)),
(f) ¬(A@l) ≡ (¬A)@l,
(g) (A&B)@λ ≡ A@λ&B@λ,
(h) (∀yA)@λ ≡ ∀y(A@λ).

Remark 1. In studying artificial intelligence it seems natural to introduce some
structure into Σ making it a space, including the use of N , rather than an
alphabet, although there are cases when they can be simply treated as abbrevi-
ations. E.g., a formula of Σ2-labeled @-calculus, even dispensing with the tense,
like A@〈l1, l2〉 can mean A@l1@l2 by a straightforward generalization of axiom
3(d), 〈l1, l2〉 representing l1’s belief as believed by l2; and A@〈l, l〉 ≡ A@l
makes the introspective (reflection) axiom. It can be more faithful in a certain
respect to apply this generalization to the case treated in the present paper too.

Inference Rules The rules of NK [9] are used with the only one restriction as
follows.

1. Restriction of ∀-E rule. In ∀-E(elimination) rule:

∀x(A[x])
A[a]

only a pseudo-arithmetic expression a can be substituted for x if x occurs
in a subformula of the form B[x]@〈b, l〉 or B[x]@b of the upper formula,
while the occurrence of x in b does not matter (see [17] for the detail).

Moreover, the following two rules are added.

2. @-I(introduction rule):
A

A@x

where every assumption of A does not have any special constants.
3. @-E(elimination rule):

A@a
A

where no special constant occurs in A.

Remark 2. It is likely that the metatheory, including the proof of the soundness,
of the original @-calculus in [17] can be generalized for the labeled @-calculus in
a straightforward manner. It must be noted that the soundness of TA is shown
in [15] and [21], latter relying upon the elimination of ∞ (see also Conclusion).

2.4 Axiom Tableaux

Using axiom tableaux [17], actions or changes of states of programs for verification
can be readably represented by program axioms. First, some primitive notions
for program axioms and then axiom tableaux are introduced.
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• Represented by program axioms

• The forms of (A⇒B)@# or A⇒(B@#)

• A: condition!! (e.g. Signal=green)
B: action!! ! (e.g. !=(Signal=red))

• ⇒ : implication symbol 

! ! involving  the axiom of conservation

• The axiom of conservation: 
The values of program variables is kept 
unchanged whenever no corresponding 
action is done.

• Spur　!, $, %, &, ...

• generalizations of program schedulers

• Each process is assigned a distinct spur.

12



• (A⇒B)@# 

• A⇒(B@ # )

index condition act tense personality

i A B a l1,…, ln

index condition act tense personality

i A, global B a l1,…, ln
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Shigaraki Kougen Railway Traffic Accident
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Occurred about at 10:35, 14th May 1991

Between Onotani signal station and Shigaraki-no-Miya station

An up train of Shigaraki Kogen Railway (SKR) for Kibukawa Station collided with a 
down train of Japan Railway (JR) for Shigaraki station.
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Cause

When the SKR (up) train was to depart from Shigaraki station at 10:14 as 
scheduled, the signal at the station was still red.

The responsible person of SKR decided that the up train depart 11 minutes after 
the scheduled time.
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JR SKR
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But the departure signal for the down trains at Onotani signal station was still 
green.

Thus, the JR (down) train did not wait at the signal station and entered the 
interval between the signal station and Shigaraki station.

Therefore, two trains collided.
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JR SKR
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Axioms

Inference by SKR

Fact: 5 does not 
hold

index condition act tense personallity

1 Clock=r, global r S, J

2 A=l, B≦0 ¬13R, ¬lock, global Clock=0 S, J
3 r+≡r≦Clock, def S, J
4 !=10:25+1 A=l S

5 %=! 〃 S

5' － － － －
6 %=! A=d+u S

7 &=! A=d S

8 ¬13R %=lock S

9 lock %=¬lock S

10 0<i<imax !i+1=!i+1 S, J

11 0<i≦imax A=l-i・u !i S, J

12 $=13R+1 B=d S, J

13 0<j<jmax, j%jmid $j+1=$j+1 S, J

14 0<j≦jmid B=j・v $j S, J

15 jmid<j≦jmax B=d+j・w $j S, J

16 $=& B=c S, J

17 &=12R S, J

18 ¬lock &=13R S, J

19 10:16≦[B=0], global S, J
20 v≦c/(9・60), global S, J

21 d<A<l⇒B≦ d x+10:25+1 S
22 ¬Crash x+10:25+1 S

21' d<A<l∧d≦B<l ∃x.x+10:25+1
22' Crash ∃x.x+10:25+1

Formalization by Axiom Tableau 
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• Initialization　(Personality:   S:SKR, J:JR)

• 1$ The value of Clock is r when it is r [s] after the system starts.

