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Construction of a Type System for Layered Control Operators

TERUNOBU SUZUKI' and YUKIYOSHI KAMEYAMAt

We construct a type system for control operators in functional programming languages.
Specifically, we treat the layered version of the control operators shift and reset whose se-
mantics is defined in terms of (iterated) CPS translations. While shift and reset are capable
of representing various control structures, we cannot have two or more different uses of shift
and reset in a single program since they may interfere with each other. In order to avoid this
interference, shift and reset should be layered, that is, we should assign to each occurrence of
shift and reset a natural number which designates its level.

Although it is apparent that a sound type system for layered shift and reset is necessary
to introduce them to practical programming languages, no work has ever tried to construct
a sufficiently expressive type system for them. In this paper we refine our previous work
which solved this problem for the case of level-2, and propose a type system for an arbitrary
level. We show that desirable properties such as type soundness hold for this type system,
which enables one to introduce the layered shift and reset to statically typed programming
languages.
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F"Mlt
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F"MlMQZ

'+ M :init(n, (7, T[r"

app

(r, T,W)

), 4. 5)
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O0ODD0O0OO0OO0D ifthenelse 0ODODOOOOOO
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000000000MS, 000000000OCPS
000000000000000 A~ 000000
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0000000 A 00000000000000
oooo
00000000000 CPSOOOOOOOOO
00000000MS, 0000000000000
0000000000000000000X0O A~
000000000 100000000000000
i<m+1000 (>0000000)0
[]::00000 —A~00
B X i<000
=9 xS ) = s iS00
[(r,T,9)] = ([r] = [TTi-1) — [S]i—1

[]:0 =Xx~00
[b] =b
[r = T1 =[] = [T]m+1

[]:000 —X"0000
(=t
[Clz = 7]] = [[][z — []]

ooooooooooooTrTooooobOobODO0O:00
O0o0oUooooOooU[r:ooooooooooo
goooobooooooooooocoooobooooo
gobocoobooooboooooooooo=000
gooooboooooboobooooobooooooo
cpeSOO0O00OOODOOO0O0OO«0OO0O0O0OOODO
m+100000000000000000000
goboooooobboode<oooboboOooDn

0 CcPSOODOOOO0DODOOOOCPS00D00DOODN
(m+1)0000000000000000000000000
000 (m+1)000000

gooooooooooo
O01(CpPSO0UOQOOOODOOO) AS» O
ooo0rs-M:7T000000O0O
[T] Fa= Crna [M] < [T]mta
goooooob0OoOR~-0O00O0DOODOODO
AT 00o000oooooog
go?200d0o0do0ooooooogooooo
CpSOUOODOO AN ODO00OOODOOOOOOOO
Oo0ooooooooo??0o??0000O0OOO
OO0 2(CPSUO000UOOOOUDOO) ASm
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000D ASEeeODOOODODOODO CPSOOO
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ooooooo??0o0oOoOoO??0cO0 A" 0O0OO
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0000000000000 00 (Subject Reduc-
tion, Preservation) D00 000 (Progress) 0 20
goooooooooo
003 (0000) AS,,00 M,N,000T,0
goooroooor-M:-TODLOOOOO0 M — N
oooooreN:70000D00O0O
goboboooobooobobooobobboobog
gbooooooobooboobooboboobooob
goz??0000boogo
004 (00O00) AS,O0O M,00000T
0000 [|F(M),:TO00000000 (M), 00
gogoooooooobobobobooboog
oooooo(M), 0000000000000 O
OOreset 0000000 O shift 000000000
openterm DO OO0O0O0OOO0OODOOODOOOOO
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go0o0oooooooboo0o0oooooooboboooOoooo 9

ooooooooowovuooooooooo,7,s,I'000000ooooooooooooooon

T = (list int, (list int, W, W), (list int, W, W))
S = (string, (list int, W, W), (list int, W, W))
I' = [n— int, k — (list int — (list int, T, T))]

I+ choice 3 : (int, S, S)

