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Abstract

IIR digital filters are generally designed from an analog low-pass filter by any combination
of the bilinear transformation, frequency transformation for analog filters and that for IIR
digital filters. But the direct application of these transformations yields a complicated
formula of the target transfer function, which has to be reduced by hand computation
into the form of a rational polynomial. This hand computation will be replaced by an
automatic procedure if the relation between the coefficients of the transfer functions is
formulated. This paper aims at deriving the explicit formulae which connect those coeffi-
cients by matrices. By using the proposed matrices, all the process to design IIR digital

filters can be computed automatically.

key words : frequency transformation, bilinear transformation, analog filters, IIR digital

filters.



1 Introduction

Frequency transformation derives filters of various types from a filter of low-pass type.
The transformation formulae have been established for analog filters in the s-domain [1],
and for IIR digital filters in the z-domain [2]. Bilinear transformation [3] derives IIR digi-
tal filters from analog filters, and also enables the inverse derivation. The transformation
formulae is well-known and widely used. But the direct application of these transforma-
tions yields a complicated formula of the target transfer function, which has to be reduced
by hand computation into the form of a rational polynomial. The yielded formula be-
comes more complicated for a transfer function with a higher order that can be used in
practice to realize minute characteristics. ‘

To dissolve this complexity, a transfer matrix has been formulated [4] which trans-
forms coefficients of a polynomial in the s-domain to those in the z-domain. This matrix
can replace the hand computation of the bilinear transformation for polynomials by an
automatic procedure. Similarly, the hand computations of those transformations will be
replaced by an automatic procedure if the relation between the coefficients of the transfer
functions is formulated. This paper aims at deriving the explicit formulae which connect
those coefficients by matrices. Sections 2, 3 and 4 describes formulae of the transfer ma-
trices which represent the frequency transformation for analog filters, those for IIR digital
filters, and the bilinear transformation for rational polynomials, respectively.

Generally, IIR digital filters are designed from an original analog low-pass filter by any
combination of the bilinear transformation, frequency transformation for analog filters
and that for IIR digital filters. The proposed matrices enable an automatic design of IIR
digital filters from an analog low-pass filter. Section 5 investigates conditions to design
IIR digital filters directly from an analog low-pass filter.

Section 6 shows some design examples of digital filters which are designed directly from
an analog low-pass filter. The effectiveness of the proposed matrices can be evaluated how
the process to design IIR digital filters is simplified by the proposed automatic procedure.

Finally, Section 7 will make some concluding remarks.



2 DMatrices Representation of the Frequency Transformation
for Analog Filters

The explicit formulae of matrices are derived which represent the frequency transformation

for analog filters. In the following discussion, frequency means angular frequency, and

a
( b ) denotes

0, b>a or b<0 or
a . b is not an integer,
b ) T a! therw

———— otherwise.

Ba—o)l °°

Let the cut-off frequency of the original analog low-pass filter be €y = 1, which is fixed

throughout this investigation. The transfer function of this filter can be written as

ao+ a1s+ -+ aps™
bo+ bys+ -4 b,sn’

Hy(s) = (m < n).

The transformation formulae [1] of the frequency transformation for analog filters are
shown in Table 1. The transfer functions of the derived analog low-pass and high-pass

filters can be written as

cot+cis+ -+ cps”
do+dis+ -+ +d,sm

HQ(S)

Those of the derived analog band-pass and band-stop filters can be written as

Fa(s) = cot 1S+ 4 Cns" 4o+ cops™
A T Ao dist -t dystt o+ dys?n

Then, matrices which transform the transfer function of the original low-pass filter to

transfer functions of the derived filters are formulated as follows.

(a) Design of analog low-pass filter
The analog low-pass filter with the cut-off frequency ©; is designed from the origi-
nal analog low-pass filter. From the transformation formula in Table 1, the relation of
coefficients from {a;}72, and {b;}1, into {c;}7, and {d;}%, can be easily written as
o = { Ql'iai, z:= 0,1,...,m,
‘ 0, t=m+1,m+2,...,n,
d = Q7'



Table 1: Transformation formulae of the frequency transformation of analog filters (from the
original analog low-pass filter with the cut-off frequency Qo = 1)

Filter Type Transformation
Parameters
(Cut-off Frequency) Formulae
Low-pass s
§ ==
() &
High-pass Q
§=—
() S
Band-pass s+ Q2 Qy =/ Qy,
S =
(Ql, QQ(Ql < QQ)) Qbs Qb - Qg b Q]
Band-stop Qs Q= V8,
S =
(1, 9:(4 < Q7)) s* + Q7 D=0 -0
On the other hand, we define the following two matrices
XU oo [ohF] € ROOX,
where
e _ )1, 1=y,
10, t#7,
and
1 0 - 0
SLP . 0o ot . e R(rt1)x(n+1)
ST 0
0 -~ 0 Q"