• 2$ The initial values of the program variables: 

• A:! the position of the SKR (up) train,! initial! : l! (Shigaraki)
B: ! the position of the JR (down) train,! initial: #0(Kibukawa)
13R:!the status of 13R signal
! ! true: green，false: red! ! initial: red

lock:! block signal for 13R signal occurring when 
! ! up train starts from Shigaraki st.! ! initial: open

index condition act tense personality

1 Clock=r, global r S, J

2 A=l, B≦0 ¬13R, ¬lock, global Clock=0 S, J
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• Acts of SKR (up) train 

• Knowledge of SKR 
! ! ! ! (JR does not know them)

• !: spur of SKR train 

• 4$ SKR train departs at 10:25.

index condition act tense personality

4 !=10:25+1 A=l S

5 %=! 〃 S

8 ¬13R %=lock S

9 lock %=¬lock S
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Onotani signal station Shigaraki st.

down departure signal

13R

d l

SKR
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start at 10:25 

Onotani signal station Shigaraki st.

down departure signal

13R

d l

SKR
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• Acts of SKR (up) train 

• Knowledge of SKR 
! ! ! ! (JR does not know them)

• !: spur of SKR train 

• 4$ SKR train departs at 10:25.

• 5!The spur % for the block signal rises.

index condition act tense personality

4 !=10:25+1 A=l S

5 %=! 〃 S

8 ¬13R %=lock S

9 lock %=¬lock S
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• Acts of SKR (up) train 

• Knowledge of SKR 
! ! ! ! (JR does not know them)

• !: spur of SKR train.

• 4$ SKR train departs at 10:25.

• 5!The spur % for the block signal rises.

• 8$ If 13R is red, then 13R becomes locked.

• 9$ If 13R is locked, then 13R becomes open.

index condition act tense personality

4 !=10:25+1 A=l S

5 %=! 〃 S

8 ¬13R %=lock S

9 lock %=¬lock S
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13R is 
red⇒locked

locked⇒open
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• Acts of JR (down) train 

• $:!spur for JR train 

• 12! The train starts from Onotani signal 
station 
! when 13R is green.

index condition act tense personality

12 $=13R+1 B=d S, J
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• Acts of JR (down) train

• c:$the position of the sensor for advance control 
of 12R

• 16! When the train arrives at c, 
! the spur & for the control of 12R and 13R 
rises.

index condition act tense personality

16 $=& B=c S, J
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• Acts of JR (down) train

• Control of signals

• 17! When & arises, 12R becomes green.

• 18! If 13R is not locked at the period & arises, 
! then 13R becomes green.

index condition act tense personality

17 &=12R S, J

18 ¬lock &=13R S, J

32



JR Kibukawa
Station

Onotani
signal station

Shigaraki
Station

Down station signal Down departure signal

For
JR
K
y
o
t
o

Shigarakinomiya
Station

Sensor

12RDA 12R 13R

c0 d l
'up down(

JR

&

33

JR Kibukawa
Station

Onotani
signal station

Shigaraki
Station

Down station signal Down departure signal

For
JR
K
y
o
t
o

Shigarakinomiya
Station

Sensor

12RDA 12R 13R

c0 d l
'up down(

JR

&12R Green
13R Green

¬lock⇒

34

• 4$ SKR train starts at 10:25.

• 5!The spur % for the block signal rises.

• 8$ If 13R is red, then 13R is locked.

• 9$ If 13R is locked, then 13R becomes open. 

• 16! When the train arrives at c, 
! the spur & for the control of 12R and 13R 
rises.

• 17! When & arises, 12R becomes green.

• 18! If 13R is not locked at the period & arises, 
! then 13R becomes green. 