F emita(choice 3) : (list int, S, S)

[ “HO”

: (string, S, S)

F emita(choice 3); “no” : (string, S, S)

F (emita(choice 3); “no” )1 :

(string, T,T)

F nil : (list int, T, T)

F (emita(choice 3); “no”)1;nil : (list int, T, T)

F ({emita(choice 3); “no” Y1;nil)s : (list int, U, U)

'k k: (list int — (list int, T,T),T,T)

' ndl : (list int, T,T)

T'kn:(int,T,T)

Tk k(nil) : (list int, T, T)

= '+ cons(n, k(nil)) : (list int, T,T)

[n — int] b Sak.cons(n, k(nil)) : (list int, S, S)

Femitsy :

(int — (list int, S, S), S, S)

04 DOOOO
Fig.4 Example of Type Derivation

0008k 000000000000000000
000000000000000000000000
00000000 mO reset 0000000000
000000000000000D0000000
0000D00000(M), 00000000000
00000000000000000000%??000
ooooo
00020000000000000000000
ooooooo

005 (000000000) AS,,O00 MO O
0000 70000[]F (M), : TOO00D0DOO
00MOODO0O0O0000000000 NDOOODO
O (M) — (N} 00 []F (N)p : 700000
oo. [JF (M), :TOO0O0DDO00O0OO0DO00
0?7000(M), 0 1000000000000M
0000000000 10000000000000
000 reset 00000000000000000 N
00000(M)y, — (N), 0000000007270
OO0[]+(N),:TO00D00(@ODO00)
00000000000000000000000
000000000000000000000000
000000000000000000000000
00000000 shift/reset 00000000000
0000000000000000000000000

5. DO0OOOooooon

goooooooooboooooboobooood
shift/reset 0000000000000 OOODOO
goboooboboobbooobboobuooloon
0000000 shift/reset 000000000000
gobooobOooboooboobuooboboboo
0000000 shift/reset 000000000000
00000 shift/reset 000000000 0O0OOO
gooooooobooooooo
O0o0o0oooooo0oobOoooooooooooa
shift/reset 0000000000000 00O0OOOO
JdoDo00ooooooooooooooog eps
goboodboobboooobbooboobboooo
0000000000 shift/reset O Answer Type O
gooboooooboooboboobobooboga
goboodooooboooboobooboooo
gooodboboobobooobooboobooo
gooooad
e JI0U: 00OODODDOODOOOO (principal
type) 000000000000 1000000
0o0o0oOo00oooooOooOoobooooa
000000000000000000000
goboooobooboboobooboboo
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gooooo

e J000UUO: 0000 call/eccODODOOO
goooooooooooooboooboooooon
gooooooooooMLOOOODOOOoOoOoO
00000000000000000 shift/reset
goooooooooooooobooooooo
gobooooooooboboboooboooooon
oooocpSOUOO0OO0O0 (DOOO Answer
TypeODOO)O0OOO0OOOUOOODOOUOOO

o IOOODO:
000000000 (boooooo)oooo
goboboooooooooboooooooooo
0000000 (CcpsOOO00OUODOUOUOOO
0)0o0o0oOo cCcpsUOO0OODOODOOD
goboboooooooooooooobobooobo
oooo

00 02000000000000 0000 (0)

(No. 16500004) DO OOOOOOODO
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O O

Al O O
gobbooobooooboooboobobooooog
gooooooogog t oo, tooooo
arity(t) 000000000000

arity(b)) =0 (bDDOODOO)

arity(t1 — t2) = 1 +arity(t2) (DO O0O00O0O)
tdooooooo¢tobooobobobooooobobo
goog

o011 ooooo 7o 4¢ > 000000
arity([77:;) >+ 0000
o0.700000000DOObOOO

002 OVOOOOOTFV: (4,88 0000
0000000000 TOODLOO TRV : (,1,7)
gooooooogoon
goO.0b00oboooooboooooooToOOoo
goobooooooboooooooboobo
003 IMNe—¢lEM:TOTHEV:(4,5,5) 0
00000TFM{z:=V}:TOO00OO

o0. MOODOOOODOOODOOO

004 OO0 R0O000O0 EF*O0OD0ODDT,O
M,0 7,00000 7,S00000T F E"[M] :
(r,7,S§) 000000000 ¢000000 U,W O
000000k M: (oUWt — S Y) 00
gooog