Then, we can write the relation of coefficients as

Co do
& ap

_ LP gLP

= X nm S m : ’
Cn am



(b) Analog high-pass filter
The analog high-pass filter with the cut-off frequency Q; is designed from the origi-
nal analog low-pass filter. From the transformation formula in Table 1, the relation of

coefficients from {a;}72, and {b;}, into {¢;}7 and {d;}2, can be easily written as

0 1=0,1,...,n—m—1
P LI s Ly ) )
' Wi, t=n—mn—m+1,...,n,

d = Qb

Then, the matrices which transform those coefficients can be easily obtained in the same

manner as (a), i.e.,

X3P = [2ffF] € RUIX(mAD),
where
HP __ 1’ 1= .] +n— m,
xij B 0’ i 7é ] +n— m,
and
0 0 Qf
GHP ._ | c R+Dx(n+1).
0 QI o :
1 0 0

(¢) Analog band-pass filter
The analog band-pass filter with the cut-off frequency Q;,0Q2(Q; < Q3) is designed

from the original analog low-pass filter. The matrices

XBP — [IL‘BP] € R(2n+l)x(2m+1)
nm * 1) )
SBP .= [sgp] € R+ (nt1)



where
2BF = [T i=jt+n—m,
gl 0, t#Jj+n—m

BP — l j—i+n n—]
s (<z+y—n>/2)” »

transform {a;}72, and {b;}7, into {¢;}?", and {d;}?", as
1 0 =0 0

- CO 9
— xBPgBP !
A
L C2n
- do -
dl bO
: gBP b
d, n :
: br
L d2n J

(d) Analog band-stop filter
The analog band-stop filter with the cut-off frequency Q;,02(Q; < Q) is designed from
the original analog low-pass filter. The matrices which transform {a;}7, and {;}7, into

{ci}2y and {d:}27, can be obtained in the same manner as (c), i.c.,
an.f '— [xgs] € R(2n+1)x(2m+1),
SES - [8551 € R(2n+1)x(n+1),

where

BS _ n—m 2n—2m+j—1i

BS _ BP _ n—=j 2n—i+j
Sij Simn—j ( (i — )/2 ) Q; Qf,

3 Matrices Representation of the Frequency Transformation
for ITIR Digital Filters

The explicit formulae of matrices are derived which represent the frequency transformation
for IIR digital filters.



Let T' denotes the sampling interval of digital filters, and the cut-off frequency of the
original digital low-pass filter be wy. Assume that IIR digital filters are derived from
analog filters by the bilinear transformation. Then the transfer functions of the original

digital low-pass and high-pass filter can be easily obtained from [6] as

eotez’ 4+ Fez"
Hi(z) := .
=(2) fot+ fiz7l ot faz

The transformation formulae [2] of the frequency transformation for IIR digital filters are
shown in Table 2. The transfer functions of the derived digital low-pass and high-pass
filters can be reduced to

got+ gzl + o+ gz

He) = e b b

Those of the derived digital band-pass and band-stop filters can be reduced to

o got gz b gz et gapT
T hot bzl by o hopz

Hy(z)

Then, matrices which transform the transfer function of the original low-pass filter to

transfer functions of the derived filters are formulated.

(a) Design of digital low-pass filter '
The digital low-pass filter with the cut-off frequency w; is designed from the original
digital low-pass filter. The matrix

TﬁP = [tl‘;P] eR(n+1)x(n+l),

2

where
P % \j—i J n—7 \ j-it2k
t = e (1) (7)o

transforms {e;}7q and {f;}7, into {g:} and {h;}7, as

‘Jo €o ho fo
e h

9.1 _ Tﬁp :1 : .1 _ Tﬁp f:‘l

gTL en hn fn



Table 2: Transformation formulae of frequency transformation of digital filters (from the original
digital low-pass filter with the cut-off frequency wp)

Filter Type

(Cut-off Frequency)

Transformation Formulae

Parameters
Sl zl—a
Low-pass _1—qz?
Wy — Wy
sin ( 5 ) T
(w1) a= (wo + wl)
sin T
2
-1 _ z—l + a
High-pass 14827V
gvp (wo + w1)
i cos 5 T
(w1) a=-

Band-pass

(w1, wa (w1 < wy))

Band-stop

(w1, w2 (w1 < wy))

i z=2 + 0z 41
. k-1 25
U,:—'f——, V=—= 3

k+1 k+1




(b) Digital high-pass filter
The digital high-pass filter with the cut-off frequency w; is designed from the original
digital low-pass filter. The matrix which transforms {e;}7, and {f;}%, into {g:}2, and

{hi}%, can be obtained in the same manner as (a), i.e.,

1 0 --- 0
prp . |0 -1 o TLPl
n : . . 0 a=&
0 -~ 0 (=1)

[tAP] € R IX(vH),
where

HP _ i, LP
(HP (_1)%.]