• In reality, 5 did not holds, so 13R did not turn 

index condition act tense personality
4 !=10:25+1 A=l S
5 %=! 〃 S

8 ¬13R %=lock S

9 lock %=¬lock S

16 $=& B=c S, J

17 &=12R S, J

18 ¬lock &=13R S, J
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• Acts of SKR (up) train

• u: speed of the train

• imax=(l-d)/u

• 10! Spur ! rises every 1 [s]

• 11 the position of SKR train of the tense !i

• !i: the tense of i-th rise of !

index condition act tense personality

10 0<i<imax !i+1=!i+1 S, J

11 0<i≦imax A=l-iu !i S, J

36



• Acts of JR (down) train

• v: $speed of the train when it is between Kibukawa and 
Onotani

• w:$ speed of the train when it is between Onotani and 
Shigaraki

• jmid=d/v, jmax=d/v+(l-d)/w

• 13$ Spur rises every 1 [s] other than the train is in Onotani.

• 14$ the position of the train between Kibukawa and Onotani

• 15! the position of the train between Onotani and Shigaraki

index condition act tense personality

13 0<j<jmax, j%jmid $j+1=$j+1 S, J

14 0<j≦jmid B=j・v $j S, J

15 jmid<j≦jmax B=d+j・w $j S, J
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• Acts of JR (down) train

• 19$ The train does not arrive at Kibukawa until 10:16.

• 20! the upper limit of v 
! (speed of the train between Kibukawa and Onotani)

• ⇒ JR train takes more than 9 min. from Kibukawa to 

12RDA.

• From them, 

• the fact that JR train does not arrive until 10:25 is obtained.

index condition act tense personality

19
10:16≦[B=0], 

global
S, J

20
v≦c/(9・60), 

global
S, J
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• The responsible person of SKR inferred the fact that no collision could happen 
even if the SKR (up) train starts at 10:25 by his own knowlwdge, i.e.

• Suppose that up train will start at 10:25 as 4.

• 13R is locked from 5 and 8.

• Even if JR (down) train will not reach c after the aboves as 16, 13R will not 
turn green.

• JR train will not reach c till 10:25 from 19 and 20.

• Thus, 13R will not turn green.

• JR train will not beyond Onotani. (12)

• Therefoere any crash does not cause (21, 22), where Crash≡d<A<l∧d<B<l∧|

A- B|<)

index condition act tense personality

4 !=10:25+1 A=l S

Inference by SKR
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• The responsible person of SKR inferred the fact that no collision could happen 
even if the SKR (up) train starts at 10:25 by his own knowlwdge, i.e.

• Suppose that up train will start at 10:25 as 4.

• 13R is locked from 5 and 8.

• Even if JR (down) train will not reach c after the aboves as 16, 13R will not 
turn green.

• JR train will not reach c till 10:25 from 19 and 20

• Thus, 13R will not turn green.

• JR train will not beyond Onotani. (12)

• Therefoere any crash does not cause (21, 22), where Crash≡d<A<l∧d<B<l∧|

A- B|<)

index condition act tense personality

5 %=! 〃 S

8 ¬13R %=lock S

Inference by SKR
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• The responsible person of SKR inferred the fact that no collision could happen 
even if the SKR (up) train starts at 10:25 by his own knowlwdge, i.e.

• Suppose that up train will start at 10:25 as 4.

• 13R is locked from 5 and 8.

• Even if JR (down) train will not reach c after the above two things as 16, 13R 
will not turn green.

• JR train will not reach c till 10:25 from 19 and 20

• Thus, 13R will not turn red.

• JR train will not beyond Onotani. (12)

• Therefoere any crash does not cause (21, 22), where Crash≡d<A<l∧d<B<l∧|

A- B|<)

index condition act tense personality
16 $=& B=c S, J

18 ¬lock &=13R S, J

Inference by SKR
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• The responsible person of SKR inferred the fact that no collision could happen 
even if the SKR (up) train starts at 10:25 by his own knowlwdge, i.e.

• Suppose that up train will start at 10:25 as 4.

• 13R is locked from 5 and 8.

• Even if JR (down) train will not reach c after the above two things as 16, 13R 
will not turn green.

• JR train will not reach c till 10:25 from 19 and 20.

• Thus, 13R will not turn red.

• JR train will not beyond Onotani. (12)

• Therefoere any crash does not cause (21, 22), where Crash≡d<A<l∧d<B<l∧|

A- B|<)

index condition act tense personality

19
10:16≦[B=0], 

global
S, J

20
v≦c/(9・60), 

global
S, J

Inference by SKR
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• The responsible person of SKR inferred the fact that no collision could happen 
even if the SKR (up) train starts at 10:25 by his own knowlwdge, i.e.

• Suppose that up train will start at 10:25 as 4.

• 13R is locked from 5 and 8.

• Even if JR (down) train will not reach c after the above two things as 16, 13R 
will not turn green.