00.000 00000 E"000000OOO0O
gooog

A2 00?2000
I'M:TOOODOOOOOOOODOOOOOO
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00000000000 M =z, shift, reset 0O OO
gooooog.
() M =200
0oo0oo00r vk z: (7, 7)) 000000000
Iz)=700000000(— [r]) e[]O0000
goooobOooTrToobooboobooobo
gooo
M1 Ex= Congallz] : (7] = [T]m) — [T]m
CPSOODOODOOUC,[z)]0000000OO0O0
Crsiz] = A61 ... Emt1.K1ZK2 . . . Km41
007?000 arity([T].) > m 00000000
a1, b 0000 0T = a1 — ...
gooooogoog
Y =[k1+— [1] = [T]m, K2+ a,..
ggooo
[T, 2 Fx— K1zK2 ... Kmt1: b

— am — b

cRp41 an]

oood
[T Fx= Cmgaf] - ([7] = [T]m) = [T]m
ooooo
(i) M =Xz M’ 000000
(i) M =M, M, 000000
(iv) M = (M"), 0O
00o000r F (M), : (r,T,T[r" — §)) 00O
L'+ M :init(n, (r,T[r"],S),7,W) 0000000
doooooooon
[T] Fam Conir [M'] : [init(n, (v, T[r"], ), 5, W)]m+1
Ooooooooodl1<:<nO0O0O0O0O
wi = [yi] = [(vi, Wi, Wi)[m—it1
ooooo
[init(n, (7, T[r"], $), 7, W)
= wn = ([7] = [T[r"]Im-n) = [SIm—n
0000000 2?2000 [T]m O [S)m-- 0000
O0OmOOOO0m—-—nO00000D0O00O0O0O03
[T]m=t1 —t2 — ...
[Slm-n=81— 52— ...
Ogooooooooooooad
[T Im-n = tnt1 — tnpa — ...
[T — S)m=t1 — ...

— 81 — ...

=wi — ...

— tm — 1o

— Sm—n — SO

— tm — to
— tn
— Sm—n — S0
gooo
£ = [k = [r] = [T,
ko — t1, ks +— ta, ...
= [v— [r],

kn+1 = tn}
/ / /
knio = tng1, knys — tago, . Kpyr — tm}
! / / ’
N = Xkpyo. .. Emy1-00VKL ... Ent1Knio - Kt
goooo

go0o0oooooooboo0o0oooooooboboooOoooo 11

Y, Fa— Govkr ... /-@n+1/@;+2 . ﬂlm+1 o
Ska= N:[r] = [T[r"]m=n
goooooooo

A = [kny2 — S1,knts — S2, ... kmt1 — Sm—n]
O000F = 6; :w; (1§i§n)|:|[|[|[|[|[|[|
[T], 2, A Fx— Cerl[[M/]]el...enNﬁln+2...K,m+1 )
gooooboooon

[T] e Crut [(M)] < [(7, T, T — S]]
gooboobooobbooobbooooo

(V)M = Spk.M’' 000
gooo

Lk S.kM : (r,Ur" " — (a,T,5)],U)
ogoo

'+ M :init(n, U[r™" ', 7, Z)

I'=Tk—71— (, Wr" « T], W[r" «— S])]
goooobooboooooooooooooooa
goooo

[T']F Conea [M'] : [init(n, U[r" "], 7, Z)Jm+1
yi = [vi] = [(vi, Zi, Zi)Jm+ - OODODODO