= Sy

a=

o
I -
=
RS
™~ .,
| .
kn
N——
/N
3
|
<.
N——
Qe
o,
!
_|.
[
S

(¢) Digital band-pass filter
The digital band-pass filter with the cut-off frequency wy, wy(w; < wy) is designed from
the original digital low-pass filter. The matrix

BP ,_ BP (2n+1)x{(n+1)
" = [tj]€ER ’
where

i

=0
;o ok
‘va_ — ( J ) ( )u]—l+kv£—2k’
J I;) -k k
[¢/2] . 0k
- B () (7)o
k=0
transforms {e;}-, and {f;}%, into {g;}?%, and {h;}?", as
[ 9o ] [ ho ]
Ut €o hy Jo
: _ 8P| & S TBP h
Gn " Sl hn n
: €n : In
L 92n L hon
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In the above formulation of 8,; and «,;, [£/2] means the maximum integer not exceeding

¢/2.

(d) Digital band-stop filter
The digital band-stop filter with the cut-off frequency wy,wy(w; < w,) is designed from
the original digital low-pass filter. The matrix which transforms {e;}7, and {f;}%, into

{9:}72, and {A;}3Z, can be obtained in the same manner as (c), i.e.,

1 0 ... 0
TBS ._ TBP 0 -1 :
" lu=a,0=0 0

0 - 0 (=1)

BS 2n+1 +1
where

5% = (—1)"t2F

u=%4,9="7

]
= D Bi-timi

£=0, u=1i,v="7

4 Matrices Representation of the Bilinear Transformation for
Rational Polynomials

The transfer matrices are derived which represent the bilinear transformation for rational
polynomials.
The transfer function of an analog filter was written as

a0+ ars+ -+ + aps™

H =
1(5) b0+b13+"‘+bn3n ’

(m < n).

The transformation formula [3] of the bilinear transformation is given as

1=z

Ty

Then the transfer function of the derived digital filter can be reduced [6] to

eotez i+ ez

fot+ frz7 4ot faz

Hj(2)
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Then the matrices Y, and @, which transform {a;}2, and {4;}", into {e;}*, and

{fi}io as

[ €0 ] [ a0
o = YunQn a-l )
L e'ﬂ. . L am
[ fo | bo |
il _ oo |n
| fn bn |
can be written as follows. The recursive formula to obtain Q,, is shown in [4].
Yom 5= [y] € REFDKD,
Q. = [g;] € ROHIXn),

where

n—m
Yi; = ( Z—‘] ),
s _li_k<.j )(n—j).
i 2;0( ik k
5 Conditions for the direct design of IIR digital filters

Conditions to design IIR digital filters directly from an analog Low-pass filter are inves-
tigated.
In designing an IIR digital filter, two different ways can be considered as shown in

Fig.1., i.e.,
(i) Frequency Transformation for Analog Filters first, and then Bilinear Transformation.

(i1) Bilinear Transformation first, and then Frequency Transformation for IIR Digital

Filters.

They look quite. different from each other at a glance. However, it was proven that the
transformation formulae of them had been totally same so that the same digital filter is

designed [5]. Hence, we can choose more simple one.

12



Frequency Transformation
of Analog Filters

Analog Low-pass Filter Various Analog Filters
Bilinear Transformation Bilinear Transformation
Digital Low-pass Filter Various Digital Filters

Frequency Transformation
of Digital Filters

Figure 1: The Design process of IIR digital filters

Since the frequency transformation formulae to design analog low-pass and high-pass
filters can be simply defined, it looks more simple to design digital low-pass and high-pass
filters by the way (i) than by the way (ii). It is unknown which way is more simple to
design digital band-pass and band-stop filters.

To design any type of IIR digital filters by the way (i), the cut-off frequency wp of the

original digital low-pass filter must be

T

ﬁ.

Wy =

To design digital low-pass and high-pass filter with cut-off frequency w; by the way
(i1), the cut-off frequency ; of analog filters must be

Q, = tan%T.

To design band-pass and band-stop digital filter with cut-off frequency wi,ws (wy < wy)
by the way (ii), the cut-off frequency Qi, 2, of analog filters must be

w w
Q = ta,n—2-1-T, Qz=tan—2—2T.

6 Design Examples of IIR Digital Filters

Some simple digital filters are designed to evaluate the effectiveness of the proposed ma-
trices. By using the matrices, transfer functions of IIR digital filters of various types are

derived directly and automatically from a transfer function of an analog low-pass filter.