• JR train will not reach c till 10:25 from 19 and 20.

• Thus, 13R will not turn green.

• JR train will not beyond Onotani from 12.

• Therefoere any crash does not cause (21, 22), where Crash≡d<A<l∧d<B<l∧|

A- B|<)

index condition act tense personality

12 $=13R+1 B=d S, J

Inference by SKR
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• The responsible person of SKR inferred the fact that no collision could happen 
even if the SKR (up) train starts at 10:25 by his own knowlwdge, i.e.

• Suppose that up train will start at 10:25 as 4.

• 13R is locked from 5 and 8.

• Even if JR (down) train will not reach c after the above two things as 16, 13R 
will not turn green.

• JR train will not reach c till 10:25 from 19 and 20

• Thus, 13R will not turn green.

• JR train will not beyond Onotani. (12)

• Therefoere any crash does not cause (21, 22), where Crash≡d<A<l∧d<B<l∧|

A- B|<)

index condition act tense personality

21 d<A<l⇒B≦ d x+10:25+1 S

22 ¬Crash x+10:25+1 S

21 d<A<l⇒B≦ d x+10:25+1 S

22 ¬Crash x+10:25+1 S

Inference by SKR
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• The responsibile person of SKR decided that SKR 
(up) train started at 10:25.(4)

• Block signal did not rise. (negation of 5)
• 13R was not locked (negation of 8)，and

13R turned green for JR (down) train. (18)
• JR train entered the interval between Onotani 

and Shigaraki.(12)
• Therefore, there exists a tense x that 21and 22 

do not hold.
• Namely, 21’ and 22’ hold, ie. Crash

index condition act tense personality

4 !=10:25+1 A=l S

Actual Action
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• The responsibile person of SKR decided that SKR (up) train 
started at 10:25.(4)

• Block signal did not rise. (negation of 5)

• 13R was not locked (negation of 8)，and

13R turned green for JR (down) train. (18)

• JR train entered the interval between Onotani and Shigaraki.(12)

• Therefore, there exists a tense x that 21and 22 do not hold.

• Namely, 21’ and 22’ hold, ie. Crash

index condition act tense personality

5 %=! 〃 S

Actual Action
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• The responsibile person of SKR decided that SKR (up) train 
started at 10:25.(4)

• Block signal did not rise. (negation of 5)

• 13R was not locked (negation of 8)，and

13R turned green for JR (down) train. (18)

• JR train entered the interval between Onotani and Shigaraki.(12)

• Therefore, there exists a tense x that 21and 22 do not hold.

• Namely, 21’ and 22’ hold, ie. Crash

index condition act tense personality

8 ¬13R %=lock S

18 ¬lock &=13R S, J

Actual Action
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• The responsibile person of SKR decided that SKR (up) train 
started at 10:25.(4)

• Block signal did not rise. (negation of 5)

• 13R was not locked (negation of 8)，and

13R turned green for JR (down) train. (18)

• JR train entered the interval between Onotani and Shigaraki.(12)

• Therefore, there exists a tense x that 21and 22 do not hold.

• Namely, 21’ and 22’ hold, ie. Crash

index condition act tense personality

12 $=13R+1 B=d S, J

Actual Action
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• The responsibile person of SKR decided that SKR (up) train 
started at 10:25.(4)

• Block signal did not rise. (negation of 5)

• 13R was not locked (negation of 8)，and

13R turned green for JR (down) train. (18)

• JR train entered the interval between Onotani and Shigaraki.(12)

• Therefore, there exists a tense x that 21and 22 do not hold.

• Namely, 21’ and 22’ hold, ie. Crash

index condition act tense personality

21' d<A<l∧d≦B<l ∃x.x+10:25+1
22' Crash ∃x.x+10:25+1

21' d<A<l∧d≦B<l ∃x.x+10:25+1
22' Crash ∃x.x+10:25+1

21 d<A<l⇒B≦ d x+10:25+1 S

22 ¬Crash x+10:25+1 S

Actual Action
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• Labeled @-calculus

• a verification formalism for the time-concerned control 
systems involving human factor as human errors and 
unsuitable decision

• based on the concrete and basic mathematical theory 
PA

• Verification can be carried out in a consistent formal 
theory

• An actual demonstration is shown:
 the formalism is easy to understand

• Automated verification with human assistance may be 
relatively easy since it is besed on NK, whose automatic 
verification methods have beein studies well.

Conclusion & Discussions
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