[init(n, U™, 3, 2)ms
==y — =Y = U Nlmoni
000000 22000 [U]m,[W]m 00000 m 0O
000[T]m-n,[SJm-n 00000 m-n00000
goo0ooooobooooooooo
[Ulm =u1 —u2 — ... = um — ug
W]m =w1 — w2 — ...
[[T]]m,n:tl—wfz—n..
[Slm-n =81 — s2 — ...
gooo
W lmt1-n
= Up — Untl — ...
[Vl — (T, 5)]ln
= U1 — Uz — ...
= ([o] = [T1m-—n) = [SIm-n
Wir" — T]Jm
= w; — w2 — ...
Wir" < Sllm
= w; — w2 — ...

gooocoooo

— Wy — Wo
- tmfn - tO
— Sm—n — S0

— Um — UQ

— Un-1

— Wn — [[T]]mfn

— Wn — Hsﬂmfn

L=~ [r],
w1 [o] = W™« T]]m,
/1'2»—>w1,...,/-€'n+1|—>wn,

Fpga = 81,5+« Kopg1 F Sm—n]
II=[w o],

1" 1"
Kpao — 1, oy Bma1 > tmen]
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ooooog
DI I B o 00w/€'1.../£;+1nx+2.../i;;+1 s to
ooooooooo
N:Awmi;Jrg...K;;H.Qowm/l...n;+1n2+2.../{%+1
gooooooooooooooooo
Yk~ N:[a] = [T]m-n

gooo
A=lr=[r] = U < (@, T, 9)]]m,
K2 V> Uty ...y Kn > Un—1]
goooo

[T, A, 2 Fa— Oovki ... knNKp1g ... Ky : S0
gooooooooo
p=AvK]... K;TLH.GoUm ... /an/-s'nH . ﬁ:nH
goooooooboooobooa
[C], A Bx= p:fr] = ([ed — W™ < T]lm)
—>[[W[7“n<—3”]m
ooooooa
[['], A Fa= Crg 1 [M'] : [init(n, U[r" 1,7, Z)]m1
00000000L = (Copa [M){k:=p}000
gooboooooboooboboooo
[T], A Fa— L : [init(n, U[r™ ™", 9, Z)Jm+1
0000kx-0,:y; 0000
U = [Kng1 — Un, .- -
ogoooo
[T], A, ¥ Fx— Ly ...00Knt1 ... Kmt1 & Uo
ggobooooo
[T] Fa=Coms1[Snk.M']
0 UE™ ™ = (0, T $)], U)ot
gooboooooboooboboobobooo
(0oooo)

y Km+41 — um]

A3 007?000

0000000000 00000D0D0O00OUE[R]) —
EM]OO00000D00O00OO0DO0OO0OO EOO
000 (F=[]00000)R—MODOO0OOOO
ggboooboobobobobuooboobuoboo
gooogoogoogoon

(i) Aa.M)V — M{z:=V}
'k (eM)V:TOO0OODOOODOOOOOOODOO

T =(a,5U)0 X* = (X,U,U) 0000
Pz~ B FM:(a,S,U)

TFxeM:(8— (,50)° TFV:5
- (Az.M)V : (a,S,U)
oo?”?0 Iz — Bl F M : (o,S,U), -V :
(8,U,U) 0000000000
'-M{z:=V}:(a,5U)
goooooooboooo

(i) (V)p =V
00000C F (V) : (T, T[r" — U]) D000
reset 0000000000000

T+ V :init(n, (o, T[r™],U), 5, W)
Tk (V) (o, T,T[r" — UJ)
000 Oinit(n, (o, T[r"],U),7,W) 0000000
00000000 000000000000000
000000000000000000000000
oooo
(1, W1, Wh) = init(n — 1, (a, T[r"], U), v5, Wa)
0000+, W, 000004, W0i0000000
ooooooooo
init(n — 1, (o, T[r"],U), 2, W2)
=(2, (72, W2, W2),
init(n — 2, (o, T[r"], U), 75, Ws))
00000000000000000000000
ooo