(a) Original analog filter of low-pass type

13



Let the original analog low-pass filter be the second-order normalized Butterworth
low-pass filter. The transfer function is given as

1

H = ——————
1(s) 14++/2s+ s2

Coeflicient vectors are

bo 1
[ae) = [1], by | =| V2
b, 1

The amplitude characteristics of this filter is shown in Figure 2.

T T T T

1.0 .
Q
E
(="
g
<

05 .

0 ! 1 !
0 1 2 3 4 5

Frequency

Figure 2: Amplitude characteristics of the original analog low-pass filter

(b) Design of IIR digital filter of high-pass type
The digital high-pass filter with the cut-off frequency w; = 0.2 /T is designed from
the original analog low-pass filter. This filter is designed by the way (i), which is more

simple one.
The cut-off frequency of the analog high-pass filter, which is derived by the frequency

transformation for analog filters, is given as

Q, = tan -L-;—IT = tan0.17 ~ 0.3249.

14



The transfer matrices Q,, X g{(f , SHP and SHP are given as

11 0
0o -2, Xxff=1|o0
-1 1 1
0

0 0.1056
S§P =1, sEP=|o 03249 0 .
1 0 0

Then the coefficient vectors of the derived digital high-pass filter are obtained as

9o | 1 .
g | = QXTSI ag) = [—2:|’

Q,

— R

92 | 1

ho | b 1.5651
hi | = Q,SHP | b | =| —1.7888
ha | by 0.6461

The derived transfer function of this filter is written as

Ha(z) = 1422714 272
T 15651 — 1.78882-1 + 0.64612-2

The amplitude characteristics of this filter is shown in Figure 3. The designed digital

filter certainly realizes high-pass characteristics.

Amplitude

05

0 | | |

0 0.2n/T 0.4r/T 0.6n/T 0.8w/T /T
Frequency

Figure 3: Amplitude characteristics of the derived digital high-pass filter

(¢) IIR digital filter of band-pass type
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The digital band-pass filter with the cut-off frequency w, = 0.27/T,w, = 0.6x/T is

designed from the original analog low-pass filter. This filter is designed by both the ways

(i) and (ii).

(c-i) Frequency Transformation of Analog filters first

The cut-off frequency of the analog band-pass filter, which is derived by the frequency

transformation for analog filters, are given as

Q, = tan %lT = tan 0.17 ~ 0.3249,

Q, = tan %T = tan0.37 ~ 1.3764,

The transfer matrices XBP 6BP ond SBP are given as
4)4%20 590 2 g

BP
X2,0

BP
52

Q,

4
1

(1 1
4 2
6 0

-2

-2
-1

1
—4
6 1,

S(?P = [l]a

0.2
0
0.8944
0
1

Then, the coefficient vectors of the derived digital high-pass filter are obtained as

do
g1

Q. X3 55" [ao] =

16

1.1056
0

—2.2112 |,
0

1.1056

5.352
—4.844
3.2
—1.556
1.048



The derived transfer function of this filter is written as

Ha(2) 1.1056 — 2.21122"2 4+ 1.10562~4
)= .
4 5.352 — 4.84421 + 3.22~2 — 1.5562=3 + 1.0482—4

The amplitude characteristics of this filter is shown in Figure 4. The designed digital

filter certainly realizes band-pass characteristics.

1.0 - .

Amplitude

05 |

0 1 |
0 0.2n/T 0.4n/T 0.6n/T 0.8n/T n/T
Frequency

Figure 4: Amplitude characteristics of the derived digital band-pass filter

(c-ii) Bilinear Transformation first

The transfer matrices T2, Y5, and Q, are given as

[ 1 —0.1584  0.0251
—0.885 0.5126 —0.1402
T2 = | 05126 —1.2209 0.5126 |,

—0.1402 0.5126 —0.885
| 0.0251 —0.1584 1

1
Yoo = |2, Q=[]
1
Then, the coeflicient vectors of the derived digital high-pass filter are obtained as

9o 0.7083

91 0

g2 | = TF7Y20Qolac) = | —1.4166 |,

g3 0

g 0.7083

17



ho 3.4289

hy bo —3.1037
hy | = TPPQ,| b | =| 2.0503
hs b —0.9970
hy 0.6713

These coefficients are different from those obtained by the way (i). But the derived

transfer functions become same. Therefore, the same digital filter was certainly designed.

7 Conclusion

This paper proposed the matrices which represent the relation of the coefficients of the
frequency transformation for analog filters, that for IIR digital filters and the bilinear
transformation for rational polynomials. The proposed matrices could replace hand com-
putations in these transformations by automatic procedures. By using the proposed
matrices, an automatic procedure was established to design various types of IIR digital

filters from an analog low-pass filter.
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