Y1 =72
Wi = (72, Wa, Wa)
= init(n — 2, (o, T[r"],U), 73, Ws)
0Jo0ow,00o00obo0ooo0oooooooooooo
goboooboooobooboobuooboboboo
gooboooobobooobobooo

Yi = Vi+1
Wi = (Vit1, Wit1, Wip1) (1 <i<n—1)
Tn = &

Wn =Tl =U
ggboodbooobobobobobuoobobobono
gooooo

't (V)n:(a,T,T)
THV:(a, Wi, W)

00?2?0000 F V& (Wi,Wi) OO Tk V :
(e, ,T)OOOODOO0OOOOUDOOODOO

(i) (" [Sak.M]); — (M{k = da.(E"[z])});
(n <)

0ooooooooooooooooooonoo

'+ E"[Spk.M] : init(j, (r,T[r], X),7,S)

T+ (E™[Snk.M)), : (7, T, T[r? — X])
oooo,00000D0000,imitd0 3,0400
(7,)000000000007??72000

'+ Spk.M

(o, U, V"™ —init(j — n, (1, T[], X))])
gbooooobooooboboooboboogoo
00000000 shitt 000000

U=V — @, W,Y)] M)
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0000000000000
I’ + M : init(n,init(j — n, (7, T[r"], X)))
I'=Tk—¢— (4, Z[r" — W], Z[r" « Y])]
kO \z.(E"[z]), 000000000 O00D000O0O
000000000000000000000000
0000000000000 000A = (¥, Z[r" —

W), Z[r" —Y]) 0000

Ple— gl bz (3,U,V[r" " — (¢, W,Y)))
Tz — ¢] - E"[z] : init(n, (¥, W,Y))
[z — ¢ - (E™z])n : A
LAz (E™[2])n : (¢ — A, Zo, Zo)
000U =V« (,W,Y)] 00000
00000000O0O0O0??00
'+ M : init(n,init(j — n, (7, T[], X)))
T+ Az(E"[z])n
(¢ — (W, Z[r" — W], Z[r" Y1), Zo, Zo)
00000000000000
I'E M{k:= Xz (E"[x])n}
sinit(n, init(j — n, (7, T[], X)))
000 reset 000000000
L F (M{k:= e (E"[z])n}); : (1, T, T[r" — X])
000000000000 (@O0000)
A4 00?7000
0000000000000000O0O0O0O0000
005 0O M,00000 70000 ([]FM:T
000000000000000000000
1. MOO.
2. MO E[A.M')V]ODOO
3. MO E[(E"S.,k.M'));] 00 (0DOOO
j>n)0
4. MO E"S,k.M'] 000
5 MO E[(V),]000
00. MOOOOOOOOOOOOO
M =N N,O0OODOOOOOOOM O0O0OO

go0o0oooooooboo0o0oooooooboboooOoooo 13

0000000000000 Ty, 7, 00000[]F
N:TyO[]FN,: 7, 0000000000000
00000O0MN,N, 00000 1,2,3,4,5000
0ooo0oooo

N 02 3,4,5000000000000000
0EO EN,000OOODOO MOOO 2,3,4,50
00000000000N; 010000N,0 2,3,
4,5000000000000FEO0 MEOOOOO
000O0. MO0 N, 0 10000000MOO00O
0000000 M,000000000000000
00o00O0O0oO0ON,N,O 2000000000(0
oooo)

oo?7000:

[|F(M),:TOD0OO0D000O0O00(M), 000
00000000 1,2,3,4,50000000000
0010 4000000000002,3,500000
000000000000000000000000
000000100000000000000(000
oo)

(00180 120 16000)
(00190 40 1000)

oo oo

goooooooooooooon
gooooooooooooooboo
goboooooooooooood
gooooooooboooooo
goooooooooocooon

o oooboocooo

goooooooooooooon
gooooocoooooooooboo
goooobooooooooooboo
goooooooooooAcMOO
goooooooobo oooo




